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1. Introduction  
The well known Banach contraction mapping principle is a powerful tool in nonlinear 
analysis. Many mathematicians have much contributed to the improvement and 
generalization of this principle in many ways. Especially, some recent meaningful results 
have been obtained. When Zadeh [16] introduced the concept of fuzzy sets, any 
contributions added in different Mathematical subjects. Mihet [11] obtained some new 
results of modifying the notion of convergence in fuzzy metric space. The fuzzy sets were 
used widely in functional analysis and many authors enriched the matter, like Kramosil 
[10], George and Veeramni [6] are constructing the fuzzy metric spaces, Katras [9], Bag 
and Samanta [1] introduced and modified concept of fuzzy normed space, Goguen [7], and 
Sanchez [14] defined and studied fuzzy relations. Fuzzy partial ordered relations are 
introduced by Chon [3], while Yuan and Wu [15] introduced the concept of sub lattice. 
Chitra and Mordeson [2] defined fuzzy norm and thereafter the concept of fuzzy norm 
space has been introduced and generalized the different ways by Bag and Samanta [1]. 
Iterative techniques for approximating fixed point in Fuzzy normed spaces have been 
studied by various authors (see e.g. [4,5,8,12,13]). 
 
2. Preliminaries  
Definition 2.1. A binary operation [0,1][0,1][0,1]:* →×  is a continuous t -norm if 
satisfies the following conditions: 
(i) ∗ is commutative and associative; 
(ii) ∗ is continuous; 
(iii) � ∗ 1 = �,∀� ∈ �0,1
; 
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(iv) dcba ** ≤ , whenever ca ≤  and db ≤  for all [0,1],,, ∈dcba . 
 

Definition 2.2. A fuzzy normed space is a triple ,*),( MX , where X  is a vector space, 

Xyx ∈,  and 0>, st , 

(i) 0>),( txM  

(ii) 1=),( txM  if and only if 0=x ; 

(iii)   )
||

,(=),(
c

t
xMtcxM  for all 0≠c ; 

(iv)  ),(),(*),( tsyxMtyMsxM ++≤ ; 

(v) ,.)(xM  is a continuous function of +R  and 0=),(lim1,=),(lim 0 txMtxM tt →∞→  
 

Definition 2.3. A sequence }{ nx  in a fuzzy normed space is said to be convergent if for 

each 1<<,0 rr  and 0>t , there exists Nn ∈0  such that rtxxM n −− 1>),(  for all 

0nn ≥ . 

 
Definition 2.4. A sequence }{ nx  in a fuzzy normed space is said to be Cauchy if for each 

1<<,0 rr  and 0>t , there exists Nn ∈0  such that rtxxM mn −− 1<),(  for all 

0, nmn ≥ . 

 
Definition 2.5. A fuzzy normed space is said to be complete if every Cauchy sequence is 
convergent. 

Example 2.6: Let M  be a fuzzy set on )[0, ∞×X  defined by 
||

=),(
xt

t
txM

+
 for all 

� ∈ 
, � > 0 and ∗ is a � − ���� defined by � ∗ � = �� . Then (
, �,∗) is a fuzzy 
normed space. 

 
3. Main results  
Let ),( °X  be a partially ordered set, and let ,*),( MX  be a complete fuzzy normed 

space with continuous t -norm defined by },{=* baminba . Let XXgf →:,  be a 
mapping satisfying  

),(*),(*),({min*),( 2 ktxfxMktgyxMktyfxMktgyfxM −−−≥−  

 )},(*),(* ktyxMktgyyM −−  

for which Xyx ∈,  and 0>t , where 1<<0 k . Suppose that }{ nx  is a non 

-decreasing sequence and xxnn =lim ∞→  and xxn°  for all Nn∈ , then f  and g  

have a unique common fixed point in X . 
Proof: Let Xx ∈0 , construct the sequence }{ nx  by taking  

)(=),(= 121 +++ nnnn xgxxfx  for 1,2,3...=n  then we have that  
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...1210 +nn xxxxx °°°°° L  

Now put  
 ).,(=)( 21 txxMt nnn ++ −δ  

Then by using (2.1) we have  
 ),(=),( 121 ktgxfxMktxxM nnnn +++ −−  

 ),(*),(*),({min* 11
2 ktxfxMktgxxMktxfxM nnnnnn −−−≥ ++  

 )},(*),(* 111 ktxxMktgxxM nnnn +++ −−  

 ),(*),(*),({min* 1211
2 ktxxMktxxMktxxM nnnnnn −−−≥ ++++  

 )},(*),(* 121 ktxxMktxxM nnnn +++ −−  

 )},(*),(*),({min* 1212
2 ktxxMktxxMktxxM nnnnnn −−−≥ ++++  

 )},({min* 1
2 ktxxM nn +−≥  

 )(*= 1
2 tn−δ  

 

Thus it follows that )(*)( 1
2 tkt nn −≥ δδ , and so  

 ).(*)(*)( 0
2

1
2

n

n

nn k

t

k

t
t δδδ ≥≥ −  

 On the other hand, we have  

 1.<<0,>,<))(1(1 1 knmtkktkt nm ∀+++− −−
L  

By definition 2.2 we get that,  

 ))})(1(1,({min),( 1−−+++−−≥− nm
mnmn kkktxxMtxxM L  

 ))})((1,(*))(1,({min 1
11

−−
++ ++−−−−≥ nm

mnnn kkktxxMktxxM L  

 *...*))(1,(*))(1,({min 211 kktxxMktxxM nnnn −−−−≥ +++  

 )}.)(1,( 1
1

−−
− −− nm

mm kktxxM  

It follows from (3.2) and (3.3) that,  
*...*))(1,(*))(1,({min),( 211 kktxxMktxxMtxxM nnnnmn −−−−≥− +++  

 )})(1,( 1
1

−−
− −− nm

mm kktxxM  

 )]}
)(1

([**...*)]
)(1

({[*min 0

12
0

2
n

m

n

n

k

kt

k

kt −−≥
−

δδ
 

 
=∗����� �� � (!�")

"� # 

By the hypothesis, the � − ���� ∗ is defined as � ∗ � = �%�&�, �' for all

(0,1)∈ε , there exist 0>η  such that ε−1>)(* sp  for all ,1](1 ηδ −∈  and for all 

p .
 

  Note that, 1=)
)(1

(lim 0 nn
k

kt −
∞→ δ  for all 0>t  and 1<<0 k , we have that 

there exist 0n  such that ε−− 1>),( txxM mn , for all 0>> nnm . Thus }{ nx  is a 
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Cauchy sequence. Since X  is complete, there exist Xx∈  such that xxnn =lim ∞→ . 

According to our assumption we have that xxn°  for all Nn∈ . It follows from 

(3.1) that,  
 ),(lim=)(lim 1 ktgxfxMxfxM n

n
n

n
−−

∞→
+

∞→
 

 ),(*),(*),({minlim*2 ktxfxMktgxxMktxfxM nn
n

−−−≥
∞→

 

 )},(*),(* ktxxMktgxxM nnn −−  

 1.=  
 
Thus, 1=),( ktxfxM − , that is xfx = . 
Similarly,  

 ),(lim=),(lim 1 ktgxfxMktgxxM n
n

n
n

−−
∞→

+
∞→

 

 ),(*),(*),({minlim*2 ktxfxMktgxxMktxfxM nnnn
n

−−−≥
∞→

 

 )},(*),(* ktxxMktgxxM n −−  

 1.=  
 Thus, 1=),( ktgxxM − , that is gxx = . 

  Therefore, gxfxx == . 

  Thus, x  is the fixed point of f  and g . 
 

Uniqueness. To prove, uniqueness of x  as a common fixed point of f  and g , let z  
be another fixed point. Then by using (3.1) we have,  

 ),(lim=),(lim 1 ktgzfxMktgzxM n
n

n
n

−−
∞→

+
∞→

 

 ),(*),(*),({min*2 ktxfxMktgzxMktzfxM nnnn −−−≥  

 )},(*),(* ktzxMktgzzM n −−  

 1.=  
 Thus, 1=),( ktzxM − , that is zx = . This complete the proof. 

Example 3.1. Let 
||

=),(,
||

=),(,=
yt

t
tyM

xt

t
txMRX

++
 for every Xyx ∈,  and 

let },{min=*0,> babat  for all [0,1], ∈ba . Then ,*),( MX  is a complete fuzzy 

normed space. If X  is used with the usual order 0≤−⇔ yxyx° , then ),( °X  is 

partially ordered set. Let 1<<0 k  and define 
4

=),(
yx

yxf
−

 for any Xyx ∈, . Then 

we have, 

4
||

=),(
ygyxfx

kt

kt
ktgyfxM −+−+

−  
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}
||

,
||

{min
ygykt

kt

xfxkt

kt

−+−+
≥  

 }
||

,
||

{min=

k

ygy
t

t

k

xfx
t

t
−+−+

 

 )},(),,({min= tygyMtxfxM −−  

 ).,(*= 2 tyxM −  
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