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Abstract. In this paper, we introduce the concept of fuzzy almost *e -continuous, fuzzy 

weakly *e -continuous, r -fuzzy *e -compact, r -fuzzy almost *e -compactness and r -
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⌣

ostak’s fuzzy topological spaces. We study some 

properties of them under several types of fuzzy *e -continuous mappings and fuzzy *e -
regular spaces. 
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1. Introduction 
Chang [1] introduced and studied the notion of fuzzy topology. Hutton [18], Lowen [20] 
and others discussed respectively various aspects of fuzzy topology. In these authors’s 
papers, a fuzzy topology is defined as a classical subset of the fuzzy power set of a 
nonempty classical set. It is easy to see that they have always investigated fuzzy objects 
with crisp methods. However, fuzziness in the concept of openness of a fuzzy set has not 
been considered, which seems to be a drawback in the process of fuzzification of the 

concept of topological spaces. Therefore, S
⌣

ostak [27] introduced a new definition of 

fuzzy topology as an extension of both crisp topology and Chang’s fuzzy topology. S
⌣

ostak [27-29] gave some rules and showed how such an extension can be realized. It has 
been developed in many direction [3-16,19,23-26, 30]. The concept of the degree of 

compactness of a fuzzy set was introduced by S
⌣

ostak [27]. Es[12] developed the several 
types of degree of fuzzy compactness and fuzzy continuous maps. In 2014, the concept of 
fuzzy e-open sets and fuzzy e-continuity and separation axioms and other properties 
were defined by Seenivasan and Kamala [31]. Sobana et al. [33] introduced the concept 
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of r -fuzzy e-open sets and r -fuzzy e-continuity in S
⌣

os tak’s fuzzy topological 
spaces. Vadivel et.al [35, 36] introduced the concept of fuzzy almost e-continuity, fuzzy 

e-compactness, r -fuzzy *e -open and r -fuzzy *e -closed sets in a fuzzy topological 

space in the sense of Ŝostak [27]. In this paper, we introduce the concept of fuzzy 

almost *e -continuous, r -fuzzy *e -compact, r -fuzzy almost *e -compactness and r -

fuzzy near *e -compactness in S
⌣

ostak’s fuzzy topological spaces in a different view 
point [12,27]. We study some properties of them under several types of fuzzy e-
continuous mappings of fuzzy topological spaces. 
 
2. Preliminaries  
Throughout this paper, nonempty sets will be denoted by YX  ,  etc., 1] [0,=I  and 

1] (0,=0I . For ααα =)( , xI∈  for all Xx∈ . A fuzzy point tx  for 0It ∈  is an 

element of XI  such that {tyxt =)( y=x ; if0 y ≠ x .  

The set of all fuzzy points in X  is denoted by ).(XPt  A fuzzy point λ∈tx  iff 

).(< xt λ  A fuzzy set λ  is quasi-coincident with ,µ  denoted by ,µλq  if there exists 

Xx∈  such that 1.>)()( xx µλ +  If λ  is not quasi-coincident with ,µ  we denoted 

.µλq  If ,XA ⊂  we define the characteristic function Aχ  on X  by {1=)(xAχ x in A ,

if0 x not in A.  
Now, we introduce some basic notions and definitions that are used in the sequel. 

 
Definition 2.1. [27] A function II X →:τ  is called a smooth topology on X  if it 
satisfies the following conditions:   

1.  1=)1(=)0( ττ ,      2.  )()( i
i

i
i

µτµτ ∧∨
Γ∈Γ∈

≥ , for any X
ii I⊂Γ∈}{ µ ,  

3.  )()()( 2121 µτµτµµτ ∧≥∧ , for any XI∈21  , µµ .  

The pair ) ,( τX  is called a smooth topological space or fuzzy topological space( for 
short, fts).  
 
Definition 2.2.  [24] Let ),( τX  be a fuzzy topological space. Then for each ,0Ir ∈  

})(:{= rI X
r ≥∈ µτµτ    is a Chang’s fuzzy topology on X .  

 
Theorem 2.1. [3] Let ) ,( τX  be a fts. Then for each 0 , IrI X ∈∈λ  we define an 

operator XX IIIC →× 0:τ  as follows: })1( ,:{=) ,( rIrC X ≥−≤∈∧ µτµλµλτ . 

For XI∈µλ  ,  and 0, Isr ∈ , the operator τC  satisfies the following conditions:   

1.  0=),0( rCτ ,     2.  ) ,( rC λλ τ≤ ,     3.  ) ,(=) ,() ,( rCrCrC µλµλ τττ ∨∨ ,  

4.  ) ,() ,( sCrC λλ ττ ≤  if sr ≤ ,    5.  ) ,(=) ), ,(( rCrrCC λλ τττ . 
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Theorem 2.2. [17, 19] Let ) ,( τX  be a fts. Then for each XIIr ∈∈ λ ,0  we define an 

operator XX IIII →× 0:τ  as follows })( ,:{=) ,( rIrI X ≥≥∈∨ µτµλµλτ . 

For XI∈µλ  ,  and 0, Isr ∈ , the operator τI  satisfies the following conditions:   

1.  1=),1( rIτ ,     2.  ) ,( rI λλ τ≥ ,     3.  ) ,(=) ,() ,( rIrIrI µλµλ τττ ∧∧ ,  

4.  ) ,() ,( sIrI λλ ττ ≤  if rs ≤ ,     5.  ) ,(=) ), ,(( rIrrII λλ τττ ,  

6.  ) ,(1=),1( rCrI λλ ττ −− and ) ,(1=),1( rIrC λλ ττ −− .  

7.  If { },=),(:= 0 µµτ rIIrS ∈∨ then .=),( µµτ sI  

8.  ).),,((=)),),),,(((( rrCIrrrrCICI λλ ττττττ  
 
Definition 2.3.   [32] Let ),( τX  be a fts. For ,λ XI∈µ  and 0Ir ∈ , λ  is called r -

fuzzy regular open (for short, r -fro) (resp. r -fuzzy regular closed (for short, r -frc)) if 
)),,((= rrCI λλ ττ  (resp. )),,((= rrIC λλ ττ ).  

 
Definition 2.4. [32] Let ) ,( τX  be a fts. Then for each )( , XPxI tt

X ∈∈µ  and ,0Ir ∈  

    1.  µ  is called r-open τQ -neighborhood of tx  if µqxt  with .)( r≥µτ  

    2.  µ  is called r-open τR -neighborhood of tx  if µqxt  with ). ), ,((= rrCI λµ ττ  We 

denote },)(,:{=) ,( rqxIrxQ t
X

t ≥∈ µτµµτ

)}. ), ,((=:{=) ,( rrCIqxIrxR t
X

t λµµ τττ ∈  

 
Definition 2.5. [32] Let ) ,( τX  be a fts. Then for each )( , XPxI tt

X ∈∈λ  and ,0Ir ∈  

1.  tx  is called r -τ  cluster point of λ  if for every ), ,( rxQ tτµ ∈  we have .λµq  

2.  tx  is called r -δ  cluster point of λ  if for every ), ,( rxR tτµ ∈  we have .λµq  

3.  An δ -closure operator is a mapping XX IIID →×:τ  defined as follows: ) ,( rC λδ τ  

or ttt xXPxrD :)({=) ,( ∈∨λτ  is r-δ -cluster point of }λ .  

Equivalently, }frcset isa ,:{=) ,( −≥∈∧ rIrC X µλµµλδ τ and

}froset isa ,:{=) ,( −≤∈∨ rIrI X µλµµλδ τ .  

 
Definition 2.6.  [19] Let ) ,( τX  be a fuzzy topological space. For XI∈λ  and 0Ir ∈ ,   

1.  λ  is called r -fuzzy δ -closed iff ). ,(= rD λλ τ  

2.  The complement of r -fuzzy δ -closed is r -fuzzy δ -open.   
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Definition 2.7. [36] Let ) ,( τX  be a fuzzy topological space. For XI∈µλ  ,  and 0Ir ∈ , 

λ  is called an r -fuzzy *e -open (resp. r -fuzzy *e -closed) set if ττλ IC (≤ (δ -

) ), ), ,( rrrC λτ  (resp. ττ CI ( (δ - ).) ), ), ,( λλτ ≤rrrI  

 
Definition 2.8. [36] Let ),( τX  be a fuzzy topological space. XI∈µλ  ,  and 0Ir ∈ ,   

1.  µλµµλτ  ,:{=) ,(* ≤∈∨ XIrIe  is a r - ofe*  set }  is called the r -fuzzy *e -

interior of λ  2.  µλµµλτ  ,:{=) ,(* ≥∈∧ XIrCe  is a r - cfe*  set }  is called the r -

fuzzy *e -closure of λ .  
 
Definition 2.9.  [37] Let ) ,( τX  and ) ,( ηY  be fts’s. A mapping YXf →:  is called a 

fuzzy *e -continuous iff )(1 µ−f  is r - of *e  set of X  for each YI∈µ  with r≥)(µη .  
 
Theorem 2.3.  [36] Let ) ,( τX  be a fts. For XI∈λ  and 0Ir ∈  we have   

1.  )). ,((1=) ,(1 ** rCerIe λλ ττ −−     2.  )). ,((1=) ,(1 ** rIerCe λλ ττ −−  

 
Theorem 2.4.  [34] Let ) ,( τX  be a smooth topological space. Then for each XI∈λ  

and 0Ir ∈     1.  )),,((=)),),),,(((( ****** rrCeIerrrrCeIeCeIe λλ ττττττ .  

                    2.  )),,((=)),),),,(((( ****** rrIeCerrrrIeCeIeCe λλ ττττττ . 

 
3. Fuzzy almost *e -continuous mappings  
Now, we introduce the following definitions. 
Definition 3.1.  Let ) ,( τX  and ) ,( ηY  be a fuzzy topological spaces and .0Ir ∈  A 

mapping YXf →:  is called   

  1.  fuzzy almost *e -continuous if )(1 λ−f  is a r - of *e  set in X  for each YI∈λ  with 

)),,((= rrCI λλ ηη  or equivalently, )(1 λ−f  is a r - cf *e  set in X  for each YI∈λ  

with ).),,((= rrIC λλ ηη  

2.  fuzzy almost *e -open map if )(λf  is a r - of *e  set in Y for each r - fro set λ  in .X

3.  fuzzy almost *e -closed map if )(λf  is a r - cf *e  set in Y for each r - frcsetλ  in .X  

 
Remark 3.1.  Clearly,  a fuzzy e-continuous mapping is fuzzy almost e-continuous.  
 
Example 3.1.  Let ,λ ,µ ,γ δ  and α  be fuzzy subsets of { }cbaYX ,,==  defined as 

follows: 0.5,=)( aλ 0.3,=)(bλ 0.2=)(cλ ; 0.4,=)( aµ 0.6,=)(bµ 0.1=)(cµ ;   

            0.5,=)(  aγ 0.6,=)(bγ 0.2=)(cγ ; 0.4,=)( aδ 0.3,=)(bδ 0.1=)(cδ ; 

           0.2,=)( aα 0.4,=)(bα 0.5.=)(cα  
Then ,τ η  : II X →  defined as 
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.otherwise0,

,=if,
2

1
,1or0=if1,

=)(    

,otherwise0,

,,,,=if,
2

1
,1or0=if1,

=)( αλ
λ

ληδγµλλ
λ

λτ  

 are fuzzy topologies on .X  For r =
2

1
, then for any fuzzy regular open set α  in ,Y  the 

identity mapping ) ,() ,(: ητ YXf →  is fuzzy almost *e -continuous.  
 
Example 3.2.  Let ,λ ,µ γ  and δ  be fuzzy subsets of { }cbaYX ,,==  defined as 
follows: 

0.4,=)(aλ 0.5,=)(bλ 0.2=)(cλ ; 0.2,=)(            aµ 0.3,=)(bµ 0.2=)(cµ ; 

0.4,=)(aγ 0.6,=)(bγ 0.5=)(cγ ; 0.3,=)(            aδ 0.5,=)(bδ 0.3=)(cδ . 

Then ,τ η  : II X →  defined as 

 



















.otherwise0,

,,=if,
2

1
,1or0=if1,

=)(

,otherwise0,

,,=if,
2

1
,1or0=if1,

=)( δγλ

λ

ληµλλ

λ

λτ  

are fuzzy topologies on .X  For r =
2

1
, then for any fuzzy regular open set λ  in ,X  the 

identity mapping ) ,() ,(: ητ YXf →  is fuzzy almost *e -open map.  
 

Theorem 3.1.   Let ) ,( τX  and ) ,( ηY  be fts’s. Let ) ,() ,(: ητ YXf →  be a mapping. 
The following statements are equivalent:   
1.  f  is fuzzy almost *e -continuous.  

2.  )(1 µ−f  is r - of *e  set, for each ,YI∈µ 0Ir ∈  with ).),,((= rrCI µµ ηη  

3.  ),)),),,(((()( 1*1 rrrCIfIef µµ ηητ
−− ≤  for each ,YI∈µ 0Ir ∈  with .)( r≥µη  

4.  ),())),),,(((( 11* µµηητ
−− ≤ frrrICfCe  for each ,YI∈µ 0Ir ∈  with .)1( r≥− µη  

 Proof: (1) ⇔ (2): Follows from Definition 2.1 

(1) ⇒  (3): Let f  be almost *e -continuous and µ  be any r -fuzzy open set in .Y      

Then ).),,((),(= rrCIrI µµµ ηηη ≤  

By Definition 1.3, )),,(( rrCI µηη  is a r -fuzzy regular open set in .Y  Since f  is fuzzy 

almost *e -continuous, ))),,(((1 rrCIf µηη
−  is a r -fuzzy *e -open set in X. 

Hence  ).)),),,((((=))),,((()( 1*11 rrrCIfIerrCIff µµµ ηητηη
−−− ≤  

(3) ⇒  (4): Let µ  be a r -fuzzy closed set of Y . Then cµ  is a r -fuzzy open set in .Y  
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By (3), ).)),),,(((()( 1*1 rrrCIfIef cc µµ ηητ
−− ≤

 
Hence,  

).)),),,((((=)))),),,((((())((=)( 1*1*11 rrrICfCerrrCIfIeff cccc µµµµ ηητηητ
−−−− ≥

(4) ⇒  (1): Let µ  be a r -fuzzy regular closed set in .Y  Then µ  is a r -fuzzy closed set 

in Y  and hence ).),((=))),),,(((()( 1*1*1 rfIerrrCIfIef µµµ τηητ
−−− ≤  

Thus ) ),((=)( 1*1 rfCef µµ τ
−−  and hence )(1 µ−f  is a r -fuzzy *e -closed set in .X  

Therefore, f  is a fuzzy almost *e -continuous map.  
 
Definition 3.2. A fts is called r -fuzzy *e -regular iff for each ,)( r≥µτ  

{ }.) ), ), ,((( ,)(|= µρδρτρµ τττ ≤≥∈∨ rrrICIrI X  

 A fuzzy topological space ) ,( τX  is called fuzzy *e -regular iff it is r -fuzzy *e -regular 

for each 0Ir ∈ .  

 
Example 3.3.  Let ,λ ,µ γ  and δ  be fuzzy subsets of { }cbaX ,,=  defined as follows: 

0.8,=)(aλ 0.6,=)(bλ 0.6=)(cλ ; 

0.6,=)(bµ 0.5=)(cµ ; 

0.2,=)( aγ 0.4,=)(bγ 0.4;=)(cγ  
0.6,=)(bδ 0.5.=)(cδ  

Then τ  : II X →  defined as  










,otherwise0,

,,,,=if,
2

1
,1or0=if1,

=)( δγµλλ

λ

λτ  

 is a fuzzy topology on .X  For r =
2

1
, then the topological space ) ,( τX  is both 

2

1
-

fuzzy *e -regular and 
2

1
-fuzzy regular.  

Remark 3.2. Clearly, r -fuzzy regular space is r -fuzzy *e -regular space, but the 
converse is false, in general, is shown by the following example.  
 
Example 3.4.  Let ,λ ,µ γ  and δ  be fuzzy subsets of { }cbaX ,,=  defined as follows: 

0.5,=)(aλ 0.6,=)(bλ 0.5=)(cλ ; 

0.4,=)(bµ 0.4=)(cµ ; 

0.2,=)(aγ 0.6,=)(bγ 0.5=)(cγ ; 

0.7,=)(bδ 0.6=)(cδ . 
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Then τ  : II X →  defined as 



















,otherwise0,

,=if,
2

1

,=if,
2

1

,=if,
2

1

,=if,
2

1
,1or0=if1,

=)(

δλ

γλ

µλ

λλ
λ

λτ
 

 is a fuzzy topology on .X  For r =
2

1
, then the topological space ) ,( τX  is 

2

1
-fuzzy *e -

regular but not 
2

1
-fuzzy regular. Since for any ,),0.6,0.7(0.8= τω ∈cba

.>1=)
2

1
 ,( ωλτC  

 
Theorem 3.2.  Let ) ,( τX  and ) ,( ηY  be fts’s. Let ) ,() ,(: ητ YXf →  be a mapping 

and ) ,( ηY  be a fuzzy *e -regular space. Then f  is fuzzy almost *e -continuous iff f  is 

fuzzy *e -continuous.  
Proof: )(⇐  It is trivial from Remark 2.1. 

)(⇒  Let .YI∈λ  By the fuzzy *e -regularity of ), ,( ηY  for we have ,= αλλ ∨  where 

r≥)( αλη  and  .)),),,((( λλδ αηηη ≤rrrICI
 

  
By Theorem 2.1(3), )(=)( 11

αλλ −− ∨ ff  

                      ))),),),,((((( 1* rrrrICIfIe αηηητ λδ−∨≤  

                      ).),(( 1* rfIe λτ
−≤   

But ).()),(( 11* λλτ
−− ≤ frfIe  Thus, ).),((=)( 1*1 rfIef λλ τ

−−  Hence f is fuzzy *e -

continuous. 
 
Definition 3.3.  Let ) ,( τX  and ) ,( ηY  be fts’s. A mapping ) ,() ,(: ητ YXf →  is 

called fuzzy weakly *e -continuous if for each YI∈µ  and 0Ir ∈  with ,)( r≥µη  we 

have ). )), ,((()( *1*1 rrCefIef µµ ητ
−− ≤  

 
Example 3.5.  Let ,α ,β ,γ δ  and ω  be fuzzy subsets of { }dcbaYX ,,,==  defined as 

follows: 0.5,=)(             aα 0.4,=)(bα 0.6,=)(cα 0.4=)(dα ; 

0.4,=)(             aβ 0.6,=)(bβ 0.4,=)(cβ 0.5=)(dβ ; 

0.5,=)(             aγ 0.6,=)(bγ 0.6,=)(cγ 0.5=)(dγ ; 
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0.4,=)(              aδ 0.4,=)(bδ 0.4,=)(cδ 0.4=)(dδ ; 

0.3,=)(             aω 0.4,=)(bω 0.5,=)(cω 0.5.=)(dω  

Then ,τ η  : II X →  defined as 

 



















.otherwise0,

,=if,
2

1
,1or0=if1,

=)(   

,otherwise0,

,,,,=if,
2

1
,1or0=if1,

=)( ωλ

λ

ληδγβαλ

λ

λτ  

 are fuzzy topologies on .X  For r =
2

1
, then the identity mapping ) ,() ,(: ητ YXf →  is 

fuzzy weakly *e -continuous since, for any r -fuzzy open set ω  in ,Y ω  is r - cf *e  in Y  

and the inverse image of ω  is r - of *e  set in .X  Also  

). )), ,((()( *1*1 rrCefIef ωω ητ
−− ≤  

 
Theorem 3.3.  Let ) ,() ,(: ητ YXf →  be a mapping. Then the following are 

equivalent:  1.  f  is fuzzy weakly *e -continuous.  

2.  )() )), ,((( 1*1* µµητ
−− ≤ frrIefCe  for each ,YI∈µ 0Ir ∈  with .)1( r≥− µη  

3.  ), )), ,((()) ,(( *1*1 rrCefIerIf µµ ητη
−− ≤  for each ,YI∈µ .0Ir ∈  

4.  )), ,(() )), ,((( 1*1* rCfrrIefCe µµ ηητ
−− ≤  for each ,YI∈µ .0Ir ∈  

Proof: :(2)(1)⇒  Let ,YI∈µ 0Ir ∈  with .)1( r≥− µη  By (1) and Theorem 1.3,  

)1(=)(1 11 µµ −− −− ff
 

) )),1((( *1* rCefIe µητ −≤ −  

     
) )), ,(1((= *1* rrIefIe µητ −− ) )), ,((1(= *1* rrIefIe µητ

−−  

     
) )), ,(((1= *1* rrIefCe µητ

−−  Thus, ).() )), ,((( 1*1* µµητ
−− ≤ frrIefCe  

(2)⇒ (1): It is analogous to the proof of (1)⇒  (2). 

(1)⇒ (3): Let YI∈µ  and .0Ir ∈  Since ,)) ,(( rrI ≥µη η  by (1),  

). )), ,((() )), ), ,(((()) ,(( *1**1*1 rrCefIerrrICefIerIf µµµ ητηηττ
−−− ≤≤  

(3)⇒ (4) and (4)⇒ (2): Obvious. 
(2)⇒ (4): It is analogous to the proof of (1) ⇒  (3).    

 
Theorem 3.4. A mapping ) ,() ,(: ητ YXf →  is fuzzy weakly *e -continuous iff 

)) ,(() ),(( *11* rCefrfCe µµ ητ
−− ≤  for each ,YI∈µ 0Ir ∈  with .)( r≥µη  

 Proof: Let ,YI∈µ 0Ir ∈  with .)( r≥µη  Then, by the definition of ,*
ηCe

 
.)),(1( * rrCe ≥− µη η  By the fuzzy weakly *e -continuity of f  we have,  

))),),,(1((()),(1( **1**1 rrrCeCefIerCef µµ ηητη −≤− −−  
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Since ).)),),,((((1=))),),,(1((( **1***1* rrrCeIefCerrrCeCefIe µµ ηητηητ
−− −−  

We have, ).)),),,((((1)),((1 **1**1 rrrCeIefCerCef µµ ηητη
−− −≤−  

It implies, )).,(())),),,(((( *1**1* rCefrrrCeIefCe µµ ηηητ
−− ≤  

Since ),),,(( ** rrCeIe µµ ηη≤  we have, )).,(()),(( *11* rCefrfCe µµ ητ
−− ≤  

Conversely, let ,YI∈µ 0Ir ∈  with .)( r≥µη  Then .)),(1( * rrCe ≥− µη η  

By hypothesis, ))),,(1(())),,(1(( **1*1* rrCeCefrrCefCe µµ ηηητ −≤− −−  

⇒ ))),,((1())),,((1( **1*1* rrCeIefrrCefCe µµ ηηητ −≤− −−  

⇒ ))),,(((1))),,(((1 **1*1* rrCeIefrrCefIe µµ ηηητ
−− −≤−  

⇒ ))),,((())),,((( *1***1 rrCefIerrCeIef µµ ητηη
−− ≤  

⇒ ).)),,((()( *1*1 rrCefIef µµ ητ
−− ≤  

Hence f  is fuzzy weakly *e -continuous. 
 

3.1. Fuzzy almost *e -compactness  
The study of fuzzy almost compact spaces was initiated in [2]. The same concept was 
taken up for further study in [21] and in [22]. The notion was extended to arbitrary fuzzy 
sets in a fts. Now we introduce the following definitions. 
 
Definition 3.1.1. Let ) ,( τX  be a fts and .0Ir ∈  A fuzzy set XI∈µ  is called r -fuzzy *e

-compact in ) ,( τX  iff for each family i
X

i I λλ |{ ∈  is r -f *e o, }Γ∈i  such that 

i
i

λµ ∨
Γ∈

≤  there exists a finite index set Γ⊂Γ0  such that .
0

i
i

λµ ∨
Γ∈

≤ ) ,( τX  is called r

-fuzzy *e -compact iff 1is r -fuzzy *e -compact in ).,( τX  
 
Definition 3.1.2. Let ) ,( τX  be a fts and .0Ir ∈  A fuzzy set XI∈µ  is called r -fuzzy 

almost *e -compact in ) ,( τX  iff for each family i
X

i I λλ |{ ∈  is r -f *e o, }Γ∈i  such 

that i
i

λµ ∨
Γ∈

≤  there exists a finite index set Γ⊂Γ0  such that ).,(*

0

rCe i
i

λµ τ∨
Γ∈

≤

) ,( τX  is called r -fuzzy almost *e -compact iff 1 is r-fuzzy almost *e -compact in 

). ,( τX  

 
Theorem 3.1.1.  Let ) ,( τX  be a fts and .0Ir ∈  Then the following statements are 

equivalent:  1. X  is r -fuzzy almost *e -compact.  
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2.  For every collection { }Γ∈∈ irrIeCeI ii
X

i ,=)),,((| ** λλλ ττ  with ,0=i
i

λ∧
Γ∈

 there 

exists a finite subset Γ⊆Γ0  with .0=),(*

0

rIe i
i

λτ∧
Γ∈

 

3.  0),(* ≠∧
Γ∈

rCe i
i

λτ  holds for every collection of |{ X
i I∈λ

}),),,((= ** Γ∈irrCeIe ii λλ ττ  with the finite intersection property (FIP, for short), that 

is, for each finite subset Γ⊂Γ0  with .0≠∧
Γ∈

i
i

λ  

4.  Every family of { }Γ∈∈ irrCeIeI ii
X

i ,=)),,((| ** λλλ ττ  such that ,1=i
i

λ∨
Γ∈

 there 

exists a finite subset Γ⊆Γ0  such that .1=),(* rCe i
i

λτ∨
Γ∈

 

Proof: :(2)(1)⇒  Let ) ,( τX  be r -fuzzy almost *e -compact and the collection 

{ }Γ∈∈ irrIeCeI ii
X

i  ,=)),,((| ** λλλ ττ  with .0=i
i

λ∧
Γ∈

 Then .1=)1( i
i

λ−∨
Γ∈

 Since 

),),,1((=1 ** rrCeIe ii λλ ττ −−  we have 1=)),,1(( ** rrCeIe i
i

λττ −∨
Γ∈

 and 

)),,1(( ** rrCeIe iλττ −  is r - .of *e  From the r -fuzzy almost *e -compactness, it follows 

that there exists a finite subset 0Γ  of Γ  such that 1=)),),,1((( *** rrrCeIeCe i
i

λτττ −∨
Γ∈

 

and then  

)),),,1(((1=0 *** rrrCeIeCe i
i

λτττ −−∨
Γ∈

)),),,1(((1= *** rrrCeIeCe i
i

λτττ −−∧
Γ∈

 

)),),,(((= *** rrrIeCeIe i
i

λτττ∧
Γ∈

).,(= * rIe i
i

λτ∧
Γ∈

  

:(3)(2)⇒  Let { }Γ∈∈ irrCeIeI ii
X

i   ,=)),,((| ** λλλ ττ  with FIP. Suppose that 

),(* rCe i
i

λτ∧
Γ∈

= .0  Now )),),,(((=),( **** rrrCeIeCerCe ii λλ ττττ  and by assumption, 

there exists a finite subset 0Γ  of Γ  such that  

.0=)),,((= **

0
0

rrCeIe iii
i

λλ ττΓ∈
Γ∈

∧∧  It is a contradiction. 

:(4)(3)⇒  Let { }Γ∈∈ irrCeIeI ii
X

i ,=)),,((| ** λλλ ττ  such that .1=i
i

λ∨
Γ∈

 Suppose 

1),(*

0

≠∨
Γ∈

rCe i
i

λτ  for every finite subset 0Γ  of .Γ  

Then ),,(1=)),),,(1(( **** rCerrrCeCeIe ii λλ ττττ −− Γ∈i  with FIP,  

Since )),),,(1(=)),),,(1(( ****** rrrCeIeIerrrCeCeIe ii λλ ττττττ −−  

 ),1(= * rIe iλτ −  ),(1= * rCe iλτ−  
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 By(3), we obtain 0)),,(1( ** ≠−∧
Γ∈

rrCeCe i
i

λττ ⇒ .0)),,((1 ** ≠−∧
Γ∈

rrCeIe i
i

λττ ⇒

.1)),,((= ** ≠Γ∈
Γ∈

∨∨ rrCeIe iii
i

λλ ττ  It is a contradiction. 

(4)⇒ (1): Let i
X

i I λλ :{ ∈  is r - of *e , }Γ∈i  with i
i

λ∨
Γ∈

= .1  It implies 

)),,(( **

0

rrCeIe i
i

λττ∨
Γ∈

=1 with by Theorem 1.4,  

)),,((=)),),),,(((( ****** rrCeIerrrrCeIeCeIe ii λλ ττττττ  

From the hypothesis, it follows that there exists a finite subset 0Γ  of Γ  with  

.1=)),),,((( ***

0

rrrCeIeCe i
i

λτττ∨
Γ∈

Since ),,()),,(( *** rCerrCeIe iii λλλ τττ ≤≤  then 

).,(=)),),,((( **** rCerrrCeIeCe ii λλ ττττ Hence ,1=),(*

0

rCe i
i

λτ∨
Γ∈

 i.e X  is r -fuzzy 

almost *e -compact. 
 
Theorem 3.1.2.  A fuzzy weakly *e -continuous image of r -fuzzy *e -compact set is r -

fuzzy almost *e -compact.  

Proof: Let µ  be r -fuzzy *e -compact in ) ,( τX  and ) ,() ,(: ητ YXf →  be a fuzzy 

weakly *e -continuous mapping. If i
Y

i I λλ |{ ∈  is r - of *e , i }Γ∈  with ,)( i
i

f λµ ∨
Γ∈

≤   

then ).(1
i

i

f λµ −

Γ∈
∨≤  Since f  is fuzzy weakly *e -continuous, then for each ,Γ∈i

).)),,((()( *1*1 rrCefIef ii λλ ητ
−− ≤  Hence ),)),,((( *1* rrCefIe i

i

λµ ητ
−

Γ∈
∨≤

))),,((( *1* rrCefIe iλητ
−  is r - .of *e  Since µ  is r -fuzzy *e -compact in ), ,( τX  there 

exists a finite subset 0Γ  of Γ  with ).)),,((( *1*

0

rrCefIe i
i

λµ ητ
−

Γ∈
∨≤  It follows that  














≤ −

Γ∈
∨ ))),,((()( *1*

0

rrCefIeff i
i

λµ ητ
 

         
( )))),,(((= *1*

0

rrCefIef i
i

λητ
−

Γ∈
∨  

        
( ))),(( *1

0

rCeff i
i

λη
−

Γ∈
∨≤  

        

),(*

0

rCe i
i

λη∨
Γ∈

≤  Hence )(µf  is r -fuzzy almost *e -compact in ). ,( ηY  

 
Theorem 3.1.3.  A fuzzy almost *e -continuous image of r -fuzzy almost *e -compact set 

is r -fuzzy almost *e -compact.  
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Proof: Similar to the proof of Theorem 3.2. 
 
Definition 3.1.3. A mapping ) ,() ,(: ητ YXf →  is said to be fuzzy strongly *e -

continuous iff ),()),(( * λλτ frCef ≤  for all XI∈λ  and .0Ir ∈  

 
Theorem 3.1.4. A fuzzy strongly *e -continuous image of r -fuzzy almost *e -compact set 

is r -fuzzy *e -compact.  

Proof: Let XI∈µ  be r -fuzzy almost *e -compact in ) ,( τX  and ) ,() ,(: ητ YXf →  a 

fuzzy strongly *e -continuous mapping. If i
Y

i I λλ |{ ∈   is r - of *e , }Γ∈i  with 

,)( ii
f λµ ∨ Γ∈≤  then ).(1

i
i

f λµ −

Γ∈
∨≤  Since f  is fuzzy strongly *e -continuous and 

hence *e -continuous, )(1
if λ−  is r - of *e . Since µ  is r -fuzzy almost *e -compact, there 

exists a finite subset 0Γ  of Γ  with ).),(( 1*

0

rfCe i
i

λµ τ
−

Γ∈
∨≤ From the fuzzy strong *e -

continuity of f , we deduce  

 













≤ −

Γ∈
∨ )),(()( 1*

0

rfCeff i
i

λµ τ  

 ( ))),((= 1*

0

rfCef i
i

λτ
−

Γ∈
∨  

 ( ))(1

0

i
i

ff λ−

Γ∈
∨≤  

 i
i

λ∨
Γ∈

≤
0

  

Hence )(µf  is r -fuzzy *e -compact in ). ,( ηY    
 
3.2. Fuzzy near *e -compactness  
In this section, we introduce fuzzy nearly *e -compactness and investigate the properties 
and some of their characterizations. 
 
Definition 3.2.1. Let ) ,( τX  be a fts and .0Ir ∈  A fuzzy set XI∈µ  is called r -fuzzy 

nearly *e -compact in ) ,( τX  iff for each family i
X

i I λλ |{ ∈  is r - of *e , }Γ∈i  such 

that ,i
i

λµ ∨
Γ∈

≤  there exists a finite index set Γ⊂Γ0  such that 

).),,(( **

0

rrCeIe i
i

λµ ττ∨
Γ∈

≤ ) ,( τX  is called r -fuzzy nearly *e -compact iff 1is r -fuzzy 

nearly *e -compact in ). ,( τX  
Clearly, we have the following implications: 
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r -fuzzy *e -compactness ⇒ r -fuzzy nearly *e -compactness ⇒ r -fuzzy almost *e -
compactness. 
 
Theorem 3.2.1. Let ) ,( τX  be r -fuzzy *e -regular. It is r -fuzzy almost *e -compact iff it 

is r -fuzzy *e -compact.  

Proof: Let i
X

i I λλ |{ ∈  is r - of *e , }Γ∈i  be a family such that with .1=i
i

λ∨
Γ∈

 Since 

) ,( τX  is r -fuzzy *e -regular, for each ,)( ri ≥λτ  

{ }.)),),,(((,)(|= ikikiki

iKki
i rrrICIr λλδλτλλ τττ ≤≥∨

∈
 

 Hence .1=













∨∨
∈Γ∈ ki

iKkii

λ  Since ) ,( τX  is r -fuzzy almost *e -compact, there exists a 

finite index JKJ ∈  such that .),(=1 *














∨∨
∈∈

rCe
kj

JKkjJj

λτ  

For ,Jj ∈  since ,),(*
jkj

JKkj

rCe λλτ ≤∨
∈

 we have .1=j
Jj

λ∨
∈

 Hence ) ,( τX  is r -fuzzy 

*e -compact. 
 
Corollary 3.2.1. Let ) ,( τX  be r -fuzzy *e -regular. It is r -fuzzy nearly *e -compact iff it 

is r -fuzzy *e -compact.  
Proof: It is straightforward. 
 
Theorem 3.2.2.  A fts ) ,( τX  is r -fuzzy nearly *e -compact iff every collection  

                                      { }Γ∈∈ irrIeCeI ii
X

i ,=)),,((| ** λλλ ττ   

having the FIP, we have .0≠∧
Γ∈

i
i

λ  

Proof: Let { }Γ∈∈ irrIeCeI ii
X

i   ,=)),,((| ** λλλ ττ  with FIP. If ,0=i
i

λ∧
Γ∈

 then 

1=)1( i
i

λ−∨
Γ∈

 and iλ  is r - of *e  set. From the r -fuzzy near *e -compactness of ), ,( τX  

there exists a finite subset 0Γ  of Γ  with .1=)),,1(( **

0

rrCeIe i
i

λττ −∨
Γ∈

 Since  

.1=)),,((1=)),,(1(=)),,1(( ******
iiii rrIeCerrIeIerrCeIe λλλλ ττττττ −−−−  

It follows that .1=1
0

i
i

λ−∨
Γ∈

 Hence .0=
0

i
i

λ∧
Γ∈

 It is a contradiction. 
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Conversely, let i
X

i I λλ :{ ∈  is r - of *e , }Γ∈i  with .1=i
i

λ∨
Γ∈

 Suppose that 

,1)),,(( **

0

≠∨
Γ∈

rrCeIe i
i

λττ  for every finite subset 0Γ  of .Γ  Then by Theorem 1.4  

),),,((1=)),),),,((1(( ****** rrCeIerrrrCeIeIeCe ii λλ ττττττ −−  

for each Γ∈i  with the FIP. From the hypothesis, it follows that  

0)),,((1 ** ≠−∧
Γ∈

rrCeIe i
i

λττ  .1)),,(( **

0

≠⇒ ∨
Γ∈

rrCeIe i
i

λττ  

Hence .1)),,(( ** ≠≤ ∨∨
Γ∈Γ∈

rrCeIe i
i

i
i

λλ ττ  It is a contradiction. 

 
Theorem 3.2.3.  The image of a r -fuzzy nearly *e -compact set under a fuzzy almost *e -

continuous and fuzzy almost *e -open mapping is r -fuzzy nearly *e -compact.  

Proof: Let XI∈µ  be r -fuzzy nearly *e -compact in ) ,( τX  and ) ,() ,(: ητ YXf →  

be a fuzzy almost *e -continuous and fuzzy almost *e -open mapping. If i
X

i I λλ |{ ∈   is 

r - of *e , }Γ∈i  with ,)( i
i

f λµ ∨
Γ∈

≤  then for each ,Γ∈i )),,(( ** rrCeIe iληη  is r - of *e  

set. From the fuzzy almost *e -continuity of f , it follows that  

                        
)),),,(((( **1 rrCeIef i

i

λµ ηη
−

Γ∈
∨≤ ))),,((( **1 rrCeIef iληη

−   

is r - of *e  in .X  Since µ  is r -fuzzy nearly *e -compact in ),,( τX  there exists a finite 

subset 0Γ  of Γ  such that ).),),)),,((((( **1**

0

rrrrCeIefCeIe i
i

λµ ηηττ
−

Γ∈
∨≤   

Thus 













≤ −

Γ∈
∨ )),)),),,((((()( **1**

0

rrrrCeIefCeIeff i
i

λµ ηηττ  

 ( ))),)),),,(((((= **1**

0

rrrrCeIefCeIef i
i

ληηττ
−

Γ∈
∨  

 From ),()),,(( *** rCerrCeIe ii λλ ηηη ≤  for every Γ∈i  and the almost *e  continuity of 

,f  it follows that  ))),((1()),,(())),,((( *1*1**1 rCefrCefrrCeIef iii λλλ ηηηη
−−− −≤  

is r - of *e  in X .  

)),,(())),),,(((( *1**1* rCefrrrCeIefCe ii λλ ηηητ
−− ≤⇒  

)).,(()),)),),,((((( *1**1** rCefrrrrCeIefCeIe ii λλ ηηηττ
−− ≤⇒  

Since f  is fuzzy almost *e -open and  

).),),),)),),,(((((((=)),)),),,((((( **1*****1** rrrrrrCeIefCeIeCeIerrrreCIefCeIe ii λλ ηηττττηηττ
−−

 

We have ( ))),)),),,((((( **1** rrrrCeIefCeIef iληηττ
−  is r - of *e  in .Y  



Fuzzy Almost e*-continuous Mappings and Fuzzy e*-compactness in Smooth 
Topological Spaces  

361 
 

Now from 

  ( ) ).,())),((()),)),),,((((( **1**1** rCerCeffrrrrCeIefCeIef iii λλλ ηηηηττ ≤≤ −−  

We deduce for each ,Γ∈i  
( ) ).),,(()),)),),,((((( ****1** rrCeIerrrrCeIefCeIef ii λλ ηηηηττ ≤−

 
Hence 

( ) ).),,(()),)),),,((((()( **

0

**1**

0

rrCeIerrrrCeIefCeIeff i
i

i
i

λλµ ηηηηττ ∨∨
Γ∈

−

Γ∈
≤≤  

Thus )(µf  is r -fuzzy nearly *e -compact in ). ,( ηY  
 
Theorem 3.2.4.  The image of a r -fuzzy *e -compact set under a fuzzy almost e-

continuous mapping is r -fuzzy nearly *e -compact.  

Proof: Let XI∈µ  be r -fuzzy *e -compact in ) ,( τX  and ) ,() ,(: ητ YXf →  be a 

fuzzy almost *e -continuous mapping. If i
X

i I λλ |{ ∈  is r - of *e , }Γ∈i  with 

,)( i
i

f λµ ∨
Γ∈

≤  then )),,(()( ** rrCeIef i
i

λµ ηη∨
Γ∈

≤  such that, by Theorem 1.4, for each 

,Γ∈i  ).),,((=)),),),,(((( ****** rrCeIerrrrCeIeCeIe ii λλ ηηηηηη  

From the almost *e -continuity of f , it follows that )),),,((( **1 rrCeIef i
i

λµ ηη
−

Γ∈
∨≤

))),,((( **1 rrCeIef iληη
−  is r - of *e  in .X  Since µ  is r -fuzzy *e -compact in ), ,( τX  

there exists a finite subset 0Γ  of Γ  such that  

 ).),)),),,((((( **1**

0

rrrrCeIefCeIe i
i

λµ ηηττ
−

Γ∈
∨≤  

Thus, 













≤ −

Γ∈
∨ ))),,((()( **1

0

rrCeIefff i
i

λµ ηη   ( )))),,(((= **1

0

rrCeIeff i
i

ληη
−

Γ∈
∨  

            

).),,(( **

0

rrCeIe i
i

ληη∨
Γ∈

≤  Thus )(µf  is r -fuzzy nearly *e -compact in ). ,( ηY   

 
4. Conclusion  

S
⌣

ostak’s fuzzy topology has been recently of major interest among fuzzy topologies. In 

this paper, we have introduced fuzzy almost *e -continuous, fuzzy weakly *e -continuous, 

r -fuzzy *e -compact, r -fuzzy almost *e -compactness and r -fuzzy near compactness in 

S
⌣

ostak’s fuzzy topological spaces. Also, we have studied some properties of them under 

several types of fuzzy *e -continuous mappings and fuzzy *e -regular spaces. Finally, we 
have given some counter examples to show that these types of mappings are not 
equivalent. These results will help to extend some generalized continuous mappings, 
compactness and hence it will help to improve smooth topological and bi-topological 
spaces. 
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