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1. Introduction

Graph coloring dates back to 1852, when Franci©w@utome up with the four color

conjecture. Gary Chartrand and Ping Zhang [3] dised various colorings of graph and
its properties in their book entitled Chromatic @raTheory. A graph coloring is the

assignment of a color to each of the vertices geedr both in such a way that no two
adjacent vertices and incident edges share the safne. Graph coloring has been
applied to many real world problems like schedyliatpcation, telecommunications and
bioinformatics, etc.

The concept of fuzzy sets and fuzzy relations vireduced by Zadeh in 1965
[22]. Rosenfeld who considered fuzzy relations wzey sets and developed the theory of
fuzzy graphs in 1975 [19]. The concept of chromationber of fuzzy graph was
introduced by Munoz et.al. [20]. Later Eslahchi a@dagh introduced fuzzy graph
coloring of fuzzy graph [2]. Lavanya and Sattanattiscussed total fuzzy coloring [10].
Kishore and Sunitha discussed chromatic numbeanzzyf graph [1]. Hussain and Kanzul
Fathima conferred about fuzzy coloring of fuzzypmrausing strong arcs and dominator
coloring of fuzzy graph [5, 6, 7]. Nagoor Gani drathima Kani deliberated about Fuzzy
vertex order colouring [11].

Intuitionistic fuzzy sets [9] and Intuitionistic Zay graph [8] were introduced by
Atanassov in 1986 and 1999 respectively. Parvathl. eliscussed the intuitionistic fuzzy
graph and its properties [16, 17]. Mohideen eirgtoduced coloring of intuitionistic
fuzzy graph usinda, 8)-cuts [4] and strong intuitionistic fuzzy graph @ahg [18].

Hesitant fuzzy sets introduced by Torra in 2010 ].[2Rathinathan et.al.
introduced Hesitancy fuzzy graph in 2015 [12] amstuassed various properties in [13,
14, 15]. Hesitancy Fuzzy Graphs (HFGs) has beerdiegbpo capture the common
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intricacy that occurs during a selection of memhigrglegree of an element from some
possible values that makes one to hesitate.

In this paper the attempt has been made to foomishésitancy fuzzy graph
(HFG), strong hesitancy fuzzy graph and completdtéwecy fuzzy graph. In addition to
the above graphs, it is also proposed to defieevirtex coloring, edge coloring and
total coloring of hesitancy fuzzy graphs in ternfsaofamily of hesitancy fuzzy sets
satisfying certain conditions and the chromatic hanis the least value of k such that k-
coloring exists.

2. Preliminaries

Definition 2.1. Let X be a non-empty set. Then a fuzzy set A in.& (a fuzzy subset A
of X) is characterized by a function of the fopgp: X — [0,1], such a functionu, is
called the membership function and for each X, u,(x) is the degree of membership of
x (membership grade af in the fuzzy set A.

In other wordsA = {(x, u4(x))/ x € X} whereu,: X - [0,1].

Definition 2.2. A fuzzy graphG = (o, 1) is a pair of functiong:V — [0,1]andp: V X
V - [0,1], where for al , v € V, we haveu(u, v) < a(u)ao(v).

Definition 2.3. An Intuitionistic Fuzzy set A in a set X is defin@ed an object of the
form

A = {{x,us(x),v4(x))/ x € X}whereu,: X - [0,1] and v,: X — [0,1] define the degree
of membership and the degree of non-membershipeoélemenk € X respectively and
foreveryx € X ;0 < pua(x) +vyu(x) < 1.

Definition 2.4. Intuitionistic Fuzzy Graph (IFG) is of the foreh= (V,E), where
@) V = {vy,v,, ..., 7} such thatu,:V - [0,1] andv;:V — [0,1] denote the
degrees of membership and non-membership of theneelev, € V
respectively an@® < u, (v;) + v, (v;) < 1, foreveryy; €V, (i = 1,2, ...,n).
(i) E cV xV whereu,:V XV - [0,1] andv,:V X V — [0,1] are such that
12 (v, v;) < minfp (v;), 1 (vy)]
Vo (v, ;) < max[vl(vi),vl(vj)]
And 0 < py(v;,v;) + v, (v;,v)) < 1 for every(v;,v;) € E.

Definition 2.5. Hesitancy Fuzzy Graph (HFG) is of the foém= (V, E), where
(i) V ={v,v,,..,} such thatu,:V - [0,1], y4:V - [0,1] and B;:V — [0,1]
denote the degrees of membership, non-memberskifhasitancy of the element
v; €V respectively andu; (v;) + vy, (v;) + B1(v;)) =1, for every v; €V, (i =
1'2' ...,n), Whereﬁl(vi) =1- [lul (vi) + Y1 (vi)]! ando < Hl(vi) + Y1(vi) <1
(i) E<V xVwhere u,:VxV ->[01], y,:VxV —>[0,1] and B,:V xV — [0,1]
are such that,
to (v;,v7) < minfuy (v), s (v))]
¥2i, vp) < max[y, (v, v1 (v))]
B2(vi,v;) < min[B; (v), B1(v))]
And 0 < p, (vi,vj) +v, (vi,vj) + B2 (vi, v;) < 1 for every(vi,vj) EE.
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Here the(vi,uli_yli,ﬁli) denote the vertex, the degree of membership, degre
non-membership and hesitancy of the vemtgexAnd the(eij,ﬂzij,yzij:ﬂzij) denote the
edge, the degree of membership, degree of non-mmshipeand hesitancy of the edge
relatione;; = (v;,v;) onV x V.

Definition 2.6. If G = (V,u) is such a fuzzy graph whebe= {1,2,3,...,n} andyu is a
fuzzy number on the set of all subsetslbk V. Assumel = AU {0} where A =

{a; < a, < - < a;} is the fundamental set (level set) of G. For eachl, G, denote
the crisp graphG, = (V,E,) where E, ={(i,j)/1<i<j<nu(i,j) =a} and
Xo = x(G,) denote the chromatic number of crisp graph By this definition the
chromatic number of the fuzzy graph G is the fumeynbery(G) = {(i,v(i))/i € X}

wherev(i) = max{a € I/i € A, } andA, = {1, ..., x.}-

Definition 2.7. A family I' = {y4, ..., i} of fuzzy sets on V is called a k-fuzzy coloring
of G =,o,u) if

a) VI =o,

b) viAy; =0,

c) For every strong edgeyof G, min{y;(x),v;(y)} =01 <i < k).

Definition 2.8. A family I' = {y,, ..., yx} of fuzzy sets oi¥ U E is called a k-fuzzy total
coloring of G = (V, o, ) if
a) max;y;(v) = a(v) for allv € V andmax;y;(uv) = u(uv) for all edgeuv € E

b) viAy; =0,
c) For every adjacent verticesv of min {y;(w),y;(v)} = 0 and for every incident
edges

min {yi (vj, vk) /v;, vy are set of incident edges from the vertex vj,
j=1,..,\v|

Definition 2.9. A family I' = {y4, ..., yx} of intuitionistic fuzzy sets on a set V is called
k-vertex coloring ofz = (V,E) if
a) Vy(x)=V,forallxeV
b) yiny; =0
c) For every edge xy of G, min{y;(up(®)v:(1u(»)}=0 and
max{y;(v1(0)),7; ()} =1L, A < i <k)
The least value of k for which ti& has a k-vertex coloring denoted pf(), is
called the chromatic number of the intuitionistizZy graphs.

Definition 2.10. A hesitancy fuzzy graplG = (V, E)is said to be strong hesitancy fuzzy
graph if
Hoij = min(py;, 7). ¥2ij = max(yys,v1;) andBy;; = min(By;, By j)for all (v;,v;) € E.
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Definition 2.11.A hesitancy fuzzy graph¢ = (V,E)is said to be complete hesitancy

fuzzy graph ifuy;; = min(uys, p5), ¥2i; = max(y1i,y1;) and By;; = min(By;, By )for
everyvi,vj ev.

3. Hesitancy fuzzy graph coloring

Definition 3.1.
1. The arc (u,v) in hesitancy fuzzy graplt is said to be a strong arc if
Zmin{u; (), 1 ()} < iz (0, ), Zmax{y1 (W), 1 ()} <y(u,v) and

~min{B; (u), By (1)} < B (u,v).

2. Two verticesu andv in hesitancy fuzzy grap are called adjacent {fu, v) is
strong arc irG otherwise weakly adjacent.

3. If two distinct edgegu, v) and(v,w) in hesitancy fuzzy grap are incident
with a common vertex, then they are called incident edges.

Definition 3.2. (Vertex coloring)
A family € = {cy, ..., ¢} of hesitancy fuzzy sets on a set V is called &kex coloring
of G = (V,E)if
O V)=V, forallx eV
(ll) Ci A Cj =0
(i) For every strong edgexy of G, min{c;(u;(x)),ci(u(3))} =0,
max{ci(yl(x)), Ci()’1()’))} =1 and min{ci(ﬂl(x))r Ci(ﬂ1()’))} =0,(1<
i<k
The least value of k for which the has a k-vertex coloring denoted p), is called
the chromatic number of the hesitancy fuzzy gréph

Example 3.3. (Hesitancy fuzzy graph vertex coloring)
Consider the hesitancy fuzzy gragh= (V, E) in figure 3.1, with four vertices and five
edges.

(0.3, 0.4, 0.2) ul (0.2 0.4 0.1) uz (0-4, 0.2, 0.1)

(0.4,
(0.3

[
(0.6, 0.3,0.1) Uy (0.5,0.3,0.1) uz (0.5, 0.1,0.3)
HFGG
Figure 3.1

Let C = {cy, ¢y, c3} be a family of hesitancy fuzzy sets defined/oas follows
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(0.4,02,01), i=2

c,(u;) =4(0.6,0.3,0.1), i=4
(0,1,0), otherwise

() = {(0.3,0.4,0.2), i=1
1 71(0,1,0), otherwise

o) = {(0.5,0.1,0.3), i=3
3\ (0,1,0), otherwise
Hence the familyC = {c;, ¢c,, c3} satisfies our definition of vertex coloring of
hesitancy fuzzy graph. We find that any family efshancy fuzzy sets having less
than three members could not satisfy our definittdance in this case the chromatic
numbery(G) is 3.

Example 3.2. (Strong hesitancy fuzzy graph vertex coloring)
Consider the strong hesitancy fuzzy grapk- (V,E) in figure 3.2, with four vertices
and four edges.

(0.3, 0.6,0.1) ug (0.3,0.6,0.1) u, (04, 0.3,0.1)
® 9
(0.3 (0.4,
[ L
(0.7, 0.2,0.1) Uy (0.6,0.2,0.1) Us (0.6, 0.1,0.2)

Strona HFCG
Figure 3.2

Let C = {cy, c,} be a family of hesitancy fuzzy sets defined/oas follows

(0.3,0.6,0.1), i=1 (0.4,0.3,0.1), i=2
o) =4(060.1,02), i=3c(u)=1{(070201), i=4
(0,1,0), otherwise (0,1,0), otherwise

Hence the familyC = {c,,c,} satisfies our definition of vertex coloring of g
hesitancy fuzzy graph. We find that any family eshancy fuzzy sets having less than
two members could not satisfy our definition. Hemtehis case the chromatic number
x(G)is 2.

Example 3.5. (Complete hesitancy fuzzy graph vertex coloring)

Consider the complete hesitancy fuzzy gréaps (V,E) in figure 3.3, with four vertices
and six edges.
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(0.3, 0.6,0.1) Uy (0.2,0.6,0.1 u, (02, 0.5,0.2)

(0.2,
(0.3

(0.5, 0.2,0.2) u, (0.4,0.2,0.2) uz; (0.4, 0.1,0.3)

Complete HFC

Figure 3.3

Let C = {cy, ¢y, c3, ¢4} be a family of hesitancy fuzzy sets defined/oas follows
o () = {(0.3,0.6,0.1), i=1 o, (1) = {(0.2,0.5,0.2), i=2
1 (0,1,0), otherwise 2* ! (0,1,0), otherwise
(0.4,0.1,03), i=3 (0.50.2,0.2), i=4
c3(ui) = {(0,1,0), otherwise ca(ui) = {(0,1,0), otherwise
Hence the familyC = {c;, c,, c3, ¢4} satisfies our definition of vertex coloring of
complete hesitancy fuzzy graph. We find that amyilfia of hesitancy fuzzy sets having
less than four members could not satisfy our dédimi Hence in this case the chromatic
numbery(G) is 4.

3.6. Bound for chromatic number of HFG
Proposition 3.6.1. For any HFG, the chromatic number (G) < A(G) + 1 whereA(G)
is the maximum number of edges incident to a vewfex

Proposition 3.6.2. The chromatic number of complete HFGnisvheren is the number
of vertices ofG, i.e.,x(G) = n.

(SinceA(G) = n —1 is the maximum vertex degree of the complete HE@hromatic
numbery (G) =A(G)+ 1)

Proof: Since uy;j = min(ﬂli:ﬂlj)yzij = max(yli,ylj) and B,;; = min(ﬂli,ﬂlj)for
everyv;,v; € V. Every pair of vertices are adjacent and degreeach vertex is — 1.
By (iii) of definition [3.2], min{ci(,ul (x)), ci(ul(y))} =0,

max{c;(y1(x)), ¢;(y1(3))} = 1 andmin{c;(B; (x)), ¢;(B1 (1))} = 0,

for adjacent verticesg,y. Since all vertices are adjacent, every membeheffamily
defining hesitancy fuzzy graph coloring have vdhreonly one vertex an@0,1,0) for all
other vertices. By (ii) of definition [3.2};; Ac; =0, so Vv ¢;(x;) =V for allx € Vi =
1,2,...,n wheren = |V|. Thus,y(G) = n.
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Definition 3.7. (Edge coloring)
A family C = {c,,...,c;} of hesitancy fuzzy sets afi is called a k-edge coloring of
G=W,E)if

a) V ci(xy)=E, forall edgexy € E

b) c;i A\ Cj =0

c) For every incident edgesy on vertexx € V of G, min {c;(u2(xy))} =0,

max{ci(yz(xy))} =1, and min {ci(ﬁz(xy))} =0 (1<i<k)

The least value of k for which the has a k- edge coloring denoted pYG), is called
the edge chromatic number of the hesitancy fuzaplyf.

Example 3.8. (Hesitancy fuzzy graph edge coloring)
Consider the HF@& = (V, E) given in Example 3.3.
Let ¢ = {c;, ¢y, c3} be a family of hesitancy fuzzy sets definedroas follows

(0.2,04,01), ij=12 (0.3,04,0.1), ij=14
¢ (uw) =4(0503,0.1), i =34c(uy)=4(04,0201), =23
(0,1,0), otherwise (0,1,0), otherwise

(0.3,0.3,0.2), ij=13
€3 (uiuj) B { (0,1,0), otherwise
Hence the familyC = {c;,c,,c3} satisfies our definition of edge coloring of
hesitancy fuzzy graph. We find that any family eshancy fuzzy sets having less than
three members could not satisfy our definition. &teim this case the edge chromatic
numbery’(G) is 3.

Example 3.9. (Strong hesitancy fuzzy graph edge coloring)
Consider the strong HFG = (V, E) given in Example 3.4.
Let C = {c,, c,} be a family of hesitancy fuzzy sets definedkoas follows

(0.3,0.6,0.1), ij =12 (03,06,0.1), ij=14
o (wy) ={(0.6,020.1), ij=34c,(wy)={(04,0301), ij=23
(0,1,0), otherwise (0,1,0), otherwise

Hence the familyC = {c,,c,} satisfies our definition of edge coloring of stgon
hesitancy fuzzy graph. We find that any family eshancy fuzzy sets having less than
two members could not satisfy our definition. Herigethis case the edge chromatic
numbery’(G) is 2.

Example 3.10. (Complete hesitancy fuzzy graph edge coloring)
Consider the complete HFG = (V, E) given in Example 3.5.
Let C = {c,, ¢y, c3} be a family of hesitancy fuzzy sets definedtoas follows

(0.2,0.6,0.1), ij=12 (0.2,05,0.2), ij=23
o (uw) =4(04,0202), i =34c(uy)=4(030601), =41
(0,1,0), otherwise (0,1,0), otherwise

(03,0.60.1), ij =13
cs(uy) ={(0.2,0502),  ij =24
(0,1,0), otherwise
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Hence the familyC = {c;,c,,c3} satisfies our definition of edge coloring of
complete hesitancy fuzzy graph. We find that amyilfia of hesitancy fuzzy sets having
less than three members could not satisfy our iiefin Hence in this case the edge
chromatic numbey’(G) is 3.

3.11. Bound for edge chromatic number of HFG
Proposition 3.11.1. For any HFG, the edge chromatic nump&iG) < A(G) + 1 where
A(G) is the maximum number of edges incident to a xeofe;.

Proposition 3.11.2. The edge chromatic number of complete HFGiarertices is if n
is odd andn — 1 if n is even whatever may be the membership, non-meshipeand
hesitancy functions.

Definition 3.12. (Total coloring)
A family € = {c,, ..., ¢, } of hesitancy fuzzy sets dhu E is called a k- total coloring of
G = (V,E)if
a) Vc(x)=V,forallx € Vandv c;(xy) = E, for all edgexy € E
b) Ci N Cj = 0,
d) For every strong edge xyof G, min{c;(is(x)),c;i(1a(»))}=0,
max{ci(yl(x)), ci(yl (y))} =1 and min{ci(ﬂl (x)), ci(ﬂl(y))} =0. And for
every incident edgesty on vertex x € Vof G, min {c;(uy(xy))} =0,

max{ci(yz(xy))} = 1,min{ci(ﬁ2 (xy))} =0 @A<i<gk).

The least value of k for which th@ has a k- total coloring denoted ¥ (G), is called
the total chromatic number of the hesitancy fuzapG.

Example 3.13. (Hesitancy fuzzy graph total coloring)

Consider the HF@& = (V,E) given in Example 3.3.

Let C = {cy, ¢y, c3, ¢4} be a family of hesitancy fuzzy sets defined/oa E as follows
(0.4,0.2,0.1), i=2
(0.6,03,0.1), i=4
(0,1,0), otherwise

_((03,0402), i=1 ~
e (u) = {(0,1,0), otherwise 2 (w) =

) ={(0.5,0.1,0.3), i=3
3 (0,1,0), otherwise
_ ((0.4,02,0.1), ij=23 ~((03,03,02), ij=13
= (uiuj) - { (0,1,0), otherwise 2 (uiuj) B { (0,1,0), otherwise
(03,04,0.1), ij=41 (0.2040.1),  §j =12
c3(uiuj) = { (0,1,0) otherwise C4(uiuj) =4(0.5,0.3,0.1), ij =34
e (0,1,0), otherwise
Hence the familyC = {c,, c,, c3, c,}satisfies our definition of total coloring of
hesitancy fuzzy graph. We find that any family eshancy fuzzy sets having less than
four members could not satisfy our definition. Herin this case the total chromatic
numbery” (G) is 4.
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Example 3.14. (Strong hesitancy fuzzy graph total coloring)
Consider the strong HFG = (V, E) given in Example 3.4.
Let C = {cy, ¢y, c3, ¢4} be a family of hesitancy fuzzy sets defined/oa E as follows

(0.3,0.6,0.1), i=1 (0.4,0.3,0.1), i=2

c(w) =4(060.1,0.2), i=3c,(w)=1{(070201), i=4

(0,1,0), otherwise (0,1,0), otherwise
(0.3,0.6,0.1), ij=12 (0.4,0.3,0.1), ij =23
cs(uw) =4(0.6,0.2,01),  ij =34c4(uu;) =4(03,0.60.1),  ij =41
(0,1,0), otherwise (0,1,0), otherwise

Hence the family¥ = {c;, ¢, c3, c,}satisfies our definition of total coloring of stign
hesitancy fuzzy graph. We find that any family eshancy fuzzy sets having less than
four members could not satisfy our definition. Herin this case the total chromatic
numberyT (G) is 4.

Example 3.15. (Complete hesitancy fuzzy graph total coloring)
Consider the strong HFG = (V, E) given in Example 3.5.
Let C = {cy, ¢y, c3, €4, c5} b @ family of hesitancy fuzzy sets defined/oa E as follows
o (1) = {(0.3,0.6,0.1), i=1 o (1)) = {(0.2,0.5,0.2), i=2
1 (0,1,0), otherwise 2* ¢ (0,1,0), otherwise
(0.4,0.1,0.3), i=3 (0.5,0.2,0.2), i=4
c3(wy) = {(0,1,0), otherwise ca(wy) = {(0,1,0), otherwise
_((0.2,05,02), ij=24 ~ ((0.3,06,0.1), ij=13
@ (uiuj) B { (0,1,0), otherwise ©2 (uiuj) h { (0,1,0), otherwise
_ ((0.3,0.6,0.1), ij =41 _((0.2,0.5,0.2), ij =23
“ (uiuj) B { (0,1,0), otherwise C4(uiuj) h { (0,1,0), otherwise
(0.2,0.6,0.1), ij=12
cs(uu) =4(0.4,0.2,02), ij=34
(0,1,0), otherwise
Hence the familyC = {c;, c,, c3, ¢4, cs} satisfies our definition of total coloring
of complete hesitancy fuzzy graph. We find that &ayily of hesitancy fuzzy sets
having less than five members could not satisfydmfinition. Hence in this case the total
chromatic numbex” (G) is 5.

3.16. Bound for total chromatic number of HFG

Proposition 3.16.1. Any HFG G = (V,E) can be totally colored using at mas#- 2
colors. That is, the total chromatic number of HBG(G) < A(G) + 2 whereA is the
maximum number of edges incident from a verte&.in

4. Conclusion

This paper tried to define the vertex, edge andl tmloring for hesitancy fuzzy graph,
strong hesitancy fuzzy graph and complete hesitdoeyy graph with elucidative

examples and achieved the chromatic number as@ mumber. Moreover, it has also
found bounds for that chromatic numbers.
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