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Abstract. The aim of this paper is to introduce some newsdlsa®f fuzzy sets and some
new classes of fuzzy continuity namely fuzgyfopen sets, fuzzy), S)-sets, fuzzy
(DS, ¢)-sets, fuzzy D,S)*-sets, fuzzy DS, ¢)*-sets, fuzzy e-continuity, fuzzyD(S)*-
continuity and  fuzzy MS, €)*-continuity. Properties of these new concepts are
investigated. Moreover, some new decompositiofiezdfy continuity are provided
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1. Introduction and preiminaries
After Chang's paper [4], mathematicians introducifferent new decompositions of
fuzzy continuous functions and some weaker fapfrfsizzy continuous functions. The
main purpose of this paper is to establish somedeswmpositions of fuzzy continuous
functions. Firstly, we introduce a new classeset$ galled fuzzy*-open sets. The class
of fuzzy e*-open sets generalize the classes of fuzzy e-sgshfuzzys-semiopen sets
and fuzzyéd-preopen sets. Properties and the relationshipiuzdfy e*-open sets are
investigated. On the other hand, we introduce tbi&ons of fuzzy D, S)-sets, fuzzy
(DS, ¢)-sets, fuzzyD, S)*-sets, fuzzyDS,e)*-sets, fuzzye*-continuity, fuzzy D, S,)*-
continuity and fuzzy®S, €)*-continuity. Finally, we obtain some new decomposi of
fuzzy continuous functions via these new concepts.

In this paper (Xz) and (Y,o) represent fuzzy topological spaces. For a subset
of a space X, cl(A) and int(A) denote the fuzzystlre of A and the fuzzy interior of A,
respectively. A subset A of a space ¢Xjs called fuzzya-open [8] (resp. Fuzzg-open
[1], fuzzy preopen [3], fuzzy regular open [2], fZyzregular closed [2]) if:

A< int(cl(int(A))) (resp. A<cl(int(cl(A))),
A< int(cl(A)), A = int(cl(A)), A = cl(int(A))).

A subset A of a space (),is called fuzzys-open [5] if for each A there
exists a fuzzy regular open set V such tht £ A. A set A is said to befuzdyclosed if
its complement is fuzz§-open. A point xX is called a fuzzyy —cluster points of A [5]
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if A Lint(cl(V ))# ofor each fuzzy open set V containing x. Set offallzy §-cluster
points of A is called the fuzz§-closure of A and is denoted ycl(A). The fuzzys-
interior of A is the union of all fuzzy regular ep sets contained in A and is denoted
bys-int(A). A subset A of a space (X)) is called fuzzys-preopen [5] (resp.fuzdy
semiopen [5], fuzzy e-open [7], fuzzy e-closed [¥])
A < int(d -cl(A)) (resp. A< cl(5-int(A)),
A < cl(s-int(A)) L int(8-cl(A)), cl(S-int(A)) Lint(5-cl(A)) < A).

The complement of a fuzz§ -semiopen (resp. fuzz§-preopen) set is called
fuzzy §-semiclosed (resp. fuzédy-preclosed). The intersection of all fuzzy e-cthgeesp.
fuzzy § -semiclosed, fuzzys -preclosed) sets, each containing a set A in ayfuz
topological space X is called the fuzzy e-closuiie(fesp. fuzzys-semiclosure [8], fuzzy
é-preclosure [9]) of A and it is denoted by e-cl@@sp.s-scl(A), 6-pcl(A)). The union
of all fuzzy e-open (resp.Fuzzdy¢semiopen, fuzzy-preopen) sets, each contained in a
fuzzy set A in a fuzzy topological spaceX is edlthe fuzzy e-interior [7] (resp. fuzzy
é-semiinterior [5], fuzzys-preinterior [5]) of A and it is denoted by e-in}(4Aresp.d-
sint(A), §-pint(A)).

Lemma 1.1. [8] The following hold for a subset A of a space X:
(1) 6-sint(A) = AL cl(§-int(A)) ands-scl(A) = AL int(5-cl(A));
(2)5-pcl(A) = A L cl(s-int(A));

(3) §-scl@-sint(A)) = 8-sint(A) L int(cl(5-int(A))) and
§-sint(8-scl(A)) =6 -scl(A) L cl(int(5-cl(A)));

(4) 6-cl(6-sint(A)) = cl(-int(A));

(5) 6-scl(@-int(A)) = int(cl(5-int(A))).

Theorem 1.1. [3] Let A be a subset of a space X. Then:
(1) e-cl(A) =8-pcl(A) L §-scl(A);
(2) 6-int(e-cl(A)) = int(cl@G-int(A))).

2. Fuzzy ex-open sets, Fuzzy (D, S)-setsand Fuzzy (DS, €)-sets
Definition 2.1. A subset A of a space X is called Fuzz{-open
if A <cl(int(6-cl(A))).

Theorem 2.1. The following are equivalent for a fuzzy subsebffa space X:
(1) Ais fuzzye*-open,

(2) there exists a fuzzy-preopen set U such thatdd-cl(A) <§-cl(V),

(3) 6-cl(A) is fuzzy regular closed.

Remark 2.1. (1) Let A be a fuzzy subset of a space X. Therfdhewing
diagram holds:
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(2) None of these implications is reversible asssh the following
example and in [3].
(3) Every fuzzyB-open set is fuzzy*-open but the converse is not true in general as
shown in the following example.

Fuzzy &-open

Example2.1. Let A, A;, A, & A, be fuzzy sets on X={a,b,c} define as

A, (@)=0.3, 1, (b)=0.4, A, (c)=0.5,

A, (a)=0.6, 4, (b)=0.5, A, (c)=0.5,

A;(2)=0.6, A, (b)=0.5,4,(c)=0.4,

A,(@)=0.3,4,(b)=0.4, A,(c)=0.4,

A5 (2)=0.7, A; (b)=0.6, A; (c)=0.4,

Consider fuzzy topologies 7 ={0,,1,,4,, A,, 4;,A,} & 0={0, ,1,,A}. The
identity function f:(X,7) = (Y, ) is fuzzy (D,S)*-but it is not fuzzy (D,S)-set.

Definition 2.2. A fuzzy subset A of a space X is called fuzZyclosed if  int(clf -
int(A))) <A.

Theorem 2.2. (1) The union of any family of fuzzg* -open sets is an fuzzy
e*-open set;
(2) The intersection of any family of fuzzy-closed sets is an fuzzy-closed set.

Definition 2.3. Let A be a fuzzy subset of a space X.

(1) The intersection of all fuzzy*-closed sets containing A is called the fuzzy
e*-closure of A and is denoted by-cl(A);

(2) The fuzzye*-interior of A, denoted by fuzzy-int(A), is defined by the union of all
fuzzye* -open sets contained in A.
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Lemma 2.1. The following hold for a subset A of a space X:
(De*-cl(A) is fuzzye*-closed,
(2) X\e™-cl(A) = e*-int(X\A).

Theorem 2.3. The following hold for a subset A of a space X:
(1) Ais fuzzye™- open if and only if A = A_ cl(int(5-cl(A)));
(2) A'is fuzzye™-closed if and only if A = AL int(cl(6-int(A)));
(3) e*-cl(A) = AL int(cl(5-int(A)));
(4) e*-int(A) = AL cl(int(5-cl(A))).
Proof. (1) :
Let A bee*-open. Then A cl(int(6-cl(A))). We obtain
A = ALcl(int(6-cl(A))). Conversely, let A = A_cl(int(5-cl(A))). We have
A =AL cl(int(5-cl(A))) < cl(int(5-cl(A))) and hence, A ig*-open.
(3) : Since*-cl(A) ise*-closed,

int(cl(8-int(A))) < int(cl(8-int(e*-cl(A)))) Se*-cl(A).
Hence, AC int(cl(5-int(A))) <e*-cl(A).
Conversely, since:
int(cl(8-int(A L int(cl(8-int(A)))))) =int(cl(8-int(A L §-int(5-cl(5-int(A))))))
int(cl(8-int(A) L §-int(8-int(5-cl(5-int(A))))))
int(cl(8-int(A) L §-int(8-cl(5-int(A)))))
int(cl(5-int(8-cl(5-int(A)))))

= int(cl(5-int(A))) <AL int(cl(5-int(A))),

then A L int(cl(8-int(A))) is fuzzye*-closed containing A and hence:
e*-cl(A) < AL int(cl(5-int(A))).
Thus, we obtair*-cl(A) = A L int(cl(5-int(A))).
(2) follows from (1) and (4) follows from (3).

Theorem 2.4. Let A be a subset of a space X. Then the folloviialgl:
(1) e*-cl(5-int(A)) = int(cl(5-int(A)));

(2) 6-int(e*-cl(A)) = int(cl(5-int(A)));

(3)e*-int(5-cl(A)) =6-cl(e*-int(A)) = cl(int(5-cl(A)));
(4)e*-int(e-cl(A)) =5-sint(-scl(A)) L §-pcl(A);

(5)e*-cl(e-int(A)) =§-scl@-sint(A)) L § -pint(A);

(6) e-cle*-int(A)) = §-sint(§-scl(A)) L §-pcl(A);

(7) e-inte*-cl(A)) = §-scl@-sint(A)) L & -pint(A).

Proof: Proof is similar to the proof of Theorem 2.153}. [

Theorem 2.5. Let A be a subset of a space X. Thsol@-sint(A)) <6é-sint@-scl(A)).
Proof: Proof is similar to the proof of Theorem 3.2 i [3

Definition 2.4. A subset A of a space X is said to be a (D, S)tset
d-sint@-scl(A)) = int(A).

Theorem 2.6. Let A be a fuzzy subset of a space X. Then if & fsizzy (D, S)-set, it is
fuzzy 5-semiclosed.
Proof: Since A is a fuzzy (D, S)-set, we have:
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A 2 int(A) = -sint@-scl(A)) =5-scl(A) L cl(int(-cl(A)))
2 int(3-cl(A)) L cl(int(3-cl(A))) 2 int(3-cl(A)).
This implies that A is fuzzy -semiclosed.

The following example shows that the implicationTimeorem 2.6 is notreversible.

Example2.2. LetA,, A,, A;& A, be fuzzy sets on X={a,b,c} define as
,(2)=0.5, A, (b)=0, A, (c)=0,

A,(2)=0, A, (b)=0.5, A, (c)=0,

A, ()=0.5, A, (0)=0.5, (c)=0,

A,(2)=0.5, 1, (b)=0.54,(c)=0.5

consider fuzzy topologies ={0,,1,,4,, 4,, A,} & 0 ={0, ,1,,4,}. The identity
function f:(X, 7) = (Y, 9) is fuzzyd -semiclosed but it is not fuzzy (D,S)-set.

Definition 2.5. A fuzzy subset K of a space X is said to be azyu®, S)* -set if there
exist an fuzzy open set A and a fuz®y §)-set B such that K = A B.

Remark 2.2. Every (0, S)- set and every open set i§3 S)*-set but notconversely.

Example2.3. Let A, A,, A;& A, be fuzzy sets on X={a,b,c} define as
,(2)=0.5, A, (b)=0, A, (c)=0,

A,(2)=0, A, (b)=0.5, A, (c)=0,

A;(@)=0.5, A4 (b)=0.5,4,(c)=0,, consider fuzzy topologies={0,,1, ,4,, 4,, A;} &

0 ={0x,1x, A}, The identity function f:(X,7) - (Y, @) is fuzzy (D,S)*but it is not
fuzzy (D,S)-set.

Theorem 2.7. Let X be a topological space andsAX. Then A ise*-open
if and only if A £ §-sint(§-scl(A)).

Proof: Since A is e*-open, then A cl(int(§ -cl(A))). By Lemma 1.1:
A <cl(int(5-cl(A))) L A

<§-scl(A) L cl(int(5-cl(A)))

=§-sint(§-scl(A)).

Conversely, since A § -sint@ -scl(A)), by Lemma 1.1 we obtain:
A <§-sint(§ -scl(A))

=§-scl(A) L cl(int(5-cl(A)))

< cl(int(6 -cl(A))).

Thus, A is fuzzye*-open.

Theorem 2.8. Let K be a fuzzy subset of a topological spacdben the following are
equivalent:
(1) K'is fuzzy open;
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(2) K is fuzzya-open and a fuzzp, S)* -set;
(3) Kiis fuzzy preopen and a fuzg®, S)*-set;
(4) Kis fuzzy-preopen and a fuzayp, S)*-set;
(5) K'is fuzzy e-open and a fuzg®, S)*-set;
(6) K is fuzzye*-open and a fuzz¢D, S)*-set
Proof: (6) = (1) : Since K is fuzzy*-open and a fuzZp, S)* -set, then there exist an
fuzzy open set A and a fuzz,(S)-set B such that K = A B. On the other hand:
K <§-sint(§ —scl(AL B))
<§ -sint@ -scl(A)) L 6§ -sint(-scl(B))
<§ -sint@-cl(A)) L int(B)
= cl(int@ -cl(A))) L int(B)
<cl(cl(s-cl(A))) L int(B)
=5-cl(A) L int(B)
by Lemma 1.1. We have£§-cl(A) L int(B) L A =int(B) L A and then
K=ALint(B). Thus, K is fuzzy open.
The other implications are obvious.

Definition 2.6. A fuzzy subset K of a space X is said to be ayu®s, g)-set if5-scl(5-
sint(K)) = int(K).

Theorem 2.9. Let K be a fuzzy subset of a space X. Then if & fsizzy DS, g)-set, then
it is fuzzye*-closed.

Proof: Let K be a fuzzy®S, €)-set. By Lemma 1.1:

K = int(K)

=§ -scl@ -sint(K)))

= §-sint(K) L int(cl(s-int(K)))

Zint(cl(5-int(K))).

This implies that K is fuzzg*-closed.

The following example shows that this implicatiemiot reversible.

Example 2.4. LetA,, A,, A;, A,& A, be fuzzy sets on X={a,b,c} define as

A, (2)=0.3, 4, (b)=0.5, A, (c)=0.5,

A,(a)=0.4, 1, (b)=0.2, A, (c)=0.6,

A;(2)=0.4, A, (b)=0.5,4,(c)=0.6,

A,(@)=0.3,4,(b)=0.2,4,(c)=0.5,

A5 (2)=0.3, 4 (b)=0.4,A; (c)=0.4,

Consider fuzzy topologiest ={0,,1,,4,, A,, A;,A,} & 0={0,,1,,A}. The
identity function f:(X,7) — (Y, 0) is fuzzy e*-closed but it is not fuzzy (Bpset.

Definition 2.7. A subset K of a space X is said to be a fugy, ¢)*-set if there exist an
fuzzy open set A and a fuzzp§, €)-set B such that K = AB.
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Remark 2.3. Every fuzzy open and every fuzzpy, ¢)-set is a fuzzyDS, €)* -set but not
conversely.

Example 2.5. Let A, A,, A, & A, be fuzzy sets on X={a,b,c} define as
A,(2)=0.3, A, (b)=0.4, A, (c)=0.5,

A, (2)=0.6,2(6)=0.5, A, (c)=0.5,

A, (2)=0.6, A, (b)=0.5,1, (c)=0.4,

A,(a)=0.3,4,(b)=0.4, A, (c)=0.4,

As (2)=0.7, A, (b)=0.6, A, (c)=0.4,

consider fuzzy topologies 7 ={0,,1,,A;, A,, 4;,A,} & 0={0, ,1,,A}. The
identity function f:(X,7) = (Y, 0) is fuzzy (DS[1)*-but it is not fuzzy (DS,])-set.

Theorem 2.10. Let X be a fuzzy topological space andK X. Then K is fuzzy
6-semiopen if and only if KK §-scl(5-sint(K)).
Proof: Proof is similar to the proof of Theorem 2.7.

Theorem 2.11. Let K be a fuzzy subset of a space X. Then i Kuzzy §-semiopen and
a fuzzy(DS, ¢)*-set, K is fuzzy open.

Proof: Since K is fuzzys-semiopen and a fuzziDs, €)*-set, there exist an fuzzy open
set A and a fuzzyIiS, €)-set B such that K = AB and:

K <§-scl@-sint(K))

= §-scl(@ -sint(AL B))

< §-scl(-sint(A)) L §-scl(§-sint(B))

= §-scl(@ -sint(A)) L int(B)

< §-cl(5-sint(A)) Lint(B)

= cl(§-int(A)) L int(B)

< cl(A) Cint(B).

Since K< cl(A) C int(B) C A=ALCint(B), K=A C int(B). Thus, K is fuzzy

open.

Definition 2.8.A function f: (X,7) = (Y, o) is said to be fuzzy*-continuous
(resp. fuzzy(D, S)*-continuous, fuzzyDS, £)*-continuous) iff =t (A) is fuzzye*-open
(resp. A fuzzy(D, S)*-set, fuzzy(DS, € )*-set) in X for every A€ .

Definition 2.9.A function f : (X, 1) — (Y,0) is called fuzzy e-continuous [7]

(resp. fuzzys -almost continuous [5], fuzz§ -semicontinuous [5], fuzzyg -continuous
[8], fuzzy precontinuous [7]) if ~ (A) is fuzzy e-open (resp. fuzs#ypreopen, fuzzy-
semiopen, fuzzy-open, fuzzy preopen) for eacle 4.

The following remark is immediate from Theorem 2.8.

Remark 2.4.For a function f: % Y , the following are equivalent:
(1) fis fuzzy continuous;
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(2) fis fuzzya-continuous and fuzz¢D, S)*-continuous;

(3) fis fuzzy precontinuous and fuz¢®, $)*-continuous;

(4) fis fuzzyd-almost continuous and fuzZ®, S)*-continuous;
(5) fis fuzzy e- continuous and fuzg®p, S)*-continuous;

(6) fis fuzzye*-continuous and fuzz¢D, S)*-continuous.

6. Conclusion

The work in this paper step forward to strengthentheoretical foundation of fuzzy e*-
open sets in fuzzy topological spaces, fuzzySj-sets, fuzzy DS, ¢)-sets, fuzzy®,S)*-
sets, fuzzy DS, €)*-sets, fuzzy e-continuity, fuzz$(S)*-continuity and fuzzy®s, €)*-
continuity.
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