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1. Introduction

Chang [1] introduced and studied the notion of jutmpology. Hutton [18], Lowen [20]
and others discussed respectively various aspédtszny topology. In these authors’s
papers, a fuzzy topology is defined as a classioaket of the fuzzy power set of a
nonempty classical set. It is easy to see that tlage always investigated fuzzy objects
with crisp methods. However, fuzziness in the cphoé openness of a fuzzy set has not
been considered, which seems to be a drawbackeimprbcess of fuzzification of the

concept of topological spaces. Therefo@ostak [27] introduced a new definition of

fuzzy topology as an extension of both crisp toggland Chang’s fuzzy topologys
ostak [27-29] gave some rules and showed how sm@x&nsion can be realized. It has
been developed in many direction [3-16,19,23-26, 3be concept of the degree of

compactness of a fuzzy set was introducedSmstak [27]. Es[12] developed the several
types of degree of fuzzy compactness and fuzzyirmeomis maps. In 2014, the concept of
fuzzy €-open sets and fuzzg-continuity and separation axioms and other progert

were defined by Seenivasan and Kamala [31]. Sobtaa [33] introduced the concept
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of r-fuzzy e-open sets and -fuzzy e-continuity in Sos tak’s fuzzy topological
spaces. Vadivel et.al [35, 36] introduced the cphoé fuzzy almoste-continuity, fuzzy
e-compactnessy -fuzzy € -open andr -fuzzy € -closed sets in a fuzzy topological
space in the sense & ostak [27]. In this paper, we introduce the concefpfuzzy
almost € -continuous, r -fuzzy € -compact, r -fuzzy almost e -compactness and -

fuzzy near e -compactness inSostak’s fuzzy topological spaces in a differentwie
point [12,27]. We study some properties of them esndeveral types of fuzz¢-
continuous mappings of fuzzy topological spaces.

2. Preliminaries
Throughout this paper, nonempty sets will be dehdig X,Y etc., | =[0,1] and

l,=(0,1]. For aOl,a(x)=a for all xOX. A fuzzy point x, for tOl, is an
element ofl * such thatx, (y) :{t y=x ; Oif y #x.

The set of all fuzzy points iXX is denoted byR (X). A fuzzy point X, JA iff
t <A(X). A fuzzy setA is quasi-coincident withy, denoted byAqu, if there exists
xOX such thatA(x)+ u(x) >1. If A is not quasi-coincident withu, we denoted

Agu. If AO X, we define the characteristic functigy, on X by x,(X) :{1x inA,

Oif x notin A.
Now, we introduce some basic notions and defingtittvat are used in the sequel.

Definition 2.1. [27] A function7:1* - | is called a smooth topology oX if it
satisfies the following conditions:

L. 10 =r@=1, 2 r([u)=2[r(y), forany{s} O17%,

iar ior
3. T(uy T ) 2 T(1) C7(y), for any gy, p1, 01
The pair (X, 7) is called a smooth topological space or fuzzy kogical space( for
short, fts).

Definition 2.2. [24] Let (X, T) be a fuzzy topological space. Then for eachl ,,
r, ={u01 ™ :r(u)=r} isaChang’s fuzzy topology oX .

Theorem 2.1. [3] Let (X, 7) be afts. Then for eachJ1*,r 01, we define an
operatorC, : 1 * x1, - 1 asfollows:C,(A,r) = [ {ux0O1*:A <u, (- ) =r}.
For A, 1 X andr,sO I, the operatolC, satisfies the following conditions:

1. C,(0r)=0, 2.A<C.(A,r), 3.C.(A,r)OC.(4r)=C,(A0u,r),

4. C(A,r)sC.(A,9)ifr<s, 5. C.(C.(A,r),r)=C.(A,r).
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Theorem 2.2.[17, 19] Let (X, ) be a fts. Then for each(11,,A 01 we define an
operator |, : 1% x1, - | * asfollowsl (A,r) = [ {01 " : A2 u,r(u) 21}

For A, 1 X andr,s l,, the operatoll , satisfies the following conditions:
L1,@Ar)=1, 2 A=1_(Ar), 3. 14000 (ur)=1 (A0ur),
I.(A,r)s1 (A,9) if s<r, 5. 1.(1,(A,r),r)=1_1(A,r),
I.A-A,r)=1-C.(A,r)andC, (L-A,r) =1-1_(A,r).

If S= |:{r Olg:l,(u,r) =,u},then I (u,s) = p.
[(C.(1.(C.(Ar),r),r),r)=1.(C,(A,r),r).

© N o &

Definition 2.3. [32] Let (X,7) be a fts. Ford, #O1* andrOl,, A is calledr -

fuzzy regular open (for short,-fro) (resp.r -fuzzy regular closed (for shont,-frc)) if
A=1.(C,(A,r),r) (resp.A=C_(I,(A,r),r)).

Definition 2.4. [32] Let (X,7) be a fts. Then for each 01, x OR(X) andr Ol,,
1. u is called r-operQ, -neighborhood ofx, if X qu with 7(u)>r.
2. u is called r-operR. -neighborhood ofx, if x.qu with ¢ =1_(C.(A,r),r). We
denoteQ, (x,r) ={u 017 : xqu, (1) 21},
R (x,1) ={u 01" :xqu=1,(C,(A,1),n}

Definition 2.5. [32] Let (X, ) be a fts. Then for each 1%, x OP(X) andr O,
1. x, is calledr -7 cluster point ofA if for every £0Q. (X, r), we haveugA.

2. X is calledr - O cluster point ofA if for every gOR (X, r), we haveugA.

3. An J -closure operator is a mappiig, : | * x1 — | * defined as followsdC, (A, r)
or D,(A,r)=[{x OR(X):X is r-d -cluster point ofA} .

EquivalentlydC, (A,r)=[ {u Ul X u= A, uisar —frcse} and

A, (A,r)=[{uO1*:u< A, pisar —froset .

Definition 2.6. [19] Let (X, 1) be a fuzzy topological space. Fi11* andr O,
1. A is calledr -fuzzy 0 -closed iff A = D, (A, r).
2. The complement af -fuzzy O -closed isr -fuzzy J -open.
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Definition 2.7. [36] Let (X, 7) be a fuzzy topological space. Far 001* andr [ [y,
A is called anr -fuzzye -open (respr -fuzzye -closed) setitA <C (I, (9 -
C.(A,r),r),r) (resp.1.(C.(O-1,(A,r),r),r)< A).

Definition 2.8. [36] Let (X,7) be a fuzzy topological spacé, #01* andr 01,

1 €l,(Ar)={u01*u<A pisar-feo set} is called ther -fuzzy € -
interior of A 2. €C,(A,r)=[{u01*: = A, uisar- fec set} is called ther -
fuzzy € -closure ofA .

Definition 2.9. [37] Let (X, 7) and (Y,7) be fts’s. A mapping : X - Y is called a
fuzzye -continuous iff f () is r -fe'o set of X for eachu 001" with n(u) =r .

Theorem 2.3. [36] Let (X,7) be a fts. ForAO1* andr 01, we have
1. €l1,(1-A,r)=1-(eC,(A,r)). 2. €C,(1-A,r)=1-(e'l,(A,r)).

Theorem 2.4. [34] Let (X, ) be a smooth topological space. Then for eddA | *
andrdIl, 1. €l (eC.(el,(€C,(A,r),r),r),r)=el (e€C (A,r),r).
2.eC. (el (eC.(e1,(Ar),r),r),r)=eC (e, (Ar)r).

3. Fuzzy almost € -continuous mappings
Now, we introduce the following definitions.

Definition 3.1. Let (X, 7) and (Y,7) be a fuzzy topological spaces andl | ,. A
mapping f : X - Y is called

1. fuzzy almosg -continuous if f (A1) is ar -fe'o setin X for eachAO1Y with
A=1,(C,(A,r),r) orequivalently,f *(A) isar -fe'c setin X foreachAOI"
with A =C,(1,(A,r),r).
2. fuzzy almose -open map iff (1) is ar -fe'o setinY for eachr -froset A in X.
3. fuzzy almostk -closed map iff (1) isar -fe'c setinY for eachr -frcsetd in X.

Remark 3.1. Clearly, a fuzzye-continuous mapping is fuzzy alm&stontinuous.

Example3.1. LetA, u, y, d anda be fuzzy subsets o =Y ={a,b,c} defined as
follows: A(a) = 0.5, A(b) =0.3,4(c) =0.2; u(a) =0.4, u(b)=0.6, u(c) =0.1;
y(a) = 0.5, y(b) =0.6, y(c) =0.2; o(a) =0.4,d(b) =0.3,0(c) =0.1;
a(a)=0.2,a(b)=0.4,a(c) =0.5.
Thenr,n7:1* - | defined as
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1,  ifA=0orl 1, ifA=0or,
(1) = % ifA=Au,y,0, nA)= % ifA=a,
0, otherwise 0, otherwise

are fuzzy topologies oX. For r =%, then for any fuzzy regular open s@tin Y, the

identity mappingf : (X, 1) - (Y,n) is fuzzy aimosie -continuous.

Example3.2. Let A, i, y and 0 be fuzzy subsets of =Y = {a, b, c} defined as
follows:

A(a) = 0.4, A(b) = 0.5, A(c) = 0.2 u(2) = 0.2, u(b) = 0.3, u(c) = 0.2;
y(a) = 0.4, y(b) = 0.6, y(c) = 0.5; 3(a) = 0.3, d(b) = 0.5, (c) = 0.3.
Thenr,n :1* — | defined as
1, ifA=0or, 1, ifA=0or],
r(A) = % itA= A, () = % ith=y.0
0, otherwisge 0, otherwise

are fuzzy topologies oiX. For r =% , then for any fuzzy regular open sétin X, the

identity mappingf : (X, 7) - (Y,n) is fuzzy almoste -open map.

Theorem 3.1. Let(X,7) and(Y,7) be fts's. Letf : (X,7) - (Y,7) be a mapping.
The following statements are equivalent:
1. f is fuzzy almoste -continuous.

2. f7(u)isr-fe'o set, foreacth 01", r Oy with g1 =1,(C, (,1),r).
3. fw)<el (f7(1,(C,(ur),r)),r), foreachuO1Y, r Ol, with n(u)=r.
4. €C.(f™C,(1,(ur),1)),r) < f7(w), for eachu 017, r Ol with n(L— ) .

Proof: (1) = (2): Follows from Definition 2.1
(1) = (3): Let f be almoste -continuous andu be anyr -fuzzy open set inY.

Thenp =1, (u,r)<1,(C,(4,r),r).
By Definition 1.3,1,(C, (4,r),r) is ar -fuzzy regular open set iM. Since f is fuzzy

* . -1 . * .
almoste -continuous, f (1, (C,(¢,r),r)) is ar -fuzzy e -open set in X.

Hence f ()< f7(1,(C,(u,r),r)) =€l (f7(1,(C,(1r),r)).r).
(3) = (4): Let u be ar -fuzzy closed set of . Then i is ar -fuzzy open set irY.
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By 3), f (i) el (f7(1,(C,(4°,r),r)),r). Hence,

P = (T (o) 2 (€1,(F7(1,(C,(15,r),n), ) =€ C.(FH(C, (1, (1)) r)
(4) = (1): Let u be ar -fuzzy regular closed set M. Then i is ar -fuzzy closed set
in Y and hencef () <e 'l (f(1,(C,(r),r)).r) =€l (f*(u),r).

Thus f (u) =€ C,(f *(u),r) and hencef (k) is ar -fuzzy € -closed set inX.
Therefore, f is a fuzzy almosg’ -continuous map.

Definition 3.2. A fts is calledr -fuzzye -regular iff for eachr(u) >,

u={p01X 17(p) 21,1,(C(d,(p,1),1),1) < 1.
A fuzzy topological spacéX,7) is called fuzzye -regular iff it is r -fuzzy € -regular
for eachr O 1.

Example3.3. Let A, 1, y and & be fuzzy subsets & ={a,b,c} defined as follows:
A(a) =0.8,4(b) =0.6,A(c) =0.6;
u(b) =0.6, u(c) =0.5;
y(@)=0.2,y(b)=0.4, y(c) =0.4;
d(b) =0.6,9(c) =0.5.
Thent :1* - | defined as

1, ifA=0or,
r(A) = % ifA=A,u,y,0,
0, otherwise

is a fuzzy topology onX. For rzé, then the topological spadeX,7) is both %

fuzzy € -regular and% -fuzzy regular.

Remark 3.2. Clearly, r -fuzzy regular space is-fuzzye -regular space, but the
converse is false, in general, is shown by theatig example.

Example3.4. Let A, 4, y and 3 be fuzzy subsets of ={a,b,c} defined as follows:
A(a) =0.5,A(b) = 0.6, A(c) = 0.5;

u(b)=0.4, u(c)=0.4;

y(a) = 0.2, y(b) = 0.6, y(c) = 0.5;

5(b) = 0.7, 5(c) = 0.6.
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1, ifA=0orl
%, ifA=A,
1 .

Thenrt :1* - | defined as =, ifA=y4,

(1) =12

1=y
2! 1
%, ifA =29,
0, otherwise

is a fuzzy topology onX. For r =% , then the topological spad¢eX, 7) is %-fuzzy e -

regular but not %—fuzzy regular. Since for anyw=(0.8,,0.7,,0.6,)07,
1

CT (/‘ , E) =1>w.

Theorem 3.2. Let (X,7) and (Y,7) be fts’s. Letf : (X,7) - (Y,77) be a mapping
and (Y,7) be a fuzzye -regular space. Therf is fuzzy almose -continuous iff f is

fuzzye -continuous.
Proof: (O) Itis trivial from Remark 2.1.

(=) Let AO1". By the fuzzye -regularity of (Y,7), for we haved = [~ A,, where
nA,)zr and 1, (C,(a,(4,,r),r),r) <A
By Theorem 2.1(3),f (1) =[_ f *(4,)

<[Cel.(f7(1,(C(d,(A,r),r),r)),r)

<€l (f1A),r).
But €1.(f2(A),r)< f(A). Thus, f (A)=€1_(f*(A),r). Hence f is fuzzye -
continuous.

Definition 3.3. Let (X,7) and (Y,n) be fts’s. A mappind : (X,7) - (Y,n) is
called fuzzy weaklg -continuous if for eachz01Y and r 01, with 77(u) > r, we
have f () <el, (f*(eC,(u,r1)),r).

Example35. Leta, B, y, 0 and & be fuzzy subsets 0f =Y :{a, b, c,d} defined as
follows: a(a)=0.5,a(b)=0.4,a(c)=0.6,a(d) =0.4;
B(a@)=0.4, 5(b)=0.6, B(c)=0.4,5(d) =0.5;
y(a)=0.5,y(b)=0.6, y(c) =0.6, y(d) =0.5;
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0(a)=0.4,6(b)=0.4,5(c) =0.4,9(d) =0.4;
a(a)=0.3,a(b)=0.4,a(c) =0.5,a(d) =0.5.
Thenr,n :1* — | defined as

1, ifA=0or, 1, ifA=0orL
r(1) = ; itA=a B.y.3 n)= ; 1=
0, otherwise 0, otherwise

are fuzzy topologies oX. For r =% , then the identity mappingd : (X,7) - (Y,n) is

fuzzy weakly € -continuous since, for any-fuzzy open set. in Y, & isr-fecinY

and the inverse image @ is r -fe' 0 setin X. Also
fHw)<el, (fH(eC,(wr)),r).

Theorem 3.3. Let f :(X,7) - (Y,n) be a mapping. Then the following are
equivalent: 1. f is fuzzy weaklye -continuous.

2. €C.(f ™€, (u,r),r)< f(u) foreachu 1Y, r Ol with 7(L— ) 2.
3. (1, (ur)<sel (fH(eC,(u,r)),r), foreachu 1Y, rOl,.
4. eC (f (el (u,r)),r)< fHC, (1 r)), foreachuO1", rOl,.
Proof: (1)= (2): Let 01", r 01, with /7(1—,u) >r. By (1) and Theorem 1.3,
1-f 3 u) = 71~ p) <€1,(f*(eC,d- ). 1)

=€l (f@-€1,(ur),r) =€l ,@- e, (K,r),r)

=1-€'C,(f (€', (u,1)), 1) Thus,€C,(f (€1, (1,1)), 1)< f ().
(2)= (1): It is analogous to the proof of &) (2).
(1)=@): Let #0017 andr Ol,. Sincen(l, (1, 1)) =r, by (1),

P20 () <€l (FEC,(1,(ur),n)r) el (fH(eC, (1 r)),r).
(3)=(4) and (4= (2): Obvious.
(2)= (4): It is analogous to the proof of (I (3).

Theorem 3.4. A mappingf : (X,7) - (Y,7) is fuzzy weaklg -continuous iff
eC,(f™*(u),r)< f7(eC,(u 1)) foreachuO1Y, rOl, with () =r.
Proof: Let #0017, r 01, with 77(x) = r. Then, by the definition oe*C,],
/7(i—e*C,] (u,r)) = r. By the fuzzy weaklye -continuity of f we have,
f11-€C,(ur) <€l (f(eC,A-€C, (41).1)).r)
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Since€'l, (f (€'C,L-€'C, (4,1),1)),r) =1-€C,(f (€1,(€'C, (.1).1)).1).
We havel- f (€'C,(u,r)) <1-€'C,(f (€'1,(€'C, (1,1),1)),1).
It implies, € C, (f *(e'l,(€C, (u,r1),1)),r) < £ (e C, (1,1)).
Sincep<el, (€C,(ur),r), we have e C, (f*(u),r)< f(€C, (1))
Conversely, lew/O1Y, r 01, with 77(4) 2 1. Thenp(A-€'C, (4,1)) = .
By hypothesisg'C, (f *(1-€'C, (u,r)),r)< f (€C,A-€C, (1r),1))
= €C, - fEeC,(ur)r)< T A-€1,(€C, (1))
=1-€1,(f(eC, (u,1),r)<1- (e, (€C, (1 1),1))
= fel,(€C,(ur)r)<el (fH(eC,(ur)).r)
= fH () <el (fH(eC,(ur)).r).
Hence f is fuzzy weaklye -continuous.

3.1. Fuzzy almost € -compactness

The study of fuzzy almost compact spaces was fedian [2]. The same concept was
taken up for further study in [21] and in [22]. Thetion was extended to arbitrary fuzzy
sets in a fts. Now we introduce the following défons.

Definition 3.1.1. Let (X,7) be a fts and O1,. A fuzzy sep 01 is calledr -fuzzye’
-compact in (X,7) iff for each family{A OI1*|A is r-fe'o, i} such that
p < [ A there exists a finite index sBf T such thatu < [~ A. (X,7) is calledr

iar iElI'O

-fuzzye -compact ifflis r -fuzzye’ -compact in(X, 7).

Definition 3.1.2. Let (X,7) be a fts and O1,. A fuzzy set 01 is calledr -fuzzy
almoste -compact in( X, 7) iff for each family{ A O1* | A isr-fe o, i O} such
that y2 < [~ A there exists a finite index sEf O " such thatu< [~ € C,(A,,r).

ior iDFO
(X, 1) is calledr -fuzzy almose -compact iffl is r-fuzzy almose -compact in
(X, 7).

Theorem 3.1.1. Let(X,7) be afts and [J1,. Then the following statements are
equivalent: 1. X is r -fuzzy almoste’ -compact.
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2. For every collectior{)li O1%|eC,(e'1,(A,r),r)=A,i DF} with [~ A, =0, there

iar
exists a finite subsef, 0T with [~ €'l (4,r)=0,
iDrO
3. [€C,(A,1)# 0 holds for every collection dia O17% |
iar
A =€l (eC.(A,r),r),i O} with the finite intersection property (FIP, forest), that
is, for each finite subsdt, O " with [ A # 0.
iar
4. Every family of{)li O |€1,(€C.(A,r),r)=A,i0 F} such thatl_ A =1, there
iar
exists a finite subsef, (T such thaf_€'C,(A,r) =1
iar
Proof: (1)=> (2): Let (X,r) be r-fuzzy almost € -compact and the collection
AoirXec,1,(,r),r)=A,i0r} with [4 =0 Then [ (1-A)=1 Since
ior ior
1-A =€1,(€C,A-A,r),r), we have [ €l,(€C@A-A,r)r)=1 and
iar
el (eC, (i—/li,r),r) is r -fe 0. From ther -fuzzy almoste -compactness, it follows
that there exists a finite subsgt of I such that[ €' C,(€I,(€C, @1~ A,,r),r),r) =1

and then N
5=1-.[6*Cr(e*|r(e*cr @-A,1),1),1) = A[i—e*Cr(e*lr(e*Cr @=A,r),r).r)
=€l (€C(e1(4.1).r).r) =el(A.n.

iar iar
@)= (3): Let {A01*[€1,(€C,(A,r),r)=A,i0r} with FIP. Suppose that
[€C,(A,r)=0. Now €C,(A,r)=€C,(€1,(€C,(A,r),r),r) and by assumption,
iar
there exists a finite subskf of I such that
C A=, €1.(EC,(A,r)r)=0 Itisa contradiction.
ior, 0
(3)= (4): Let {/1i O1*|e1,(eC,(A,r),r)=A,i DF} such that__ A, =1 Suppose
ior
[ €C.(A,r) # 1 for every finite subsef, of I'.
iDI'O
Then€'l (€C, A-€C,(A,r),r),r)=1-€'C,(A,r), iOr with FIP,
Since€'|(€C,1-€C,(A,r),r),r)=€1,1-€1,(€C,A,r),r),r)

=€l,(A-A,r) =1-€C,(A,r)

356



Fuzzy Almost e*-continuous Mappings and Fuzzy efpactness in Smooth
Topological Spaces

By(3), we obtain [_€C, 1-€C,(A,r),r)20= [i— el (e€C,(A,r),r)20.=

iar iar

A= €1,(eC.(A,r)r) #1 Itis a contradiction.
iar

(4=(1): Let {AO1*:A is r-feo, IO} with A =1 It implies

iar

[ €1,(€C.(A,r),r) =1 with by Theorem 1.4,
iDFO

el (eC.(e1.(eC,(A,r),r),r)r)=¢el (eC.(A,r),r)
From the hypothesis, it follows that there exisfiie subset, of [ with
[ €C,(€1,(€C,(A,r),r),r)=1Since A <€1,(€C,(4,r),r) €C,(4,r), then
iDFO
€C,(€1,(€C,(4,r),r),r)=€C,(A,r).Hence [ €C,(4,r)=1 i.e X is r -fuzzy

iDFO

almoste” -compact.

Theorem 3.1.2. A fuzzy weaklg -continuous image of -fuzzye’ -compact set is -
fuzzy almose -compact.

Proof: Let ¢ be r -fuzzy € -compact in(X,7) and f :(X,7) - (Y,7) be a fuzzy
weakly € -continuous mapping. KA 017 |4 is r-fe'o, i O} with f(u) <[ A,

ior
then u<[_ f*(A). Since f is fuzzy weakly € -continuous, then for eachdT,
iar
fH(A) <€l (f(eC,(A.r)).r). Hence — p<[ el (f*(eC,(A,r).r),

iar
el (f(eC,(A,r).r) is r-feo Sinceu is r-fuzzy € -compact in(X,7), there
exists a finite subsdf, of I with < [_ €1 (f (€ C,(A,r)),r). It follows that

i,
f(u) = f[_l] e*lr(f_l(e*cq(ﬂi,r)),r)J
= _[mfrzew (FHEC,(A,1),1))
s.IDErrof(f‘l(e'C”(/li,r)))
sI‘D|;O e*C,] (A,r) Hence f (u) is r -fuzzy almoste -compact in(Y, 7).
Mo

Theorem 3.1.3. A fuzzy almose -continuous image of -fuzzy almose -compact set
is r -fuzzy almose -compact.
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Proof: Similar to the proof of Theorem 3.2.

Definition 3.1.3. A mapping f : (X,7) — (Y,7) is said to be fuzzy strongly -
continuous ifff (€ C,(A,r)) < f(A), forall AT X andr Ol,.

Theorem 3.1.4. A fuzzy stronglye’ -continuous image of -fuzzy almose -compact set
is r -fuzzye -compact.

Proof: Let £01% ber -fuzzy almoste -compact in(X,7) and f : (X,7) - (Y,7) a
fuzzy strongly € -continuous mapping. If{A 01" |A is r-feo, iOr} with
f()<[ A, then us[ f *(A). Since f is fuzzy stronglye’ -continuous and

iar
hencee -continuous, f (1) is r -fe 0. Since i is r -fuzzy almoste -compact, there
exists a finite subsdft, of [ with x< [~ €C,(f *(A),r).From the fuzzy strong -
iDrO

continuity of f , we deduce

f(u)< f[ De*c,(f-l(/ii),r)]

iy

= [ flec,(f).n)

<C £(f (1))
<[4

Hence f () is r -fuzzy € -compact in(Y, 7).

3.2. Fuzzy near e -compactness

In this section, we introduce fuzzy neagy-compactness and investigate the properties
and some of their characterizations.

Definition 3.2.1. Let (X, 1) be afts and O1,. A fuzzy se 01 % is calledr -fuzzy
nearly e -compact in(X, 7) iff for each family{ A, 01* | A isr-fe'o, i O} such
that 4 < [~ A, there exists a finite index sBf [J I such that

iar
U< [ €1,(EC,(A,r),r).(X,1) is calledr -fuzzy nearlye’ -compact ifflis r -fuzzy
iDrO
nearly € -compact in(X, 7).
Clearly, we have the following implications:
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r -fuzzy € -compactness=> r -fuzzy nearly € -compactness=> r -fuzzy almoste -
compactness.

Theorem 3.2.1. Let (X, 7) ber -fuzzye -regular. It is r -fuzzy almose -compact iff it
is r -fuzzye -compact.
Proof: Let {A O1% | A is r-fe'o, iOl} be a family such that witfi_ A4 =1 Since
iar
(X,1) is r -fuzzy € -regular, for eacit(A) =,
A= T4 110) 20 1,C(d,(, 1)< A

i OK;

Hence D( [] )IikJ =1 Since (X, 1) is r-fuzzy almoste -compact, there exists a
iar ikDKi

finite index J O K, such that = D[ ] e*C,(/ljk,r)}

j0d jkDKJ
For jOJ, since [ e*Cr(/ijk,r)s/ij, we have[ A, =1 Hence(X, 1) is r -fuzzy
IKKy j09

e -compact.

Corollary 3.2.1. Let (X, 1) ber -fuzzye -regular. It is r -fuzzy nearlye” -compact iff it

is r -fuzzye -compact.
Proof: It is straightforward.

Theorem 3.2.2. A fts (X, 1) is r -fuzzy nearlye -compact iff every collection
Aor<jec 1,4, =4,0r}
having the FIP, we havg A # 0.
iar
Proof: Let {4 01° |€C,(€'1,(A,r),r) = A, i OT } with FIP. If "4 =0, then
iar
[ (@-A)=1and/ isr-fe'o set. From the -fuzzy neare -compactness ofX , 7),
iar
there exists a finite subsBt, of I with [~ €'l,(¢'C, (- A,r),r) =1 Since
iDrO
el (€C,A-A,r),r)=€1,A-€1,(A,r),r)=1-€C,(e1,(A,r),r)=1-A.

It follows that [ 1- A =1 Hence A= 0. It is a contradiction.
iorg idrg

359



A.Prabhu, A. Vadivel and B. Vijayalakshmi
Conversely, let{A 01%:A is r-feo, iOr} with [ A =1 Suppose that
iar
[ €1,(€C,(A,r),r)#1, for every finite subsef, of I'. Then by Theorem 1.4
iDrO
€C. (€1, 1-€1_(€C,(A,r),r),r),r)=1-€1_(€C,(A,r),r),
for eachi 0T with the FIP. From the hypothesis, it follows that
[1-€1,(e€C.(4,r),r)20 = [ €l,(e€C,(4,r)r) £l
ior iDFO

Hence[ A <[ €1,(€C,(A,r),r)#1 Itis a contradiction.
ior ior

Theorem 3.2.3. The image of a -fuzzy nearlye -compact set under a fuzzy almest

continuous and fuzzy almost-open mapping is -fuzzy nearlye -compact.

Proof: Let #01* be r -fuzzy nearlye -compact in(X,7) and f :(X,7) - (Y,7)

be a fuzzy almose -continuous and fuzzy almost -open mapping. I{A 017 | A is

r-fe'o, iOM} with f(u) <[ A, thenforeaciiOl, €1,(€C,(A,r),r) isr-fe'o
iar
set. From the fuzzy almost -continuity of f , it follows that

U< (FHE,(EC,(A,r),r), e, (€C,(A,r).r))

iar
is r-fe'o in X. Since u is r -fuzzy nearlye -compact in(X,7), there exists a finite
subsetl”, of I such thaty< [~ el (€C,(f (€'1,(e€C,(A,r)).r).r),r).
iDI’O
Thus f () < f( []el,.(eC(f ‘l(e*ln(e*Cn()Ii,r),r)),r),r)}

idrg

= [ tle1.(€C,(F €1, (€C,(4.1),1)1).1))

iDrO
Frome'l, (€C,(A,r),r)<eC, (A,r) foreveryi O and the almose” continuity of
f, it follows that f(e'l (€'C,(A,r),r)) < f‘l(e*C”(Ai,r)),(i— f(eC,(A,.r))
isr-feoin X.
=eC,(f(el,(eC,(A,r).r).r) < fHeC, (A1),
=€l (eC,(f(el,(eC,(A,r).r).r),rs feC,(A.r)).
Since f is fuzzy almosk -open and
el EC(f(El,(eGA.NN)N.IN=€l(ECEIEC(fHEIEC,A)N)NIN.L.

We have f(€'1,(€C,(f X(€1,(€C,(A,r),1),1).r)) is T -fe'o in Y.
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Now from
fe1,(€C.(fF e, (EC,(A,r),n).r),N)< f(FHEC, (A.1) <€C,(A,).

We deduce for eachdl,

f(e*lr(e*C,(f '1(e*l,](e*C,7(/li,r),r)),r),r))s el,(eC,(A,r)r).

Hence

f(w)< [ fle1,EC,(FHE1,EC,(A,r),n).1))< [ €l (€C,A,r).r).

iy idry

Thus f (4) is r -fuzzy nearlye -compact in(Y, 7).

Theorem 3.2.4. The image of ar -fuzzy € -compact set under a fuzzy almast
continuous mapping is -fuzzy nearlye -compact.
Proof: Let #O1* be r-fuzzy € -compact in(X,7) and f:(X,7) - (Y,7) be a
fuzzy almost € -continuous mapping. If{A O1*|A is r-feo, 0} with
f(u)< [ A, then f(u)<[_€l,(eC,(A,r),r) such that, by Theorem 1.4, for each
iar iar
ior, €l,(eC,(el,(eC,(A,r),r),r),r)=€l,(eC,(A,r),r).
From the almoste -continuity of f , it follows that < [ f 7(e'l (€ C,(A,r),r)),
iar

_l * * . * - - - * .
f~(el,(eC,(A,r),r)) isr-feo in X. Since u is r -fuzzy e -compact in(X, 1),
there exists a finite subsgt, of ' such that

U< [ el(eC(fel,(€C,(A,r)r)r).r).

iDFO

Thus, (1) < f{|:| f‘l(e*ln(e*Cn(/ii,r),r))J = [ fH{f e, (ec,4.n.1))

idry iry

< [ €1,(eC,(A,r),r). Thus f(u) is r -fuzzy nearlye -compact in(Y, 7).

iDFO

4. Conclusion

Sostak’s fuzzy topology has been recently of majteriest among fuzzy topologies. In
this paper, we have introduced fuzzy almestcontinuous, fuzzy weaklg -continuous,

r -fuzzy € -compact,r -fuzzy almoste -compactness and-fuzzy near compactness in
Sostak’s fuzzy topological spaces. Also, we havelistlisome properties of them under

several types of fuzzg -continuous mappings and fuzey-regular spaces. Finally, we
have given some counter examples to show that thgses of mappings are not
equivalent. These results will help to extend sayeeeralized continuous mappings,
compactness and hence it will help to improve simdopological and bi-topological
spaces.
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