Intern. J. Fuzzy Mathematical Archive
Vol. 14, No. 1, 2017, 47-57

ISSN: 2320 —3242 (P), 2320 —3250 (online) International Journal of

Published on 11 December 2017 Fllzzy Mathematical
www.researchmathsci.org =
DOI: htp://dx.doi.org/10.22457/iffima.v14n1a? __Archive

Fuzzy Colouring of Interval-Valued Fuzzy Graph
K.Kalaiarasi*and R.Divya

PG and research Department of Mathematics, Ca@eligge for Women
Trichy-18, Tamil Nadu, India.
‘email: kalaishruthil2@gmail.copfemail: rdivyamat@gmail.com

Received 1 November 2017; accepted 4 December 2017

Abstract. Fuzzy graphs have revolutionized the analysis oblematic data to arrive at a
better decision making power are different kindsmiokg them, the interval-valued fuzzy
graph in the simplest and generalized once. Tha maipose of this paper is to introduce
the chromatic number of an interval-valued fuzzapir. Here working rule of an
interval-valued fuzzy graph, power cut graph aseudésed.
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1. Introduction

In our daily life, the colouring of a graph is thmst significant component of research in
optimization technology and is used for various ligpfions, viz. administrative
sciences, wiring printed circuits, resource altan [4], arrangement problems, and
so on. These problems are represented by propgw graphs and are analysed by
colouring these graphs. In the usual graph cabgugroblem, nodes receive the
minimum number of colours such that two adjaceéiitdes do not have the same
colour. A few studies discuss this point [61714] . An interval- valued fuzzy graph
representation is better than a crisp graph eersilnterval-valued fuzzy graphs
suitably represent every event.

Interval-valued fuzzy graph theory has aaddroumber of areas. Interval-
valued fuzzy set notations and their propemstias introduced by Zadeh in 1975 [2].
Interval-valued fuzzy sets are more advanced thamy sets and more completely
eliminate doubt. At present, Akram uses intervadlied fuzzy graphs .

In graph theory, an intersection graph is a graplthvrepresent the intersection of
sets. An interval graph is the intersection of tieat of intervals on real line. Interval
graphs are useful in resource allocation problempi@rations research. Besides, interval
graphs are used extensively in mathematical maglelanchaeology, developmental
psychology, ecological modeling, mathematical dogp and organization theory.

In the present paper, a new idea to colour an\atemlued fuzzy graph is
presented. Here, “colouring of interval-valued fyzgraph” is defined. An interval-
valued fuzzy graph is coloured by the range-valuedy colour depending on the power
of a branch incident to a node. Then, fuzzy coluyf interval-valued fuzzy graph is
demonstrated.
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2. Preliminaries

Definition 2.1. A graph G is a triplet that contains a s€t# ¢, a branch set D and a

connection that links each branch by two nodest(asca particular matter of course)
called its end points.

Definition 2.2. Node colouring and chromatic number

The node colouring of a graph G is the consign-toétabels or colours to each node
of a graph such that no branch links two similaxtyoured nodes. The general type of
node colouring search minimizes the number of asldor a graph. This type of
colouring is known as least node colouring, and ldveest number of colours with
which the nodes of a graph G can be coloured ieddhe chromatic number. The

chromatic number of a graph G is denoted}{{5).

Definition 2.3. Fuzzy set
Let P be a universal set. Then, the fuzzy set KSois indicated by functiop: S

- [01], which is called the membership function. A fuzzst is represented by
K =(S7).

Definition 2.4. Fuzzy graph
A fuzzy graph o=(X,¢,p) is a set X #¢ together with the functions

Y:X - [01] andp: Xx X - [01] suchthat for all

m,n0 X, o(m,n) < minfw(m),¢(n)},
where ¢(m) and p(m,n) denote the membership values of the node m antira
(m,n) in 0, respectively.

Definition 2.5. Path in a fuzzy graph
A path in a fuzzy graph is an arrangement of d#fiernodes,, p,,.....0, such that
P(p_,p)>01l<i<n.The fuzzy path is said to be a fuzzy cyclepf and p,
overlap.

The original crisp graph of the fuzzy gragh = (X,¢/ ,p ), is denoted as
"= (X, ¢ p),
where ¢” ={x0 X /(x) >0} andp” ={(x, y)O X x X \ p(x, y)> 0}.
For the original fuzzy graphy” = X .

Definition 2.6. Complete fuzzy graph

A fuzzy graphd = (X,¢, p) is said to be complete ib(x, y) = min{fw(x),¢(y)}
for all x,yO0 X, where (x,y) denotes the branch between nodes y.and
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Definition 2.7. Interval-valued fuzzy set
Let X=¢ and ¢ :X - [01]andy’: X - [01] be the mappings such that
Y (X) <@ (x) for all xOX. The interval-valued fuzzy set on X is denoted as

(] @] and is defined abX, [, w* ) ={{x.Jw~ @) xO X}

Definition 2.8. Interval-valued fuzzy graph

Interval-valued fuzzy grapH - = (X,[t//‘,lf], lp‘,p*]) (IVFG) is a set X ¢

together with the functiongy™: X - [04l,¢* : X ~ [01] p~: X xX - [01] and
PIIXxX 5 [0,1] such that for allu,vO X p (u,v) £ min{t//‘(u),t//‘(v)} and
P (u,v) < min{t/f(u),z/f(v)} for every branch (u,v).

Definition 2.9. Complete interval-valued fuzzy graph

The complete interval-valued fuzzy graph, = (X,[t//‘,lf], lp‘,p*]) (IVFG) is a
set X #¢ together with the functions¢ : X - [0,1],1//+ X - [0,1]

o :XxX [0l and p*:XxX [0l such that for all uvOX,

P (u,v) = minfy~(u),(v)}  and p*(u,v) = minjg* (U),@*(v)}  for every

branch (u,v).

Definition 2.10. a-cut graph of interval-valued fuzzy graph
For O<ac<] a-cut  graph  of interval-valued fuzzy graph

| e :(X,[l//',l/FJ,lp',p*D is a crisp graph | =(V,,E,) such that
Vo =(xOX (9.7 (9] 2 [aall. B, ={(x, ) /o (x.v). o7 (x,y)] 2 [a 0}

Definition 2.11. Interval-valued fuzzy neighbourhood
Interval-valued fuzzy neighbourhood of a node xaof interval-valued fuzzy graph

l g = (Y,[l//',lfj, lp",p+]) is an interval-valued fuzzy séM(y) =(Y,,m,), where
Y, :{x/[p'(y, xX), 0" (y,X) > [0,0]J} and m 1Y, - [01] is defined by
m, (X) = u(y, ).

Definition 2.12. Interval-valued fuzzy star

A power neighbourhood of a node p is a node g sah(p,q) is a power full branch.
An interval-valued fuzzy grapIJ1FG is said to be the interval-valued fuzzy staratle

node of e has precisely one power neighbouAﬁG.

3. Power cut graph of interval-valued fuzzy graph
In this part, thex-power cut graph of | .5 is defined with an example.
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For an interval-valued fuzzy graph IFG=(X,[w_,w+],lp_,p+J), a branch
(m, n), m,n X is said to be independently powerful if

(05) minfy* (m), @~ ()} < p~(m,n) and(05) minfw* (M), (n)} < p* (m,n).

Otherwise, it is independent and powerless. Theepof a branch (p,q) in an interval-
valued fuzzy grapH . = (X,l(//',(//*], [p',p*]) is denoted by (P9 and is defined as

il where rpg = LBD L ang

}. Again the power of a node w is denoted By and

+

Z-(p,q) = lr_(pvQ)l r

oy = — 2 (P
mini* (p).¢ ()

defined asr,, = lr_w,fwj, where 7 w is the maximum value along its membership

value ¢/~ (w) ,and the powers (wx of branches (w,x) incident to w aridw are the

maximum values along its membership val4&(w) and powers 7", of branches
(w,X) incident to w.

Definition 3.1. Let |, = (X,lg[/',l//*], [,0',,0*]) be an interval-valued fuzzy graph.
For 0< a <1, thea-power cut graph of . is defined to be the crisp graph

e = (X", E") such thatX ¢ ={pD XIt,2 [a,a]} and

= ={(p,q), P.aOX /7q 2 [a,a]}.

Theorem 3.1. Let |, be aninterval-valued fuzzy graph. < a < < y <1, then
e’ O’ 017
Proof: Supposel o = (X,lt//',t//*], [p',p*]) is an interval-valued fuzzy graph and
O<saspf<y<l.
Now, |.” = (X",E") such that X ¢ :{pDX/ pz[a,a]} and
E* ={(p.q). p.a0 X /7, 2[a,altandl .” = (x#,E#) such that
x? ={p0X/pz (s Altand E” ={(p,q), p.a0X /7, 2[8. 8]}
similarly, 1.." =(X”,E”) suchthatX” ={pOX/p=[y,y] and
E’ ={(p,q). p.qO X 1T 2y, ylandi " = (XV, EV) such that
x* ={pOX/pz[y,yland " ={(p,a), p, a0 X /7, 2 [y 1]}
Let mOX”. Thenm=y > 8= a. Thereforemd X?. In the same
way, for any elemenfm,n)JE®. Therefore,l ..* O 1..” 01"
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The connection betweencut graphl rc, Of aninterval-valued fuzzy

graph |-, and power cut graph..” of an interval-valued fuzzy graph Ldt. is
provided in the subsequent theorem.

Theorem 3.2. Let | be an interval-valued fuzzy graph. < a < <1, then
leo, Olrge Trg, O
Proof: Suppose |, = (X,lz/f,z/fj, lp‘,p*]) is an interval-valued fuzzy graph. Then
Moo, =(X,,E,) suchthatX, ={pOX /[y (p).¢" (p)] 2[a.a]} and

E, ={(p.a) o (p.a). 0" (p.A)] 2[a.a]} .

similarly, 1.5 =(X,,E,) suchthatX, ={p0X /[ (p).¢" (p)] 2 [B. Bl}and

E, ={(p.a) Lo (p.a). o7 (p. )] 2 8. 5]}

Again, .. = (X“,E") such that X ={pO X / pz[a,a]} and

E* ={(p.a). p.a0 X /7, 2[a,al} .Let p,q0 X, andp,qOE, . Therefore,

[ (p),¢" (p)] =[a,a]and[ o (p.q), 2" (p,q)] =[a,a]. These results along with
a<l.

FG’ FG#

And 1.* =(X* E?) suchthatX” ={pOX/p=[B,B}and
= ={(p,q), P, a0 X /7,4 2 [/3,,8]}. Let p,qU X ;andp,qL E,. Therefore,

[~ (p).¢ (P11 2[5.A] and[0™(p,q), o (p.9)] 2[B, B] . These results along

with S<1.
Give
p (p.q) P (p.q)
{min{(/ﬁ(p),[/j*(q)}’ min{z/ﬁ(p),w%q)}} >[a,a]

P (p,9) p'(p,9) }
H + + ' H + + - ﬁ’ﬁ
[mm{w (" @) minfy* (@} | P
And 7., 2[a,a]; T, 2[B,Bl; therefore (p,q) JE“and(p,q) D E”. Thus,
for every branchl; andl.; thereisabranch . and I_,.

Now, clearly from the definition of power of resiX, O X7,

X, O X7 Hence, theresultl s Ol ., 1gg 01, istrue.

FG*’ FG*
3.1. Working rule of an interval-valued fuzzy graph colouring

In crisp graph colouring, if any two nodes are adid, then these two nodes receive
distinct colours; if not, the colours is the sandere, an interval-valued fuzzy graph is
coloured by the range-valued fuzzy colour. In thiay, two nodes have distinct
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fundamental colours if they are adjacent to anpeddent power full branch. If not ,
they have distinct range-valued fuzzy colours.
Suppose | = (X,l_l/l_,l/l+J, lp',p*]) is a connected interval-valued fuzzy

graph andP :{pl, pz’....pk} is a set of fundamental colours. We observed ttere

are two types of interval-valued fuzzy branchesnterval-valued fuzzy graphs, viz.
independent power Engineering Branches and indgmtndon power Engineering
Branches. The independent power less branch issigs#icant than the independent
power full branch. As a result, the relationshipgwsen the corresponding nodes is
independent power less. Our latest colouring iddiké conventional graph colouring,
which depends on independent power full and indégenpower less branches. The
planed interval-valued fuzzy graph colouring can lbivied into three groups that
depend on the power of the branches.
Viz. (i) All branches are independent power full.
(i) Some branches are independent pdwier
(iii) All branches are independent povesss.

Case 1. The interval-valued fuzzy graph contains all ipelet power full branches.

If an interval-valued fuzzy graph contains all ipdadent power full branches, the
colouring of this interval-valued fuzzy graph iseidical to the colouring of crisp
graphs, such that two nodes can be coloured by different range-valued fuzzy
fundamental colours if there is an independent pdulebranch between the nodes.

Case 2. The interval-valued fuzzy graph contains some peaelent power fulbranches.
Suppose u is a node and the set of all neighbodehoof node u is

N(u) :{uj,j =12,..... n}. For simplicity, We assume thaw,,v, are two nodes such
that (u,v,),(u,v,) are only the two independent power full branchmesdient on u and
all remaining branchegu,V,),i = 34..n are independent power less branches. In this

case, we colour u by the colc(q, [1,1]) andv, by a different colour .Similarly,, will
achieve a distinct colour other than the colouu.of

Now, we consider node, for colouring. Notice that(u,V,) is an independent
power less branch.
Sub case 2.1. None of the adjacent nodes of are coloured.

As (u,v;) is an independent power less braneh, has a range-valued fuzzy
colour corresponding to the colour of u. If theawol of u is (cl,[l,l]), the interval-
valued fuzzy colour ofv,is (C,[g"(c),g*(c)]) , Where lg'(c),g+(c)] can be
calculated a§g™(c), 9" (¢)] = [1— T (wvs) 1= T (uwy |-

Sub case2.2. All adjacent nodes ofv, are coloured.

If a branch(v,, z) incident tov;, is independent power full, then of, cannot

be coloured by the colour of z. That is, if theaesl of z is (Cz,l_g_(Cz),g+(CZ)J) VA
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cannot be coloured by any range-valued fuzzy cabéuc, . Suppose thatv, has some
independent power less incident branches, thenz),i = 12...q9. without a loss of
generality, we assume that the colourzpfs

(vilo )" (). i=1.2,...q

Now, to determine the colourofv,, Calculate the lengths of the intervals
|_1— T e 1= T vz J, |_1— T vz =T (va2) J, ..... |_1— T vz 1= T (vy2) J,
and intervals ll—r+(u,v3) 1-7 (v ] to determine the maximum length of the interval
and then take the interval as L, correspondinpeamaximum length.

Let L contribute to the brancfv,, z,), i.e., L=[1— T vz 1= T (w2 ] If the
colour of z; is (yp,g(yp)), thenv, receives the coIOLﬁyp,L). If the interval lengths
are the same, an arbitrary choice can be made.

Sub case 2.3. Some of the adjacent nodes\gfare coloured.

The adjacent nodes that are not coloured do fiettathe colouring of v,.
Then, the adjacent nodes that are coloured wilkcbasidered for the colouring ofv; .
The process of colouring is comparable to the sub case 2.2.

After colouringv,, all of the other nodes are coloured in the samerrer.
Case 3. Interval-valued fuzzy graph contains all indepamtcpower less branches.

If 1.5 contains all independent power less branches, only fundamental
colour is needed to colour the nodes bf; . Arbitrarily consider any node (say x) and
assign the fundamental colour to this n((dg, [1,1]); for the remaining nodes, assign the

range-valued fuzzy colours corresponding((lp, [1,1]) similar to the above sub case 2.2.

Remark. If an interval-valued fuzzy graph has more than eoenponent and each
component is coloured by the above described method

3.2. Chromatic number of an interval-valued fuzzy graph colouring
The lowest number of fundamental colours used kouc@n interval-valued fuzzy graph
is known as a fuzzy chromatic number. A fuzzy cheicmnumber of an interval-valued

fuzzy graph | .5 is denoted byy/(l ;) . Here, we give two examples for various fuzzy

chromatic numbers.
Suppose we consider two interval-valued fuzzy lgsaép which Fig.2(a) contains
all independent power less branches are indepepderdr less, One fundamental colour

is sufficient to colour all of the nodes. Here temtral node is coloured b{/A, [],1]) and
the other nodes are coloured by different rangaedafuzzy colourgA, [0, 0.i,]),
(A,[0.1,.0.1,1). (A, [0k, 0k,]), (A [01,.01,]),(A [0.m 0m,]) and (A,[0.n,,0.n,])
of G, wherei,,i,, j;, j, K, K;, 1y, 1,,m,m,,n, andn, are natural numbers.
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Therefore, the fuzzy chromatic number of this iméwvalued fuzzy graph is
one. In Fig.2(b), all of the branches are indepahgdewer full.
Suppose we take four interval-valued fuzzy graphsse original graph i%;.

In Fig.3(a), an interval-valued fuzzy graph is mgad such that all of its branches are
independent powerfull. At that point, the intervalued fuzzy graph is six chromatic
as fork.

In Fig. 3(b), an interval-valued fuzzy graph imsiered such that branches
incident to exactly one node are independent pdegsr and the remaining are power

full. Again, colouring of one node depends on tiyise of independent power less
incident branches whose other end nodes are caoloure

 (A0i00]) y (A11])
(A[0m,0.m]) / (A1)

® : ° GJLl
D e ym_.u,m
o
RS (ALL1) \
o / ‘. @aJL1])

(A[0.m: 0] (A[0k 0% ]) L
AN (AL
(a) Fuzzy chromatic number 1 (b) Fuzzy chromatic number 2

Figure 2: Fuzzy chromatic number graphs.
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Figure 3: Interval-valued fuzzy graph.

That node is coloured by a range-valued fuzzguothat is determined by
measuring the powers of such independent poweblesshes.

Let the minimum of the powers be [m,n] (here m718:8.6), corresponding to
the branch (u,v) and v is coloured by (G,[1,1])efhnode u will be coloured by the
range-valued fuzzy colour (G,[1-n,1-m]) i.e.,(GZ®@.4]). Similarly, four other
interval-valued fuzzy graphs are coloured(see i, (@l),(e) and (f).

Theorem 3.2.1. If |, is an interval-valued fuzzy graph, theXI(I o 0‘2): V(1 ee)
Proof. Let |, = (X,lg[/‘,g[/*], lp’,p*J) be an interval-valued fuzzy graph. Now,
lee™? = (V°2,E%), where V°2 ={p OV /7, > [0202]} and

E®2 ={(p,q)/7,, = [0202]}.

All independent power full branches df.; are branches of .. *°. Thus,
these is a one to one connection between the indepepower full branches ir g
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and the branches i >, i.e., there is one branch bf,** for all independent

power full branch in | . Thus, )((I FGO'Z): W)

Remark. We know that for complete crisp graph, x(k,) is the number of its nodes.
This result gives the following statement. If diltoe branches of a complete interval
valued fuzzy grapH . = (X,lg[/‘,g[/*], lp’,p*J) are independent power full, then

¥(l =) is the number of nodes ofl ;.

4. Conclusion

This paper discussed interval-valued fuzzy grapth whromatic number of fuzzy
graph colouring. There are several diverse idegarding the quality of a branch in an
interval-valued fuzzy graph. The connection betw#e chromatic number of interval-
valued fuzzy graph and its power cut graphs @@ r@cognized.
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