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1. Introduction

It proved a turning point in the developmaeitfuzzy mathematics when the notion
of fuzzy set was introduced by Zadeh [31k#u set theory has many applications
in applied science such as neural network thestgbility theory, mathematical
programming, modelling theory, engineering scishcmedical sciences (medical
genetics, nervous system), image processingratottieory, communication etc. There
are many view points of the notion of thetric space in fuzzy topology, see,
e.g., Erceg [9], Deng [8], Kaleva and Seikkal8][ Kramosil and Michalek [20],
George and Veermani [12]. In this paper, we arsidering the Fuzzy metric space in
the sense of Kramosil and Michalek [20].

Definition 1.1. A binary operatioron [0, 1] is at-norm if it satisfies the following
conditions:
() = is associative and commutative,
(ila * 1 = aforeverya €[0,1],
(ia = b < ¢ * dwheneven < candb < d.
Basics examples afnorm aret- norm A, A (a, b) = max (a+ b —1,0),
t-normAp, Ap(a, b) = ab and t- normAy, Ay (a, b) = min{a, b}.

173



Balbir Singh, Pawan Kumar and Z.K.Ansari

Definition 1.2. The 3- tuplg(X, M, A) is called a fuzzy metric space (in the seonée
Kramosil and Michalek) ifX is an arbitrary setA is a continuous- norm andM
is a fuzzy set oA? x [0,) satisfying the following conditions for all,y,z €
X and s,t >0

1) M(x,y,0) = 0,M(x,y,t) > 0,

(2) M(x,y,t) = 1,forall t>0ifandonlif x =y,

@) M, y,t) = My, x,t),

@M(x,z, t+ s) = AM(x,y,t),M(y,2,5)),

(5) M(x,y,.) : [0,00) = [0,1] is left continuous.
Note thatM(x,y,t) can be thought of as the degree of nearbe$seenx and
y with respect ta. We identify x =y with M(x,y,t) =1 for all ¢t > 0 and
M(x,y,t) =0witht = 0.

Definition 1.3. A sequence{x,} in (X,M,A) is said to be

(i) Convergent with limitc if lim,_ . M(x,,x,t) = 1forallt > 0.

(i) Cauchy sequence kif givene > 0 and A> 0, there exists a positive

IntegerN, , such thatM (x,,, x,,,€) > 1 -Aforall n,m = N ;.

(iii) Complete if every Cauchy sequemnt# iis convergent itX.
Fixed point theory in fuzzy metric space Hasen developing since the paper of
Grabiec [12]. Subramanyam [21] gave a generalimatib Jungck [17] theorem for
commuting mapping in the setting of fuzzy neetspace.

In 1996, Jungck[17] introduced the notion wéakly compatible as follows

Definition 1.4. Two maps f and g are said to be weakly compatible if they
commute at their coincidence points.

Definition 1.5. The pairs(4,S) and(B,T) on a fuzzy metric spadgl, M, A) are said to
satisfy the common property (E.A) if there exist® tsequencéx,,} and{y,} in X such
thatlim,,_,., Ax,=lim,_ Sx, = lim,_,,, By,=lim,_.. Ty, =u, for someu € X.

If B =A andT = S in the definition we get the definition of the peaty (E.A).

Definition 1.6. A pair of self-mappingd andS of a fuzzy metric spacg(, M, A) is said
to satisfy the common limit range property withpest to the mapping (briefly CLRs
property), if there exists a sequedegg} in X such that

lim,_, ,M(Ax,,u,t) = lim,_,M(Sx,,u,t) =1, for someu € S(X) and for allt > 0.
Now we give an example of self-mappinrgands satisfying the CLRs property (see [1])

Example 1.1. Let (X, M, A) fuzzy metric space witlk = [0,) and for allx,y € X by
M(x,y,t) = t+|x—y|'t >0and M(x,y,0) =0, where A(a,b) = min{a, b} for all
a, b € [0,1]. Define self-mappingd andS onX by

Ax = x + 3,5x = 4x. Let a sequenced, = 1 +%}, neN inX.

Since lim,,_,, Ax,, =lim,,_, Sx,, = 4, then
lim,,_,., M(Ax,,4,t) =lim,_, M(Sx,,4,t) =1, where4 € X. Therefore, the mappings
A and S satisfy the CLRs property.
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Remark 1.1. From the example 1.1, it is clear that a [@@irS) satisfying the property
(E.A) property with the closeness of the subspd@® always verify the CLRs property.

Definition 1.7. The pairs(4,S) and (B, T) on fuzzy metric spacé€X, M,A) are said to
satisfy common limit range property with respectmappingsS andT (briefly CLR¢y
property) if there exists two sequerfag} and{y,} inX such that for alt > 0
lim, M(Ax,,u,t) = lim,_, M(Sx,,u,t) =lim,, M(By,,u,t) =
lim,_ . M(Ty,,u,t) = L,wherex € S(X) N T(X).

Remark 1.2. If B=A andT =S in the definition we get the definition of CLRs
property.

Remark 1.3. The CLRs property implies the common property (E.A), bug ttonverse
is not true in general (see [5]).

Proposition 1.1. [5] If the pairs(4, S) and(B, T) satisfy the common property (E.A) and
S(X) andT (X) are closed subsets ¥f then the pairs satisfy also thiéR¢; property.

Definition 1.8. [14] The pairs(4,S) and(B,T) on a fuzzy metric spacg, M,A) are

said to satisfy common limit range property witlspect to mappingS andT (briefly

CLRgy property) if there exists two sequereg} and{y,} in X such that for alt > 0
limp o M(Ax,,u,t) = limy,_, M(Sx,,,u,t) =lim,,. . M(By,,u,t) =
lim, ., M(Ty,,u,t) = 1,whereu = Sz = Tz, for somez € X.

Remark 1.4. If B = A andT = Sin the above definition we get the definition of R4
property.

Definition 1.9. [13] Two families of self-mappings4;} and {§;} are said to be pair wise
commuting if

(1) AlA] = A]'Al', l,] € {1,2, . .,m}

(2) SkSl = SlSk, k,l € {1,2,. .,n}

(3) A;Sy = S A i €{1,2,..,m}, k € {1,2,..,n}

Lemma 1.1. [2]1] Let {x,} be a sequence in a fuzzy metric spg&eM,A) with
continuous t-normh andA(t, t) > t. If there exists a constakte (0,1) such that

M (xp, Xn 41y, kt) 2 M (Xp—1, Xy, t)
forallt > 0 andn = 1,2,3..... then {,} is a Cauchy sequenceXn

Lemma 1.2. [21] Let (X, M, A) fuzzy metric space . If there existsk € (0, 1) such that
M(x,y,kt) = M(x,y,t) forall x,y € X andt > 0, thenx = y.

3. Main results

Now we prove the main results as follows.

Lemma 3.1. Let 4, B,S andT be mappings of a complete fuzzy metric sp@ceM, A)
into itself satisfying the following conditions:

175



Balbir Singh, Pawan Kumar and Z.K.Ansari

(3.1) the pair(4,S) satisfies theCLRs property or the pai(B,T) satisfies theCLR;
property,
(3.2) A(X) < T(X), B(X) € S(X),
(3.3)T(X) orS(X) is a closed subset &f
(3.4) B(y,,) converges for every sequengg | in X whenevef (y,,) converges oA(x,)
converges for every sequencg,] in X whenevelS(x,,) converges
(1+ aM(Sx, Ty, t))M(Ax, By,t)
> min{M (Ax, Sx, t)M(By, Ty, t), M(Sx, By, t)M(Ax, Ty, t)}
M(Sx,Ty,t),sup, ., _2emin{M (Ax, Sx, t1), M(By, Ty, t;)}
+ min Tk (3.5)
SUP¢,1t,=2emin{M(Sx, By, t3), M(Ax, Ty, t4)}
for all x,y € X,t > 0, for somea > 0 and1 < k < 2. Then the pairg4,S) and(B,T)
satisfy theCLR¢; property.
Proof: Suppose that the paia, S) satisfies the&’LRs property and’(X) is closed subset
of X. Then there exists a sequeiieg} in X such that
lim,,_,,, Ax,, = lim,_,,, Sx,,=z, wherez € S(X).
SincedA(X) < T(X), there exists a sequence,} in X such thatd(x,,) = T(y,).So
lim,_,,, Ty, = lim,_,, Ax,,= z, wherez € S(X)NT(X).
ThusAx, — z, Sx,, » z and Ty,, » z. Now we show thé&y,, - z.
Let lim,,_,oo M(Byn, [, ty) = 1. Now we show thatl = z. Assume that # z. We prove
that there existg, > 0 such that

M(z,1,7to) > M(z, L, to). (3.6)
Suppose the contrary. Therefore fortatt 0, we have
M(z,1,=t) < M(z,Lt). (3.7)

Using repeatedly (3.7), we obtain

M(z,,t) =M (z, l,%t) > =M(z1, (z)n t) » 1 asn — o, this shows that

M(z,1,t) =1 forallt > 0, which contradict$ # z.

Without loss of generality, we may assume thatn (3.6) is a continuous point of
M(z,1,t). Since every distance distribution function ig-l&ntinuous, (3.6) implies that
there exists > 0 such that (3.6) holds for atle (t, — €, ty). SinceM(z, [, t) is non-
decreasing, the set of all discontinuous point@£,[,t) is a countable set at most.
Thus whenty,a discontinuous point of i®(z, [, t), we can choose a continuous paint
of M(z,1,t) andM(z,1,t) in (t, — €,ty) to replacet,. Using the inequality (3.5), with

X = Xn, Y= Yn, We get for some, > 0
_ (M(Axn, Sxp, to))M(Byn, Tyn, to):}
(1 + aM(Sxy,, Tyn, to))M(Axn, Byy, ty) > amin {M(an, By, to)M(Ax,, Ty, to)

M(anl Tyn: tO))
2
+ min { min {M(Axn, Sx,,€),M (Byn, Ty,, (E to — E))}

min{M(an, By, 2ty — 6)), M(Ax,, Tyy, 6)}
For alle € (O,%to). Lettingn — o, we have

2
M(z, L, ty) + aM(z, L, ty) = M(z,1,ty) + min {M (z, L (E to — 6)) ,M(z,1, 2ty — 6))}
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As € —» 0, we obtainM(z,1,t,) = M(z,l,%to), which contradicts (3.6). Thus the pairs
(4,S) and(B, T) satisfy theCLRg property.

Remark 3.1. The converse of lemma 3.1 is not true.

Theorem 3.1. Let A, B,S andT be mappings of a complete fuzzy metric sp@teM, A)
into itself satisfying the inequality (3.5) of leman8.1. If the pairq4,S) and (B,T)
satisfy the CLRg; property, the pairg4,S) and (B,T) have coincidence points.
Moreover, if(4,S) and(B, T) are weakly compatible, thed, B,S andT have a unique
common fixed point irX.

Proof: Suppose that the paifd,S) and(B,T) satisfies th&eLRsrproperty, there exists
two sequencefe,} and{y,} inX such that

lim,,_,, Ax, = lim,_, Sx,=lim,_,, Ty, = lim,,_,,, By,=z, wherez € S(X)NT(X).
Hence, there existg v € X such thau = Tv = z.
Now we show thaflu = Su = z.

If Au # Su, putting x = u andy = y, in inequality (3.5), we get for sontg > 0
(14 aM(Su, Tyy, to))M(Au, Byy, to) > amin {%(éz: ?;;g%%jﬂ 77?;1 7:1" 2))'}
M(Su, Tyn, to),
+ min< min {M <Au, Sxy, (% to — 6)) ,M(Byy, Tyy, e)}
{ min{M(Su, Byy, €), M(Au, Ty,, 2t, — €))} )
(14 aM(z,z,t,))M(Au,z,t;) > amin { M(Au, 2, )M (2,2 to), }

M(Su, Z, to)M(Au, Z, to)
( M(Su, z, t,), \

+ min 4' min {M <Au, z, (% to — e)) ,M(z,z, 6)} i
l min{M(z, Z, 6),M(Au, z,(2ty — 6))} J
M(Au, z,ty) + aM(Au, z,ty) = aM(Au, z, ty)
+min {M (Az, z, (% to — 6)) ,M(Az, z, 2ty — 6))}
foralle € (0,%t0). Lettingn — o, we have

As € >0, M(z1,ty)) = M(z, l,%to), which contradicts (3.6) and sédu = Su = z.
Thereforeu is a coincidence point of the péH, S).

Now we assert thaBv = Tv = z. If z # Bv, puttingx = u andy = v in the
inequality (3.5), we get for sontg > 0

(1 + aM(Su, Tv, to))M(Au, By, ty) > amin{
( M(Su, Tv, ty),

+ min j min {M(Au, Sv,e),M <Bv, Tv, (% to — e))} i
l min{M(Su, Bv, 2ty — e)),M(Au, Tv, e)} J

M(Au, Su, ty)M(Bv, Ty, to),}
M(Su, Bv, ty)M(Au, Tv, ty)
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. M(ZI Z, tO)M(Bvr Z, tO):}
(1 +aM(z, z, L’O))M(Z, Bv,ty) > a min {M(z, By, t)M(z, 2, t,)

M(z, z,ty),

2
+ min { min {M(Z, z,€),M (Bv, Z, (E to — E))}

t min{M(Bv, z,(2ty — e)),M(Z, Z, 6)} J
M(z,Bv,ty) + aM(z, By, ty) = aM(z, By, t,)

+min {M (Bv, z, (% to — E)) ,M(Bv,z,(2ty — 6))}

for alle € (0:%%)- Ase - 0, M(Bv,z,ty) = M(Bv, z,%to), which contradicts (3.6) and
soBv = Tv = z. Thereforev is a coincidence point of the pé®, T).

Since the paif4,S) is weakly compatible andu = Su we obtaindz = Sz. Now we
prove thatz is a common fixed point of andS. If z = Az, applying the inequality (3.5)

with x = z andy = v, we get for some, > 0
. M(AZ, SZ, to)M(BU, TU, to),}
(1 +aM(Sz, Tv, to))M(Az, Bv,ty) > «a mm{M(SZ’ Bv, t)M(Az, Tv,to)
( M(Az, z, t,), \

2
+ min! min {M(Az, Sv,e),M (Bv, Tv, (E to — 6))} L

min{M(SZ, Bv, 2ty — e)), M(Az, Ty, 6)}
. M(z,z,ty))M(z,z,t,),
(1 +aM(Az, z, to))M(AZ, z,ty) > amin {M(/(lz . t(:)))M((AZ 2020)}

( M(AZI z, tO); \I

om0, (1 (0= )|

l min{M(z,z, 2ty — €)),M(z,z,€)} J
M(Az, z ty) + a(M(Az,z,ty))? = a(M(Az, z,ty))?* + M(Az, z, t,)

for all € € (0,%t0). M(Az, zty) = M(Az,z,ty), which contradicts (3.6) and stz =
Sz = z,which shows that z is a common fixed point4adind S.

Since the pai(B, T) is weakly compatible, we g&z = Tz. Similarly, we can
prove thatz is a common fixed point a8 andT. Hencez is a common fixed point of
A, B,S andT.

We now give an example to illustrate the aboverdracsee for details [1]

Example 3.1. [1] Let (X,M,A) be a fuzzy metric space withi=[3,11] and for all
x,y €X by M(x,y,t) = #_yl,M(x,y, 0) =0,t >0, whereA(a,b) = min {qa, b} for
alla,b €[0,1].
Define self map4, B, S andT onXas follows:
Ay = {3 ifx € 3U(5,11) By = {3 ifx € 3U(5,11)
10 ifxe (3,5’ 9 ifx€(3,5)
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3 ifx =3 .
. 3 ifx =3
sx={ 7 YxeBD . Tx={x+4 ifxe35) ,
x+1 ,
ifx € (5,11) , x—2 ifx€ (511),

We take §, =3}, {y, =5+ %} or{x, =5+ %}, {yn = 3}, since

limy, o Axp=limy, o Sxy, = liMy0o By =lim,_, Ty, = 3 € SX)NT(X);

Then the pairgA, S) and(B, T) satisfy theCLR¢; property . Also

Then all the conditions of Theorem 3.1 are satisiad 3 is the unique common fixed
point of the pairg4,S) and(B, T).

Remark that all the mappings are even discontinabtiseir unique common fixed point
3. In this exampl&(X) andT (X) are not closed subsetsif

Lemma 3.2. Let 4,B,S andT be mappings of a completefuzzy metric sp@€ev, A)
into itself satisfying the conditions (3.1), (3.23,3) and (3.4) of lemma 3.1 an

. (M(Ax,Sx,t)M(By,Ty,t),
(1 + aM(Sx, Ty, t))M(Ax, By,t) >« mm{M((Sx By t))M((A})]c T);/ t))}
|{ M(Sx,Ty,t)

+mindd SWPe s, ztmln{M(AX Sx,t1),M(Sx, By, tz)}

supt3+t4=%rm1n{M(By, Ty, t3), M(Ax, Ty, t,)}

(3.8)

for all x,y € X,t > 0, for somea > 0 and1 < k < 2. Then the pairg4,S) and(B,T)
satisfy theCLR¢; property.

Proof: As in the proof of Lemma 3.1, there exig§s> 0 such that (3.6) holds. Using the
inequality (3.8), withx = x,,,y = y,,, we have

. M(Axnl an: tO)M(Bynl Tyn: tO);}
(1 + aM(Sx,, Ty, to))M(Axn, By, to) > amin {M(an, By, to)M(Axy, Ty t,)

,(( M (Sxn, Tyn, to) )
+ min | { min {M(Axn, Sxn, €),M (an, By, (% to — 6))} |
lmin {M (Byn, Ty, (% to — E)) ,M(Ax,, Ty, E)}

for alle € (0,%t0). Lettingn — o, we have

. (M(z,z,to)M(l, z, to),}
(1 +aM(z, z, to))M(z, l,ty) > amin {M(Z, Lt )M(z, 2 to)

M(z,zt,)

’"{li {M@“)M(zl(,{w))}i}
\

o]
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M(z, 1, ty) + aM(z,z,t,)
M(z, zt,) )

(
[ . <2 >>}
M(z,z, Mz L[ (=ty—
>aM(Z,Z,tO)+min<{mm{ (ZZ(G)) (Z (kto 6)
|
|\

~~

min {M (l, z, ((% to — e))) M(z,z, (e))}
M(z,1,to) > min {1, M (z, L (% t — e)>}

As € = 0, we obtain, M(z,1,t,) = M(z, l,%to), which contradicts (3.6) and so we have
z = . Then the pairg4, S) and(B, T) satisfy theCLRs property.

Theorem 3.2. Let A, B,S andT be mappings of a complete fuzzy metric sp@teM, A)
into itself satisfying the inequality (3.8) of lenan8.2. If the paird4,S) and (B, T)
satisfy the CLRg; property, the pairg4,S) and (B,T) have coincidence points.
Moreover, if(4,S) and(B, T) are weakly compatible, thed, B,S andT have a unique
common fixed point irX.
Proof: Suppose that the paifd,S) and(B,T) satisfies th&LR¢; property, there exists
two sequencefe,} and{y,} inX such that

lim,,_,., Ax,, = limy,_,o, Sxp,=lim,_, Ty, = lim,_,., By,,=z, wherez € S(X)NT(X).
Hence there existg, v € X such thau = Tv = z.
Now we show thallu = Su = z.
If Au # Su, putting x = u andy = y,, in inequality (3.8), we get for sontg > 0

(1 4+ aM(Su, Tyy, to))M(Au, Byy, to) > amin {%%;Z: ;?;)ﬁ%g?gﬁ?;ﬁg’}
M(Su' Tynl tO)z

2
| min {M (Au, Su, (— to — E)),M(Su. Byn, 6)}
+ mm{ k

| . 2 |
tmln M(By,, Ty, €),M Au,Tyn,(ktO E) J

. (M(Au,z, tg)M(z,2z,ty),
(1 +aM(z,z, to))M(Au, z,ty) > amln{M((Z . to)ol)\/[(ju . t(:)))}
M(z, z,ty),

ol o]
o)

M(Au, z,ty) + aM(Au, z, ty) = aM(Au, z, ty)

+min {M <Az, 7, (% t — 6)) M <AZ' % (% fo~ E>>}
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foralle € (0,%t0). Lettingn — o, we have

As € >0, M(z1,ty)) = M(z, l,%to), which contradicts (3.6) and sédu = Su =z
Thereforeu is a coincidence point of the p#, S).
Now we assert thaBv = Tv = z. If z # By, puttingx = u andy = v in the
inequality (3.8), we get for sontg > 0
. M(Au: Sul to)M(BU, Tvl tO):}
(1 + aM(Su, Tv, to))M(Au, Bv,ty) > a min {M(Su, Bv, to)M(Au, Tv, ty)
M(Su, Tv, ty),

2
] | min {M(Au, Sv,e),M <Su,Bv, (— to — e))} |
+ min k

2
min {M (Bv, Tv, (E to — 6)) ,M(Au, Tv, e)}

. (M(z,2,ty)M(Bv, z, to),}
(1 +aM(z, z, to))M(z, Bv,t,) > amin {M(Z, By, t)M(z, 2, t,)

M(Z) z, tO)I

( )
N min! min {M(Z, z,€),M <Bv, z, (% to — 6))} L
lmin {M <Bv, z, (% to — 6)) ,M(z,z, e)}J

M(z,Bv, ty) + aM(z, Bv, ty) = aM(z, Bv, ty)

+min {M (Bv, z (% o — E>>'M (B”' % (% fo~ 6>>}

for all e € (O,%to). Ase —» 0, M(Bv,z,ty) = M(Bv, z,%to), which contradicts (3.6) and
soBv = Tv = z. Thereforev is a coincidence point of the p&B, T).

Since the paif4,S) is weakly compatible andu = Su we obtaindz = Sz. Now we
prove thatz is a common fixed point AdandS. Ifz + Az, applying the inequality (3.8)

with x = z andy = v, we get for some, > 0
. M(AZ: SZI to)M(BU, Tvl tO):}
(1 + aM(Sz, Tv, to))M(Az, By, ty) > amm{M(SZ,Bv, t.)M(Az T, ty)
M(Az, z, t,),

_ 2
N min{ min {M(Az, Sz,e),M (Sz, Bv, (E to — E))} }

Imin M(Bv,Tv,e),M| Az, Tv (Et —6) !
(min (1B T34 (45T (10 =) )

. M(lev tO)M(ZIZI tO)) }
(1 +aM(Az, z, to))M(AZ, z,ty) > amin {M(Az, 2.t )M(Az, 2, t,)
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M(AZI Zr tO)I

( )
| 2 I
+ min min {M(z, z,€),M (AZ, z, (E to — 6))}

2
min {M(z, z,€),M (AZ, z, (E to — 6))}

M(Az, z,t,) + a(M(AZ, Z, 1:0))2 > a(M(AZ, Z, 1:0))2 +

2
min {M(Az, z,ty), M (Az, Z, (E to — 6))}

2
M(Az, z,ty) > min {M(AZ, z,t), M (AZ, z, (E to — 6))} = M(Az, z,ty)

for all € € (0,%1:0), we get M(Az, z,ty) = M(Az, z,ty), which contradicts (3.6) and so
Az = Sz = z,which shows that z is a common fixed pointcénd S.

Since the paifB, T) is weakly compatible, we gétz = Tz. Similarly, we can
prove thatz is a common fixed point @ andT. Hence,z is a common fixed point of
A, B,S andT.

If B=A andT =S in Theorems 3.1 and 3.2, we obtain a common fp@idt
for a set of self-mappings.

In the proof of the following lemma, we do not neegrove the inequality (3.6).

Lemma 3.3. Let 4,B,S andT be mappings of a complete fuzzy metric sp@cev, A)
into itself satisfying the conditions (3.1),(3.3)3) and (3.4) of lemma 3.1 and
. (M(Ax,Sx,t)M(By, Ty, t),}
(1 + aM(Sx, Ty, t))M(Ax, By,t) > amin {M(Sx, By, t)M(Ax, Ty, t)
( M(Sx,Ty,¢)
+ min Supt1+t2=%tmaX{M(Ax, le tl)l M(BY; Ty' t3)} (39)

supt3+t4=2tmaX{M(Sx' By, tZ)I M(Axv Tyr t4)}

for all x,y € X,t > 0, for somea > 0 and1 < k < 2. Then the pairg4,S) and(B,T)
satisfy theCLR¢; property.
Proof: Suppose that the pdis, S) satisfies th& LR property and’(X) is closed subset
of X. Then there exists a sequeirieg} in X such that
lim,,_,,, Ax,, = lim,_,, Sx,=2z, wherez € S(X).
SincedA(X) < T(X), there exists a sequencg,} in X such thatd(x,,) = T(y,).So
lim,,_,, Ty, = lim,_, Ax,= z, wherez € S(X)NT(X).
ThusAx,, - z, Sx,, » z and Ty,, —» z. Now we show th&y,, — z.
Letlim,, o M(Byy,, L, ty) = 1.
Now we show thafl = z. Assume that # z. Using the inequality (3.9), with = x,,,
y = y,, we get for some, > 0.
: M(Axn' ant tO)M(Byn' T:Vn' tO)t
(1 + aM(Sx,, Tyy, to))M(Axn, By, ty) > amin {M(an, By, to)M(Ax,, Ty, to)}
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” M (Sxy, Ty, to) \I

2
+ min { max {M(Axn, Sx,,€),M (Byn, Ty, (E to — 6))}

L min{M(an, By, 2ty — 6)), M(Axp, Tyy, 6)}

foralle € (O,%to). Lettingn — «, we have
. M(Zl Z, tO)M(ll z, tO))}
(1 +aM(z,z, to))M(z, [,ty) > amin {M(Z, Lto)M(z,2,t,)

[ M(z,z, ty)

| A T |

l maX{M(Z, [, (2t —E)),M(Z,Z, 6)} J
M(z, 1, ty) + aM(z, z,ty)
|(|( M(z, z,ty) |
> aM(z, z,t,) + min { {M(z Z, (6)) M<Z l tO - 6 f

max{ (l Z, ((Zto — 6)) M(z z, (6))

M(z, 1, ty) > 1 for somet, > 0 and so we have = [. Then the palrﬁA S) and(B,T)
satisfy theCLRg property.

Theorem 3.3. Let 4, B, S andT be mappings of a complete fuzzy metric sp@teM, A)
into itself satisfying the inequality (3.9) of leman8.3. If the pairq4,S) and (B,T)
satisfy the CLRy; property, the pairg(4,S) and (B,T) have coincidence points.
Moreover, if(4,S) and(B, T) are weakly compatible, thed, B,S andT have a unique
common fixed point irX.
Proof: Suppose that the paifd,S) and(B,T) satisfies the&’LR¢; property, there exists
two sequence$x,} and{y,} inX such that

lim,,_, Ax,, = lim,,_,,, Sx,=lim,_. Ty, = lim,_, By,,=z, wherez € S(X)NT(X).
Hence, there existg v € X such thafu = Tv = z.
Now we show thaflu = Su = z.
IfAu # Su, putting x = u andy = y, in inequality (3.9), we get for sonig > 0

(1 + aM(Su, Ty, to) )M (A, Byn, to) > a min {II\\/I/I(SZ: ‘;?nfoti%\fllgzz’ 77?;;" i(;))'}

( M(Su, Tyy, to), \

2
+ min J max {M <Au, Su, (E to — e)) ,M(By,, Ty,, 6)} L

max{M(Su, By, €), M(Au, Ty, 2ty — e))}

. (M(Au,z,ty)M(z, z, to),}
(1 +aM(z,z, to))M(Au, z,tp) > amin {M(z, 2, to)M(Au, 2, t,)
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I{ M(z, z,ty), \I

2
+ min{ max {M <Au, z, (E to — E)),M(Z, Z, 6)}

max{M(z, Z,€), M(Au, z,(2tg — 6))}
M(Au, z,ty) > 1, and sodu = Su = z. Thereforeu is a coincidence point of the pair
4,9).
Now we assert thaBv = Tv = z. If z # By, puttingx =u andy = v in the
inequality (3.9), we get for sontg > 0
(1 + aM(Su, Tv, to))M(Au, By, ty) > amin{

M(Su, Tv, ty),

M(Au, Su,ty)M(Bv,Tv, ty),
M(Su, Bv, ty)M(Au, Tv, to)}
( \
| 2 |
+ min{ max {M(Au, Sv,e),M <Bv, Tv, (E to — e))} ¥

max{M(Su, Bv, 2ty — e)), M(Au, Ty, e)} J

. M(Z) Z, tO)M(Bvr Z, tO):}
(1 +aM(z, z, to))M(z, Bv,t,) > amin {M(Z, By, t)M(z, 2, t,)
\

{ F(Zl Z, tO);

| |
2
+ min{ max {M(Z, z,6),M (Bv, Z, (E to — e))}

max{M(Bv, z,(2ty — 6)), M(z, z, 6)}
F(Bv,zty) > 1land soBv = Tv = z. Thereforev is a coincidence point of the pair
(B,T).
Since the pair(4, S) is weakly compatible andu = Su we obtaindz = Sz.
Now we prove thatz is a common fixed point ofland S. Ifz + Az, applying the
inequality (3.9) withk = z andy = v, we get for some, > 0
. M(AZ: SZI to)M(BU, Tvl tO):}
(1 +aM(Sz, Tv, to))M(Az, By, ty) > amm{M(Sz,Bv, t.)M(Az, T, ty)
M(Az, z, t,),

f 1
+ min { max {M(Az, Sz,€),M (Bv, Tv, (% to — g))} }

t max{M(Sz, Bv, 6),M(Az, Tv, 2ty — 6))} J

. M(Z: Z, tO)M(ZI Z, tO); }
(1 +aM(Az, z, to))M(Az, Z,ty) > amin {, M(Az, 2, t)M(Az, 7, t,)

M(Az, z, t,),
2

+ min { max {M(z, z,€),M (Az, Z, (E to — E))}

| |

t max{M(z, z, e),M(Az, z,(2ty — 6))} J
M(Az, z,ty) + a(M(AZ, z, 1:0))2 > a(M(AZ, Z, 1:0))2 +
min {M(Az,z,t,), M(Az, z,t,)
M(Az, z,ty) > M(Az,z,t,)

which is impossible and séz = Sz = z, which shows that z is a common fixed point of
AandS.
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Since the pai(B, T) is weakly compatible, we gétz = Tz. Similarly, we can prove that
zis a common fixed point @& andT. Hencez is a common fixed point &, B, S andT.

Let ¢ be the set of all non-decreasing and continuoustions ¢: (0,1] = (0,1] such
thato(t) > t for allt € (0,1].

Lemma 3.4. Let 4,B,S andT be mappings of a complete fuzzy metric sp@ceM, A)
into itself satisfying the conditions (3.1), (3.23,3) and (3.4) of lemma 3.1 and
. (M(Ax,Sx,t)M(By, Ty, t),}
(1 + aM(Sx, Ty, t))M(Ax, By,t) > amin {M(Sx, By, t)M(Ax, Ty, t)
M(Sx,Ty,t)

+¢{min suptlﬂzzz%mln{M(Ax, Sx,t1),M(By, Ty, t3)}

SUPt, 4t,= % min{M(Sx, By, t;), M(Ax, Ty, t,)}
for all x,y € X,t > 0, for somea = 0 and1 < k < 2, ¢ € @. Then the pairg4,S) and
(B, T) satisfy theCLR¢; property.
Proof: From the lemma3.3 we havéx,, - z, Sx,, » z and Ty,, — z. Now we show the
By, - z.
Let lim,_ F(Byy, [, ty) = 1. Now we show thal = z. Assume that # z. Using the
inequality (3.10) withx = x,,, y = y,,, we get for some, > 0
. M(Axnl an: tO)M(Bynl Tyn' tO);
(1 + aM(Sx,, Ty, to))M(Axn, Byy, to) > amin {M(an, By, to)M(Ax,, Ty, to)}
M(an, TYn' tO) ]

2
i _ i min {M(Axn, Sx,,€),M (Byn, Ty, to - E t
+ o{min

t kmin {M (an, By, (% to — E)) M(Ax,, Tyy,, €) }

foralle € (O,%to). Lettingn — «, we have

(3.10)

. M(Zl Z, tO)M(ll z, tO))}
(1 +aM(z, z, to))M(Z, l,ty) > amin {M(z, LM (z, 2, to)

M(z,z,t,)

( )
+(p!mm! mm{M(z 2,6), M<Z L ( to —e)>} L
[ lmin {M <z, L (% o — e)> M(z,z, e)}J

M(z, 1, ty) + aM(z, z,t,)
> aM(Z Z, 1:0)
M(z, z,ty)

, (p{'mm | mm{mz (o ))}]}
lk ltm‘“{( ((%to—f)» M(zz(@)}j
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Mz Lty) >o| M (l, z, ((% to — 6)))

for alle € (0,%t0), ase > 0,M(z, 1, ty) >M (l, z, ((% t0)>> for somet, > 0.
By (3.7) so we have = . Then the pair¢4, S) and(B, T) satisfy theCLRg property.

Remark 3.2. Lemmas 3.1, 3.2, 3.3 and 3.4 remain true if weaurassthat the pair
(B, T) satisfies the&’ LR property,B(X) < S(X) andS(X) is a closed subset &f

Theorem 3.4. Let 4,B,S andT be mappings of a completefuzzy metric sp@teM, A)
into itself satisfying the inequality (3.10) of lema 3.4. If the pairg4,S) and (B,T)
satisfy the CLRy; property, the pairg(4,S) and (B,T) have coincidence points.
Moreover, if(4,S) and(B, T) are weakly compatible, thed, B,S andT have a unique
common fixed point irX.
Proof: Suppose that the paifd,S) and(B,T) satisfies the&’LR¢; property, there exists
two sequence$x,} and{y,} inX such that

lim,,_,, Ax,, = lim,_, Sx,=lim,_,, Ty, = lim,,_,, By,=z, wherez € S(X)NT(X).
Hence, there existg v € X such thafu = Tv = z.
Now we show thaflu = Su = z.
If Au # Su, putting x = u andy = y,, in inequality (3.10), we get for somg > 0

. (M(Au, Su, to)M(Byy, Ty, to),}
(1 + aM(Su, Ty, to))M(Au, By,,ty) > amin {M(Su, By, to)M(Au, Ty, to)

M(Su, Tyy, ty),
2
min {M (Au, Su, (— to — E)) s M(Byn, Ty, 6)}
+o{ min k

2
min {M(Su, Byn,€),M (Au, Ty, ((E to — E)))
\

M(Au, z,ty)M(z,z, to),}

M(z,z,ty)M(Au, z, ty)
l min {M(Au, z,€),M (z, Z,

M(z, z,t,), \
|
t —_
+(p<min{ ° 6>} }>
lmln{M(z Z,€), M(Au z, ( to— € ))}
\
2

M(Au, z,ty) = ¢4 min {M(Au, z,€),M (Au, z, ((E to — 6)))}

for alle € (0,%t0), &se—0,M(Au,zty) = (p(M(Au, z, to)) > M(Au, z, ty),
which is impossible and séu = Su = z. Thereforeu is a coincidence point of the pair
4,9).

~-

(1 +aM(z, z, to))M(Au, Z,ty) > a min{
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Now we assert thadtv = Tv = z. If z # By, puttingx = u andy = v in the inequality

(3.10), we get for somgy > 0
(1 + aM(Su, Tv, ty) )M (Au, Bv, ty) > a min {M(Au, Su, to)M(Bv, Tv, tO)'}

M(Su, Bv, ty)M(Au, Tv, ty)

M(Su, Tv, ty),
+ @ { min<{ min {F(Au, Sv,e),M (Bv, Tv, (% to — 6))}
| |
t t min{M (Su, Bv,€), M(Au, Tv,)} }}
M(z,z,ty)M(Bv, z, ty),
M(z,Bv,ty)M(z, z, ty) }
( M(z, ztg),

( Il
| min{M(z Z,€) M(Bv z (Et - 6))} |
+ (P mln y 4y )] y 4y k 0
2
min {M(Bv, z,€),M (z, Z, (E to — 6))}
2
M(Bv, z,ty) = (p{min {M(Bv, z,€),M (Bv, Z, (E to — 6))}}

for all € € (0,2 t,),As € > 0,M(Bv,z,t,) = ¢(M(Bv,z,to)) > M(Bv,z,t,),

which is impossible and sBv = Tv = z. Thereforev is a coincidence point of the pair
(B, T).

Since the paif4,S) is weakly compatible andu = Su we obtaindz = Sz. Now we
prove thatz is a common fixed point ofandsS. Ifz # Az, applying the inequality (3.10)
with x = z andy = v, we get for some, > 0

(1 +aM(Sz, Tv, to))M(Az, By, ty) > amin{

(1 +aM(z, z, L’O))M(Z, By, ty) > amin{

M(AZ SZ to)M(BU TU to)
M(SZ BU to)M(AZ TU to)

( M(Az z,ty) ]

+ @ 1 min { min {M(AZ, Sz,6),M (Bv, Tv to — E } }
t t mm{M(SZ Bv, €), M(AZ Tv, 2ty — e)) J}

M(z,z,ty)M(z,z,ty), }

M(Az, z,ty)M(Az, z, ty)
( M(sz Zl tO);

+o jl - [min {M (z, z, (; to — e>>,M(AZ' z E)}] }
| {M(z, z,€)M (Az, 7 (% £ — 6))} |

M(Az, z,ty) + a(M(AZ, z, 1:0))2 > a(M(AZ, Z, 1:0))2 +

® (min {M(Az, z,ty), min {M(AZ, z,€),M (Az, Z, (% to — 6))}})
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for alle € (0,%t0), ase - 0,we getM(Az, z, ty) = (p(M(Az, z, to)) > M(Az, z,ty),

which is impossible and séz = Sz = z, which shows that z is a common fixed point of
AandS.

Since the pai(B, T) is weakly compatible, we g8z = Tz. Similarly, we can prove that
zis a common fixed point @& andT. Hencez is a common fixed point &, B, S andT.

Remark 3.3. In the Theorems 3.1, 3.2, 3.3 and 3.4 by a sinmlanner, we can prove
that4,B,S and T have a unique common fixed point Xnif we assume that the pairs
(4,S) and(B, T) verify JCLRg property ofCLR,p property instead af LR¢; property.

Theorem 3.5. Let 4, B,S andT be mappings of a completefuzzy metric sp@ceM, A)
into itself satisfying the conditions of lemma 3at,lemma 3.2, lemma 3.3, lemma 3.4,.
If the pairs(4,S) and(B,T) are weakly compatible, thed, B,S andT have a unique
common fixed point irX.
Proof: In view of lemma 3.1, lemma 3.2, lemma 3.3 and len3", the pair¢4,S) and
(B,T) satisfies the&’LRsr property, there exists two sequendeg} and{y,} inX such
that

lim,,_,., Ax,, = limy,_,o, Sx,=lim,,_, Ty, = lim,_,.. By,,=z, wherez € S(X)NT(X).
The rest of the proof follows as in the proof afdhems 3.1, 3.2, 3.3 and 3.4.

Example 3.2. We retaind andB and replace andT in the example 3.1 by the following
mappings
3 ifx=3

. 3 ifx=3
sx={ 6 U¥EBS . Tx={ 9 ifxe(35) ,
+1 .
3 ifx € [511), x—2 ifx €[511),
Therefore,

A(X) ={3,4} c [3,9] = T(X)andB(X) = {3,5} c [3,6] = S(X).

Thus all the conditions of Theorem3.3 are satiséied 3 is the unique common fixed
point of the pairgA4,S) and(B, T). Also it is noted that theorem 3.1 cannot be usdtie
context of this example &X) andT (X) are closed subsets ¥f

Applying theorems 3.1, 3.2, 3.3 and 3.4, we degucemmon fixed point for four finite
families of self-mappings given by the followingrothary.

Corollary 3.1. Let {A;}1%;, {B,}7—1, {Sk}h_, and {I;,}]_, be four finite families of self-
mappings of afuzzy metric spa¢®, M,A) whereA is a continuous t-norm witd =
A1Ay .. Ap,B = BB, ...By,S = 5,5, .5, T = T1T, ... T, satisfies the inequality (3.5) of
lemma 3.1 or the inequality (3.8) of lemma 3.2pase that the pai®l, S) and(B, T)
verify the CLR¢ property. Then

{AJ B, { Si}ho, and {T,}]_, a unique common fixed point & provided that
the pairs of familie§{A;}7% 1, { Sx}ocy), ({ B-37=1, { Th}}_,) commute pair wise.
Bysettingd =4, =A; = =4, B=B; =B, = =B, S=5=5,..= 85,
T=T,=T,=--=T, in the Corollary 3.1, we get that B,S andT have a unique

common fixed point inX, provided that the pairsA{?, S?) and 8™, T%) commute pair
wise.
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