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Abstract. The concept of a type-2 fuzzy set was introduceddgeh as an extension of
an ordinary fuzzy set. Type-2 fuzzy sets have gralenembership that are themselves
fuzzy. Hence the membership function of a typezZzfuset is three dimensional, and it is
the new third dimension that provides new desiggrees of freedom for handling
uncertainties. Also fuzzy matrices play an impadrtaote in scientific developments. In
this paper, the concept of bidiagonal type-2 tridar fuzzy matrices is proposed. Also
some properties of bidiagonal type-2 triangulazfumatrices are presented.
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1. Introduction

The concept of a type-2 fuzzy set, which is an msitsn of the concept of an ordinary
fuzzy set, was introduced by Zadeh in 1975 [14{ype-2 fuzzy set is characterized by a
membership function, i.e., the membership valueefich element of this set is a fuzzy
setin [0,1], unlike an ordinary fuzzy set whéte membership value is a crisp number
in [0,1]. Hisdal [1] discussed the IF THEN ELSEtstaent and interval-valued fuzzy
sets of higher type. Jhon [2] studied an appra$dheory and applications on type-2
fuzzy sets. Stephen Dinagar and Anbalagan [8] ptedenew ranking function and
arithmetic operations on generalized type-2 trajgedduzzy numbers.

The fuzzy matrices introduced first time by Thomagt2], and discussed about
the convergence of powers of fuzzy matrix. Kim fiBgsented some important results on
determinant of square fuzzy matrices. Ragab e6Japfesented some properties of the
min-max composition of fuzzy matrices. Shyamal dral [7] first time introduced
triangular fuzzy matrices. Dinagar and Latha [9raduced type-2 triangular fuzzy
matrices. Also they presented some types and giepeof type-2 triangular fuzzy
matrices.

The paper is organized as follows. Firstly in sme of this paper, we recall the
definition of type-2 triangular fuzzy number andrsd operations on type-2 triangular
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fuzzy numbers. In section-3, we review the defimitof type-2 triangular fuzzy matrices
(T2TFM) and some operations on T2TFMs. In sectipnwvd define bidiagonaltype-2
triangular fuzzy matrices. In section-5, we deseene properties of bidiagonal T2TFMs.
Finally in section-6, conclusion is also included.

2. Preliminaries. type-2 triangular fuzzy numbers
Definition 2.1. Fuzzy set
A fuzzy set is characterized by a membership fonctinapping the elements of a
domain, space or universe of discourse X to theint@rval [0,1].

A fuzzy set A in a universe of discourse X is defl as the following set of
pairs:

A = {(xpa(x)); x € X}.
Herepua: X — [0,1] is a mapping called the degree of memberfimgtion of the

fuzzy set A andia(x) is called the membership value o X in the fuzzy set A. These
membership grades are often represented by rediersmanging from [0,1].

Definition 2.2. (Zadeh) Type-2 fuzzy set
A type-2 fuzzy set is a fuzzy set whose memberghipes are fuzzy sets on [0,1].

Definition 2.3.The type-2 fuzzy sets are defined by functionshefformua: x — x ([0,1])
wherey ([0,1]) denotes the set of all ordinary fuzzy stst can be defined within the
universal set [0,1]. An example [4] of a membershipction of this type is given in
fig.1.
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Figure 1. lllustration of the concept of a fuzzy set of type-

Definition 2.4. Type-2 fuzzy number [8]

Let A be a type-2 fuzzy set defined in the universe istalirse R. If the following
conditions are satisfied:

® Ais normal,
(ii) A is a convex set,

(i) The support ofd is closed and bounded, thenis called a type-2 fuzzy
number.

Definition 2.5. Type-2 triangular fuzzy number
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A type-2 triangular fuzzy numbet on R is given byl = {06 (1 (), 1a%(9) 1A °(X)); XeR}
and ua'(X) < ua’(X)< uad(x), for all x R. Denoted = (4;,4,,43), where A4;=
(ASANAY), A= (ASANAY) andi;= (AsSASYAZY) are same type of fuzzy
numbers.

2.6. Arithmetic operations on type-2 triangular fuzzy numbers[9]

Let @= (@, dy d) = (@ a"a’)@ & &) (@) andb = (b1, by, b3) =
(b, by, byY), (", BN, b,Y), (bs", b5V, bsY))  be two type-2 triangular fuzzy numbers. Then
we define,

(i) Addition:
a+ b= (& +b. & +bN, &Y +b.Y), (& +bs", & +b," & +b,"), (8- +bs, & +bs",
33U+b3U))

(ii) Subtraction:
5’ U_ E:L ((alL_b3U!aEI.N_b3N!aEI.U_b3L)l(&L_bzul@N_bZNl&U_bZL)!(aSL_bluﬂa?:N_blNa
a —by))

(iii)  Scalar multiplication:
If k > 0 and ke R then & = ((ka",ka," k&), (k& k& ka."), (ke kas", kas”)) and
if k < 0 and ke R then I = ((ka,ka" ka"), (ka" ka" karb), (ka ka " kah)).

(iv) Multiplication:
Defineab = b"+b,N+b;"+b, +b,N+b, +b +bN+bY . If ob >0, then

% Z _ ((alLab a,Nob aluab) (azLab a,Nob azuab) (a3Lab as;Nob a3UJb))
9 ' 9 ' 9 9 7 9 7 9 9 7 9 ’ 9 ’

If ob<0, then

C:i x g — ((a3uab ’ a3Nab ’ a3Lab )' (azuab ) azNab ’ azLo'b )’ (aluab’ alNab ’ alLab)).
9 9 9 9 9 9 9 9 9

()] Division:
Whenevesb = 0 we define division as followsdb>0, then
; :((QalL 9a,N QaZU ), (9(12'“ ,9a2N QaZU ), (9a3L’9a3N 9a3u)) -

Q

b ob ' ob ' o ob ob ' o ob ' ob ’ ob

If db<0, then

a_(,9a3Y% 9asN 9azl . 9a,Y 9a,N 9a,t. ,9a,Y 9a;N 9a,t
H _(( ob ’ ob ’ ob ) ( ob ' ob ' ob ) ( ob '’ ob ’ ob ))

2.7. The proposed ranking function [9]

Let F(R) be the set of all type-2 normal triangufazzy numbers. One convenient
approach for solving numerical valued problem iseabon the concept of comparison of
fuzzy numbers by use of ranking function. An effieztapproach for ordering the
elements of F(R) is to define a linear ranking fiort R:F(R) » Rwhich maps each
fuzzy number into R.

Suppose # = (A;,4,.43), = ((ASANADYASAN ALY (A AN A then we
defineR(4) = (AT+ANHA L HAHFAN AL HAS AN A 19 .
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Also we define orders on F(R) by
R(A) = R(B) if and only ifAZB,
R(4) < R(B) if and only ifA3B
andR(4) = R(B) if and only ifA3B.

Definition 2.8. Type-2 zero triangular fuzzy number

If A =((0,0,0),(0,0,0),(0,0,0)) thdnis said to be a type-2 zero triangular fuzzy numie
is denoted by 0.

Definition 2.9. Type-2 zero-equivalent triangular fuzzy number
A type-2 triarlgular fuzzy number i§ said to be a type-2 zero-equivalent triangfuazy
number ifR (4) = 0. It is denoted bg.

3. Type-2 triangular fuzzy matrices (T2TFMs) [9]
Definition 3.1. Type-2 triangular fuzzy matrix (T2TFM)
A type-2 triangular fuzzy matrix (T2TFM) of orderm is defined as A :égj)mxn where

the ij" elemenﬁij of A is the type-2 triangular fuzzy number.

3.2. Operationson T2TFMs
As for classical matrices we define the followingeaations on T2TFMs. Let A =ﬁ,(j)

and B = aj) be two T2TFMs of same order. Then we have tHevdhg:

(i) A+B = (@; + Eg)

(i) A—B = (@;; — b;)) 3 3

(iii) For A = (@;)mxn @nd B = B; ;) then AB = €; ;) Whereé; ;= ¥n_, &y, b
i=1,2,.....mand j=1,2,......k.

(iv) ATor A= @)

(v) KA = (ka;;) , where k is a scalar.

pj

4. Bidiagonal type-2 triangular fuzzy matrices
Definition 4.1. Diagonal T2TFM

A square T2TFM A= (iij) is said to be a diagonal T2TFM if all the elensentitside the
principal diagonal are 0.

Definition 4.2. Diagonal-equivalent T2TFM
A square T2TFM A= (El-j) is said to be a diagonal - equivalent T2TFM iftak elements

outside the principal diagonal e

Definition 4.3. Upper bidiagonal T2TFM
A square T2TFM A= (iij) is called an upper bidiagonal T2TFM if the diagband
above the main diagonal has the non-zero entrigsihthe other entries are 0.
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G @y, 0 0\
5,023 0
For example A 3 0 922723
0 0aszz daszg
0 0 0 5’44

Definition 4.4. Upper bidiagonal-equivalent T2TFM
A square T2TFM A= (iij) is called an upper bidiagonal - equivalent T2THMhe
diagonal and above the main diagonal has the nanemries and all the other entries

are0.

Definition 4.5. Lower bidiagonal T2TFM
A square T2TFM A= [il-j) is called a lower bidiagonal T2TFM if the diagbaad below
the main diagonal has the non-zero entries artialbther entries are 0.

a; 00 0\
dy; G0 0 |

0 6:1325’33 0
0 0 Az Gyg

For example A §

Definition 4.6. Lower bidiagonal-equivalent T2TFM
A square T2TFM A= (il-j) is called a lower bidiagonal-equivalent T2TFMhé diagonal

and below the main diagonal has the non-zero srdnd all the other entries are

Definition 4.7. Bidiagonal T2TFM
A square T2TFM A = (ii]-) is called a bidiagonal T2TFM if it is either apper
bidiagonal T2TFM or a lower bidiagonal T2TFM.

Definition 4.8. Bidiagonal - equivalent T2TFM
A square T2TFM A =«iij) is called a bidiagonal-equivalent T2TFM if it éther an
upper bidiagonal — equivalent T2TFM or a lower agtinal-equivalent T2TFM.

5. Properties of bidiagonal T2TFMs
Property 5.1. The sum of two upper bidiagonal T2TFMs of ordersralso an upper
bidiagonal T2TFM of order n.

Proof: Let A = (fil-j) and B = a-j) be two upper bidiagonal T2TFMs. Since A and B are

upper bidiagonalTZTFMs“iij =0 andEij =0foralli>jand#2<j;i,j=1,2, ..., n.
LetA+B = C. Then (ﬁl] + BU) = (C:” )
For all} J and H2 < ], i, J =1,2, ..., n,é':l'j :51']' + El] =0+0=0.

Hence C is also an upper bidiagonal T2TFM of order

Property 5.2. The sum of two lower bidiagonal T2TFMs of ordersalso a lower
bidiagonal T2TFM of order n.
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Proof: Let A = (c:ll-j) and B = Ei,-) be two lower bidiagonalT2TFMs. Since A and B are

lower bidiagonaITZTFMs&ij =0 andEij =0foralli<jandi=j+2;i,j=1,2, ..., n.
LetA+B = C. Then (ﬁu + Bl]) = (C:U )
For all« J and i> J+2, i, J =1,2, ..., n,é':i]' :51']' + EU =0+0=0.

Hence C is also a lower bidiagonalT2TFM of order n.

Property 5.3. The product of anupper bidiagonal T2TFM by a scadaalso an upper
bidiagonal T2TFM.
Proof: Let A = (fz'i]-) be anupper bidiagonalT2TFM. Since A is an uppeiabonal

T2TFM,a;; =0forall>jand #2<j;i,j=1,2, ..., n.
Let k be a scalar and kA = B. Ther@(R = (b;;).
Forall>jand#2<j;i,j=1,2, ..., npb;=kid;; =k0 = 0.

Hence B is also anupper bidiagonal T2TFM.

Property 5.4. The product of alower bidiagonalT2TFM by a scalaraiso alower
bidiagonal T2TFM.
Proof: Let A = (51-]-) be alower bidiagonalT2TFM. Since A is alower bigihnal T2TFM,

a;j=0forallijandi=j+2;i,j=1,2, ..., n.
Let k be a scalar and kA = B. Ther@(R = (b;;).
Foralli< jandi>j+2;i,j=1, 2, ..., np;;=ki;; =k0 = 0.

Hence B is also alower bidiagonal T2TFM.

Property 5.5. The transpose of an upper bidiagonalT2TFM is a tdvidiagonal T2TFM
and vice versa.
Proof: Let A = @-j) be an upper bidiagonalT2TFM. Since A is an uppdiagonal

T2TFM, d;; =Oforall> jand #2<j;i,j=1,2, ..., n.
Let B be the transpose of A. ThenAB. i.e, (fzjl-) = (gij).
Forall>jand #2<j;i,j=1,2, ...,nd; = 0 =hy.
Thatis forallk jand i>j+2;i,j=1, 2, ..., np;; = 0.

Hence B is a lower bidiagonalT2TFM.

Remark: However, operations mixing upper bidiagonaland lokidiagonal T2TFMs do
not produce bidiagonal T2TFMs. For instance, the s upper bidiagonal and lower
bidiagonal T2TFM can be any T2TFM (In particuladimgonal T2TFM).

6. Conclusion

In this article, bidiagonal type-2 triangular fuzzwatrices are defined. Also some
properties of bidiagonal T2TFMs are proved. Usihgse results of T2TFMs, some
important properties of T2TFMs, involving the natidike tridiagonal T2TFM,
pentadiagonal T2TFM etc., can be studied in futddeo the theories of the discussed
T2TFMs may be utilized in further works.
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