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Abstract. In this paper the uniform integrability of fuzzyndom variable is introduced.
An attempt is made to study the uniformly absolutgntinuous fuzzy valued functions
and an equivalent condition for uniform integrabled uniformly absolutely continuous
is determined.
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1. Introduction

The notion of fuzzy random variables was introdueasda natural generalization of
random set in order to represent associations ketwhe outcomes of random
experiment and non-statistical in exact data. Kwaéak [3], and Puri and Ralescu [5],
have introduced the notions of fuzzy random vadaband its expectations. Limit
theorems for random sets and fuzzy random varididee received much attention in
recent years because of the application in sewapplied fields such as Mathematical
Economics System Analysis and Stochastic Contra@ofh Fuzzy random variables
have been designed to deal with situations in whimthh random performance and fuzzy
perception must be considered.

In [1], Diestel studied the of notion uniform integility in detail. Then Laurent
Piccinniet.al., [4], have introduced uniform intagiity and measure for a random
variable and they have established characterizétieorem for uniform integrability and
some related results. The purpose of this chaptdo generalize the convergence
theorems of the basic probability theory to fuzandom variables as well as some
fundamental theorems in the light of uniform intdglity. Also uniformly absolutely
continuous fuzzy valued functions is defined andegnivalent condition for uniformly
integrable and uniformly integrable absolutelytimmous is established.

The concepts of a fuzzy random variables and peetation were introduced by
Puri and Ralescu [5].

Definition 1.1. Let (2, A, P) be a complete probability space, and fuzzy randariable
is a Borel measurable function. IX : Q — F(R) is a fuzzy number valued function,
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where F(R) is a family of all fuzzy numbers, anésBhe subset of R theé¢r! (B) denotes
the fuzzy subset @ defined by

X1(B)(W) = Supyep X(w)(x)for eachw € Q
The functionX : Q — F(R) is called a fuzzy random variable. If for evelysed subset
B of R, the fuzzy seX"1(B) is measurable when considered as a function f2otm [0,
1]. If we denote
X(w) = {(X (W), X&(w) )| 0 <x< 1} then it is well known that X is a fuzzy random

variable if and only if for eactte [0,1]X andX are random variables.

Definition 1.2. The sequence of random variables { X,, X3, ...} is said to converge

P ,
in probability to a random variable X denotedpy> X if T P{|X,-X| > ¢} =
0, for everye> 0.

2. Uniform integrability for fuzzy random variables

Definition 2.1. [2] Let {X,, n> 1} and X are fuzzy random variables on a probability
space Q, A, P). A sequence of fuzzy random variabl&s, {n > 1} is called uniformly
integrable if for everye> 0 there exists &> 0 such that

stP f a[(X,)zV (X,)¥]dp < ewhenever P(A) < § and
A

S E (a [(Xn);l V(Xn);]) < C < ooare satisfied, where@A.

Theorem 2.2.[2] (Equivalencerdation of uniform integrability.)
Let {X,} be a sequence of a fuzzy random variables. Thghi$ uniformly integrable if
and only if

lim f a(1(%0)7 VXDE Ydp =0

b—oo
 (1Xn)a V (Xp)gDzb
uniformly in n.

Theorem 2.3. [2] (M ean conver gence theorem)

P
Let {X,} be a sequence of fuzzy random variables (intdgjand X,— X. Then {X;}
converges in mean if and only if {Xis uniformly integrable.

Corollary 2.4.[2] (Lebesgue dominated conver gence theorem)

Let {X} be a sequence of fuzzy random variables amgl){(and
E (qfa((X,)a V(X&) < oo.Then

E(al[(Xn)f_z_ (Xa)_)] \Y% [(Xn);_ (Xa)+]| ) - 0 asn — oo,

Theorem 2.5. Let {X,},-1be a sequence of fuzzy random variables on a pildipab

space @, F, P). Let(X,)); and(X,)#€L!; n> 1. Then{X,}5-,converges to the fuzzy
random variable X if and only if
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) XX as n— .

(i) {XJn=1is uniformly integrable.
Proof: If {X,} converges to X, then by Markov's Inequality, wet ghe converges in
probability of thea-level fuzzy random variable.

Thus (i) holds. Tak@ = [|(X,), V (X)E| =2
Also, for eachA > 0,
Then, we can write,

a|(Xn)a V (Xn)z| dp
(1G)z V (X)ED=1

< [ et - 0V ICE - 00l dp
(G V (Xn)ED22
[ aleoz veoilap

(IXn)a VXDED=A

Sf al[(Xn)a — Xl VI[En)g — K]l dp
0

+ f al(X)z VO dp

(Gn)a V Xn)g D25

+ | al[(9z V (03] dp
(I&Xn)a VXD,
[(Xn)a—X)al VIXn)E-(X)3] IE%)
As n— oo, by stipulation, we obtain
f a|[Xn)a — Kol VIXDE — Xzl dp = 0.
n

By Dominated Convergence Theorem,
as n— o and for eachih > 0,

f al(X)z V (X)%] dp - 0.

(K)a V XED23,

[(Xn)g=(X)al V [(Xn)Z—(X)E]I%)
As n— o0, and by Dominated Convergence Theorem, we get

f al(X)z V (X)%] dp - 0

([Xz VXFID=S
Thus, there exists numberghéndi(e) such that for all > A(e),
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sup

- +
nzn(e) (K V tnn (|(X)“ v (X)“D dp <€ (2.1)

Since a finite sequence of integrable random ke {X,, : 1<n< n()}is
always uniformly integrable, it follows that thdlfsequence X,,} is uniformly
integrable.

Thus condition (ii) holds
Conversely, by (i), Sind&,, }5,—1 is Uniformly Integrable,

fo a|[Ge v i dp <[ o @l (ade VETdp +
< € + M(¢e). for sufficiently large A(¢). (2.2)
Moreover {[, a|(Xp)q V (Xn);ldp}:ﬂis a bounded sequence.
For eachu € (0, 1], (X,), , (X,,)%are crisp random variables. Then
By Fatous Lemma, f al(X); VX)k|dp < .
Q

Now

a|[(Xn)a = Ral VI[Xn)a — Xalldp
(e (X0a] V () E-C0E] 122

- f all )z — Mal VIKDE — (O] dp
([ a—Xa] V [X)E -] I1z0,
|(Xn)aV (Kn)E125)

+ f all(Xa)a — (2] V [(K)E — (0311 dp

(e Kn)1<5
I[(Xn)a=X)a] V [(X)E-0E1120)

=< al(Xp)a V (Xn)g| dp

fu(xn)awxn)m%)

+ al(X); V (0] dp
([Xn)a=Xal V()&= (0 E]124)
A - +
' | S+ (05 V (031 dp

(XaV XED<3,

I[Xn)a—(al V [ E-COE11=D)
(2.3)
Using (ii) givene> 0 we choosé =A(€) > 0 so large, we obtain
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f al(X)a V (X)kl dp < e

(Gn)z VX iD=
By Lebesgue’s Dominated Convergence theorem amg (8j we have

lim f al(X)z V(X)t| dp - 0 and

n—-oo

(Xn)a=X)al V [(Xa)g—(X)E112A)

A
lim f 4 a|(X)z VX)L dp - 0

n-w 2
1z V ED<5,
[(Xn)a— (el V [(Xn) -0 1125

(2.4)
Thus
: al[(Xn)z — Kol VX
lim sup
n—ee P ~(X)&11} dp
() a=Xa] V [(Xn)g—(X)g]12A(€)
<e (2.5)
Again applying the Dominated Convergence theoremalso has
lim sup | (@l [(%)a — 03IV
(X)) a=Xal V [(Xn) &= E1121(€))
[((Xn)a — Xzl dp} - 0
(2.6)
lim sup | |J alces -l
([ a—al V (X - (X0 112A(e) 2€(0.1]
VI(Xn)a — Xalldp =0
(2.7)
i.e.) lim ;’i{’wf | X, —X|dp =0
| X —X|<A(€)
(2.8)

Thus{X,,}7,converges iri! to the fuzzy random variable X, which completess phoof.
3. Unifor mly absolutely continuous fuzzy valued function
Definition 3.1. Let G be a collection of integrable fuzzy valueddtions. We say G is

uniformly absolutely continuous if givesx 0 there exist @ > 0 such that for E A,
H(E) <6 then

f [(®)s V(®)F|du<e forallg €G.
E
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Definition 3.2. A collection G of fuzzy random variables on (X, is said to be
uniformly integrable if

lim sup
t-o XeG

f X(0)dp(w) = 0
[lwi| Xg (@)VXF (w)]2t]

Theorem 3.3. Let G be a collection of fuzzy random variableg¥nF, P) where P(X)
<. Then the following are equivalent.
® G is Uniformly Integrable.

@) e f
[lw;| Xy (@)VXy (w)|2t]
and G is uniformly absolutely continuous.
Proof. (i) = (ii):
Suppose (i) holds. Then given= 1 we can choose ‘t’ large enough so that

a[X(w)]dp(w) <

sup f alX; (@)VXF (@)ldp(w) < 1; a € (0,1]
[ws 1 Xy (@)V X (w)]2t]
Thus for each > G,

falXa'(w) VXq (w)ldp(w) = f alXg (w)VXy (w)ldp(w)

[lwlXg (@)VXF (@)]2t]

* Njoix e @Xa @V X (@ldp(@)

<1+ tP(X).

Hence G is integrable and
sup

f ol Xz (@) VX (@)ldp(w) < .
XEeG

Let e> 0 be given. Since G is uniformly integrable wa &ad t, sufficiently large so that
forall Xe G

alX; (@) V XE (@)ldp(@) <

[03] X5 (@)VXF (w)]]2t
Then for all Ee A

f olX7 (@) VXS (@)]dp = f 0lX7 () V X (@)]dp(w)
E (3] X3 (@)VXS (0)[]2t)nE

+ alX; (@) VX (w)|dp(w)
([e3] X5 (@IVXF (w)|]zE)NE
< % + tP(E).

€
alXy (w) VX (w)]dp(w) <5t tP(E)
E 0€(0,1]
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f a(X (@))dp(w) < % + tP(E)

3|

If we chooseb(€) = % the for each EE A, P(E) <3(E) implies

f a(X(w))dp(w) < eforallX € G
E

This proves (i (ii).
Conversely suppose that (ii) holds.

LetK = 20 [ alXy (@) V X (w)|dp,then for all t > 0 and € G,
[ otz v xilp = | ax@vx@idpe

[0 X5 (@) VXS (w)|]2t

+ alXy (@) V X () |dp(w)
[o:] X5 (@)VXF (w)|]<t
2 f[m;|Xu‘(a))VXJ(w)|]ztalXﬂ_(a)) VXJ(a))|dp(a))
t Pr({o; |Xg (0) VX ()] = t})

Let € > 0 be given. If we choos&> 0 as given by the uniform absolute continuityzof
then for t>’5§, we will have

Pr({o; X7 (@)VXZ (@)] 2 1) < 7 <3

Thus for all t % ,

alXg (@) VX (w)|dp(w) < €

[m;|Xa_ (w)VxgF (w)|]2t

ie. f U alX; (w) VX (w)|dp(w) < €
(o3| X (@) V XF (w)]]2t ¢€(0,1]

i.e. f a(X(w))dp(a)) <E€.

[03] X5 (@)VXS (@)]]2t
This proves (i} (i). Hence the Theorem.

4. Conclusion
The uniform integrability of fuzzy random variabie studied and good numbers of
results are established. An attempt is made tygte uniformly absolutely continuous
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fuzzy valued functions and an equivalent condif@muniform integrable and uniformly
absolutely continuous is determined.
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