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Abstract. Fuzzy valued measure is a mapping which magsagebra to a set of fuzzy
set with convex compaadt- level defined on banach spad®.(In this paper, we
investigate the notion of decomposition and repriggimn of fuzzy valued measure
(F.V.M) is given in the sequence of singular valmeshsure. Also we have been studied
and develop the notion of integrals with the aid~0f.M under closed intervals based on
the proposed notions, we can prove relevant thearem
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1. Introduction

The concept of fuzzy set was introduced by Zadé¢hAfer that, many applications of
fuzzy sets have been developed one of them isuheyfstochastic, fuzzy measures
which utilizes the fuzziness and randomness inatteysis in fuzzy environmental. A
concept of fuzzy integral (not fuzzy-valued intdgraas defined by surgeon [4].Many
formulations of fuzzy integrals have been develogiths and Wang [3] gave a good
review in this area. The fuzzy-valued integral peab can be transformed as the closed
interval problem.

We give the definition of the positive part and thegative part of fuzzy
numbers, and then we use the Hausdorff metric fioel¢he metric between two fuzzy
numbers. Using this metric, we consider the linhid @equence of fuzzy numbers.

Since the meaning of infinite sum of a sequenctuzdy numbers is clear, the
fuzzy-valued measure can be defined in the cldss@ese. We define the fuzzy-valued
integral of fuzzy —valued simple measurable funddionith respect to fuzzy-valued
measures. Following that, we provide some Lemmaitefime the fuzzy-valued integrals
of nonnegative fuzzy-valued measurable functiorth vaspect to fuzzy-valued measures
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and then extend to the general fuzzy-valued mebkurfanctions. In this setting, the
fuzzy-valued integral problem becomes the closthiml problem.

In fuzzy mathematics the tertfuzzy measure" is used to denote the notion which
generalizes a measure - an additive function whielpso —algebra to the Banach set.
These generalizations can be made in differentctiimes is but with one common
property - they all have a grade of uncertaintyoTdifferent approaches are dominant.
The first approach treats the fuzzy measure asraadditive function which maps
o- algebra to the set of real’'s. Additively is usuadlyb substituted by some form of
continuity. The examples of this kind of fuzzy me@sare possibility, plausibility, null —
measures. The fuzzy valued measure played an iarmgarble in the branch of fuzzy.
Measure has been studied recend in many authorfizity measurgnamed fuzzy
valued measure) as a natural generalization ofivalded (or set valued) measure is
considered. A subset c x can be identified by its characteristic functibp: x —
{0.1}, and since the fuzzy sej:x — [0.1] is a natural generalization of the
characteristic function.

Decomposition and representation of measurable iatejyrable fuzzy - valued
mappings were considered. In [13] it was and protred under some condition the
measurable and integrable fuzzy - valued mappingbeadecomposed or represented by
a countable family of single valued mappings with same properties as the original. In
this paper, using results from [3], some other [mabfor the fuzzy - valued measure is
solved.

2. Preliminaries
Definition 2.1. A fuzzy measure over a measurable spaGed] is a map A4 —[0,1]
with the following properties

(i) m(@)=0

(i) m(x)=1

(i) ASB implies m (A)< m(B).

Definition 2.2. By a fuzzy valued measuge on a measurable spacg; (M) we mean
non-negative fuzzy valued set function defined &ir sets of M and satisfying the
following two conditions:
(i) @(@)=0
(i) g(UZ.E) = El fi(E;) exists for any sequenég of disjoint
measurable sets.

fi is called closed (bounded or standard) fuzzy \dhtueasurable. |f is a non-negative
closed (bounded or standard) fuzzy valued set ifmmct

Definition 2.3. Let X, is a universal set. Then a fuzzy subdetf X, is defined by its
membership function
wi: x = [0, 1]. we can also write the fuzzy seas {(z(X;)):x € X; }. We denote
Ay = {X3:uz(x) >} as theo — level set ofA.
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under closed Intervals

Definition 2.4.

(i) A is called normal fuzzy set if there existsuch thap z(x) =1.

(i) A is called convex fuzzy setf(Ax + (1) y) > min {pz(x),wz(»)},
Fori € [0,1](that is,u4 is a quasi-concave function)

Definition 2.5.

(i)

(ii)

(iii)

(iv)

i is called fuzzy number ifit is a normal convex fuzzy set with piecewise
continuous membership functiqn;. The set of all fuzzy numbers is
denoted byF,, for all1 ,A€ (0,1]

m is called closed fuzzy number if7is normal convex fuzzy set and its
membership functiop is upper semi continuous and tae-level sets are
Boundedva # 0. the set of all closed fuzzy numbers is denoteﬁl%%'

m is called bounded fuzzy numbenif is a normal convex fuzzy set and its
membership functiops;has compact support. The set of all bounded fuzzy
numbers is donated &5, .

m is called standard fuzzy numbeniifis a normal convex fuzzy set and its
membership functionuz is one-to-one. The set of all standard fuzzy
numbers is denoted & .

Definition 2.6. Let# andf be fuzzy numbers.

(i) The membership function of sufd1i is defined as

sup

tmon(2)= x+y min {pz(x), na(y)}-
(i) The membership function of the oppositerofs defined by
Hom(2Z) =2P, min g (x) = pin(—2)
(i) The different off andi is define asn © 7i = Mm@ (B 7).
(iv) The membership function of produg@t® i is defined by
umen(2) = ST, min {um(x) ma ()}
(v) The membership function of the inverseiofs defined by
W1/MM(Z) =, 0 w0 MIN U (%) = 1 (1/2).

(vi) The quotient afi andi is defined agi @ 7i = m ®(1/n).

Remark 2.1.

Uinon(Z2)=Supy_y =, Min{us (x), us (v) Yand
Hm@ﬁ(z)zsupz=x/y,y¢0 min{ s (x), us ()3

Definition 2.7. Let @ be a fuzzy number.

(i) ais called nonnegative f;(x) =0,Vx < 0.
(i) a is called no positive ifiz (x) =0,vx > 0.
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(i) @ is called positive ifiz(x) = 0,vx < 0.

(iv) @ is called negative ifi;(x) =0,vx = 0.

(iv) The membership function 6fis defined by
(1 ifr=0,

"5“)‘{0 if r #0.

Definition 2.8. We say thatd is a crisp number with value m if and only if its
membership function is

1 ifr=m
~(r)=
#a(r) {0 otherwise
Let @ be a fuzzy number. We define the membership fanstofa* anda ~ by
if r>0,
Ha (T) if r=0and uz(r)<1i,
MN*(r) — 1 Vr>0,
a _ 0) if r=0and 3r>0
[la( such that ug(r)=
ua(r)=1,
0 otherwise
5 if r<o,
,ua(r) if r=0and uz(r)<i,
Ua (I’) - 1 Vr<o
a B 0) if r=0and
[la( 3r<0 such that pug(r)=
ug(r)=1,
0 otherwise

Remark 2.2. (Sakawa and Yano [2]). m(O i), =/, Ofl,.

Definition 2.9.

(i) Let[a,b] and [c, d] belosed in-travel. We say that [a,®},: [c, d] if and only if
a=> c and b>d.

(i) Letd andb be closed fuzzy numbers we say that b if and only ifd, ;¢ by Vs

(iii) Let @ andb be closed fuzzy numbers. We say #hat,, b if and only if @, S b, V,.

Definition 2.10.
(i) IfAc Tlad (the set of all closed fuzzy numberg)e F, , then

(i) 1iis called the least upper bounddif and only if the following two
conditions hold:
@ >avaceAl,
(b) If&i = @ va € A thenii > ii
(iii) 1 is called the greatest lower bounddoif and only if the following two
conditions hold:
(@ > [,vd € 4,
(b) B > 711, Vd € A thenl > 7.
We denotel =sup A andl = inf A.
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Definition 2.11. If A R™ andB< R", the Hausdorff metric is defined by
dy(A,B)= max{ 5b " |la—bll, ;22 ™ |la— b}

Definition 2.12. We define the metridr, ., in F, ,, anddg,, in 7, b
(1) dr,ci (@,b) = supg<y<1 du(@y,by) for any two fuzzy numbers
(if one of them is not them ist bounded fuzzy numbers) [1].
(i) dﬂab(d,l;)= SUPo<x<1 dy(dy.b,) for any two bounded fuzzy numbers

Remark 2.4. (Pure and Relics [1])F, , F,) is a complete metric space.

cl’

Lemma 2.1. Letd andb be closed fuzzy numbers. Then we have
dH(dx:Ex) = max{lde - ELx| ) |dux - Eux| }

Proof: We have dy (@, by) = dy([@,@"],[b*x, b4])

=maxy 0o g D =yl g DL B 1k =y} (by def2.11)
(l) If dx >int Ex or Ex >int dx then dH(dx:Ex) =
{l1a*—b"|, 1a°x—b"[}.
(ii) If &, € b, orb, € a, thendy(d,,b,)

= max {0, max {@"y—b"y|, 1a°x—Db"|}}
= max Ja-,-bxy|, |a"—b"|.
Hence the proof.

Lemma2.2. Letdandb be closed fuzzy numbers.
(i) LetF,(X;) = dy(d, .by). If @ andb are also standard fuzzy numbers then
F,(X3) is continuous of®),1] .
(i) If d,o (@.b) < € then|a*, — b*y| <eand,|a’, — b°| <e for 0 <x <1.
(iii) Suppose that andb are bounded and standard fuzzy numbers, then
d,»(@ b)<e if and only if|a*, — b"| <e and|av,—b"| <e for 0< x < 1.
Proof:
(i) Sincedb € Fy, NF,,, We have that",, a",, b*, and b’, are continuous
with respect tox (by definition). The result follow from previous krena.
(i) By Lemma 2.1.
(iif) By (i) and proposition 2.1, we hawg, (a,b) = supo<x<1 dp(@x.bx)< ¢ if and
onlyif  dy(dy.by) < € for 0< x < 1,By Previous Lemma, the proof is
complete.
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Lemma 2.3. Let{d,,} be a sequence of closed fuzzy numbensmf, ., d,, exists then
it is unique and
(hmm;oo dm)oc = [limmaHM(am)La 1 llmmﬁw(dm)ua] va
(Furthermore, {,,)",} and {@,,)’,} converge uniformly with respect tg).
Proof: Let lim,, o Gy = .
We know that;lﬂd(dn ) = (@) 'e-d gyl <eand |(G,)°-0"<e,Va.
i.e., M0 Gm)'y = Ay = im0 (d,)", and
UMy poco @m) e = 8% = limpy,e0(@m)°«Va. The uniqueness follows
from the uniqueness of classical notion of limit.
For a sequence of fuzzy numiés}, we define the limit interior ofd,,} by

im . mfa. = sup nf
e ™M= s 1 kem®™
And by limit superior by
mf  sup

Im ~ supad, =
Mmoo P dm m>1 k>m

Hence the result

Qay

Definition 2.13. Let {d,} be a sequence of fuzzy number.

n k
If imy @ a; exists then we defingy @, =lmy_o, ® a;,
1=1 K1 1=1
Otherwise the infinite (fuzzy) sum of sequeki@g} is said to diverge.

3. Fuzzy-valued measur es and fuzzy-valued measurable functions
In this section, we discuss some properties ofyfvatued measures and fuzzy-valued
measurable functions.

Definition 3.1. Let F; be a set of all fuzzy numbe@ad a set of all closed fuzzy

numbersF,, a set of all bounded fuzzy numbers afigl a set of all bounded fuzzy
numbers. We say that

(i) f1(x) Is a fuzzy-valued function if;: X; - F,.

(ii) f2%) Is a closed —fuzzy-valued functionff : X; - %3,

(i) f; (x) is a bounded—fuzzy—valued functioning f§: X; - %3,

(i) fa(x) Is a standard—fuzzy-valued functionfif: X; - F;_.
We denote f",(x) = (f(x))"« and £’ ()= (FH(x))’4-

Definition 3.2. Let f; and g, be two closed-fuzzy-valued-functions.
() f sy Gaifand only iff(x) = Ga(x) Vx € X;.
(i) £ Sror G2 If and only iff3(x) S Ga(x) Vx € X;.
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Definition 3.3. By a fuzzy-valued measujeon a measurable spacdg (M), we mean a
nonnegative fuzzy—valued set function defined Faall sets ofM and satisfying the
following two conditions:

0] u (@)= 0.

(i) u (U2, Fy) =Bi2, [d(Fy;) exists for any sequenég; of disjoint

measurable sets.

i is called closed-(bonded-, or standard-) fuzzywdlmeasure fi is a non-negative
closed (bounded-, or standard-) fuzzy-valued swttfan.

Definition 3.4. & > d If and only ifa*, < o and@’, < o Va.

Theorem 3.1. Let ji be a closed-fuzzy-valued measure.
(i) Let A and B be measurable sets. I8 thenji(B) = fi(A).
(i) fFy; © Fy;,, andlimy_o fi (Fyy) exists the f = limy_q (Fia)
(i) If F, < Fp; @ > f(F;) and limy_,, fi(F;) exists thenfi = limy_ f (Ay).
Proof:
() B =Au (B\A) is a disjoint union. Then
(B) = (AU(B/A)) =(A) @ (BIA) = (A)
(i) By stipulationFy;=Fy;;_ ;.
Letd,= Fy;.
Ax= Fyp—Fag41 5 >1
ThenA, n A;= @ for k= | (I=L) and
Uk=14k = Ui=z1 Fax
Fln = Uﬁ:lAk
T(Fan) =& (Ug=1 A) =Xk=1 £ (Ap)
T (Ug=1 Far) =it (Ui=1 A)
=>(AUZ1F))e = (1 (U1 4) «
D=1 (@A) e =limp e Y=y (A (An)) "o
=1imn—>oo ﬂ (Fln)La = limk—mO(ﬂ (Flk))La

i.e., ([1 (U?ilFi/l))La =limk—>oo(ﬂ (F/lk)La
Similarly, we can prove
(A (UZ1Fa))’e =limy e (i (Fu))’e
[ (ﬂ (Ufil F/li))La ) ( ﬂ (Ufil F/li))ua ]= hmk—»OO[(ﬁ (Flk))La ’ (ﬂ (Flk))ua]
=>(a (Ufil Fi))o =limy o0 (I (Fjr))a
= Uae[o,1] a( @ (Ui21 Fa)o=limy e Uaepo,11@ (& (Fu))a
= [ (U21 ) = limye0 I (Fyy)
(iii) By stipulationFy;+1 € Fy;
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Then(F; — F)a < (F1 — Fryq)2 and

Fi — Ui Fe =Uisy (Fr — Foa
Hence by part (2)

A(F — Ugz1 Fi)a = B(Ug=1(Fia — Fi))
= lirnk—wo ﬁ (Fl/l - Fk) by
=ﬂ (Al)_limk—mo [1 (F/lk)
A(F) — 1 (Ugzq Fio) = (A)-limy L0 @ (Fax)
= [ (U1 Fi) =limye @ (Fay)

k
If {d,} is a sequence of closed fuzzy numbers ami, _,, l@l a;
Exists then we can write

(.8, 8) @ L2 @) e T @)%
Let /i be a closed fuzzy valued measured on a meas\spdt€X,;, M). We define
ﬁLa(FA) = (ﬁLa(Fl))La andﬁua(FA) = (ﬂLa(Fl))Ua
Theni*, and i’, are the classical measures and measurable(&hat®.
Hence the result.

4. Thefuzzy-valued integrals

In this section, we introduce the concept of fumegral of a positive measurable
function with respect to a fuzzy measurable. L@t a,, ..... L8, If we setd; ={x: Ty
(x)= a;} thenX=U}L, 4; is a disjoint union.

di ; lfx € Ai

Let, T/lal(x)= {(); otherwise

Therf, (x) & Tlai(x)

It is easy to note thBt", andT,°, are simple measurable Functions with
T ()= X 1(a) e 14, (x) and
T1%q ()= Zi1(a)’als, ()

Definition 4.1. Let T; be a fuzzy-valued simple measurable function efftimT; (x)

n
=98 T, fpl Thdji
Then we define the fuzzy-valued integral of
Ty (x) by
n

fFATdﬂ = 9® 8 ® A4 n F).

Theorem 4.1. Let ji be a closed-fuzzy-valued measure.
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(i) If Tyis anon-negative closed-fuzzy-valued simple mesdme function then
(pTdi)a = [[,Tate dita, [ Ta%a At

(i) If Ty is a non-positive closed-fuzzy-valued simple mealsie function then
UpTdi)o= |[,The die . To0 dits].
Proof:
n
i) (pTdi)"e =2, & ®fi(A; N F))q
= TI(@ ®AA; N )
Zi=1(8) e (A(A; N Fy)) e
Yi=1(8) el «(A; N Fy)
(Botlai; andfi(4; N F;) are non-negative)
ﬁpl TALad ﬁLa
Similarly we can prove
fp(Tdﬁ)Ua = fF/l TlLad ﬂLa
Then (,TdD), =1, (ThdD*a . [ p(TadiD) "]
:f;a TALa d ﬂLa ’ fF T/luad ﬂua]

(i) J p(Td) o= (8, & ®A(A; N F1))'e
= i@ ®a(4; N F))*q

(@; s non-positive anfi(4; N F3))*,
Z:'flzl(di Laﬁua(Ai N E)
ﬁpa Ty ed 1%
Similarly we can prove
fp( Tdﬂ )Ua = fpa T/luad ﬁua
Then ([, 3dfi), = [fF/1 Tyied A%, fF/1 T,°,dii*,] contd........
Hence the proof.

Definition 4.2. Let{f,} be a sequence of fuzzy valued measurable functiefised over
a measurable sét;.Let f be a fuzzy valued measurable function defined plive say
{f.} is said to converge in measure to the fuzzy valmesurable functiorf if it
satisfies the following conditions.
(i) & > f (x) a.e. on the séf,
(ii) Forx € X, and for each> 0,
limy, e, (f {| £ (%) = f(x)] 2€})*,=0 and
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limy, . (i {|ﬁ1(x) - f(x)l ZE})U(X

We can theoreprove below the

Theorem 4.2. If {x: r=f(x)} is compact set Vthen (f (@)), = {f (x):x € d, }.
Proof:
1. (2): If re {(x):x€ a,} then there exists x such that r=f(x) and x€ d, that is

e ()= . Thus sup,— ¢ (x)Ha(x) =< implies 7€(f (@)) x-

2. (©):Ifre (f(@))« then sup,—fua(x)=, that is, 3, such that uz(x)=c and
r= (x). (Since {x: r=f(x)} is a compact set and p;(x) is an upper semi
continuous, if pg(x)<xX Vo then  supp—gupa(x)=x .Therefore,re
{f (x):x € @, }. Let (x)=|x|,then |G |={|7|: T € Gx}VeX.

Proposition 4.11. Let @ and b be closed and bounded fuzzy numbers.
Givene > 0, if |al,~bL,| < e then |(@*) " -(b")"| < & (@) “~(b7)"| < e and if
|a"y-b"y| < & then (@) "%-(b")%]| < & 1(@) "x-(b)%]| < ¢
Proof: We have [((@7)"x- (b)") +1((@)"x-(b) ) |<e.
For fixed a, if (@")",>0(or (@")",>0) then (@")",=0(or (d)",=0) and if
(@)",<0(or (@7)",<0) then (a*)*,=0(or (@*)",=0).
Now, it is enough to prove that (@*)*,-(b*)"yand (&")*-(b")*;have the same sign or
one of them is zero. Suppose that (G*)*, >(b")",.Then we have two cases
(i) If (b*)",>0 then (@)",= (b7)",=0.
(i) If (b")*,=0 then we just need to consider If (d*)*,>0.Now If (d@°)%,-
(b)) =-(b")*, =0(since (a@*)*,>0), that is, (@)", = (b))%, Similarly, if
(@, < (b, then (@)% < (b)), thus the result follows immediately.
Similarly for the upper bound case.

5. Representation of fuzzy valued measure and decomposeto x = R
In this sectionQ, will donate the set of rational [9.1]. Let (Q, A, i) a complete, finite

measure space,a separable branch space here we consider.

p(x) = {4 € x: nonempty, closed}
Pac(x) = {A € x: nonempty, convex, and compact}
We defined the measurability of multi-valued magp® :Q - p(x) is defined

by [11].

By T; we denote the set of all selections of G thatrgpto the Lebesgue Bochner space

L (x),i.e.T; ={g € L(x):g(w) € G(w) - a.e.}. T; is nonempty integrably

bounded, i.e. G is measurable aneb |G (w)| = sVpxes(w) lI*]l belongs to L).
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The norml-||, in L(x) given by
lgllL= o1 g (@) dg

The integral is defined by setting

fg G dy ={fQ gdy: gdy. g € Tg}

If A,B € p(x), their Hausdorff distance is defined by

H (A, B)= maxC¥, , Ml a—b IS%, Ml a—b I}

The fuzzy set u om is the mappingu: x — [0.1]. the subset, S x defined byu, <
x whereu,= {x € xz:u(x) = a}, wherea € (0.1] is calleda- level ofu and the subset
Uy € x, up = cl{x € x:u(x) > 0} = cl Uge(o.1] Uq iS SUpport ofe. LetF . (x) denote

the set of all fuzzy sets u:— [0.1] such that for alt € (0.1], u, belongs tg_(x).

Definition 5.1. Let (Q ,A) be a measurable space withca measurable subsets of the
set Q we shall call the mappingi: A - F(x)A a fuzzy - valued measure such that
for every sequence A;} of pair wise disjoint elements of, Y2, | u.(4,)] <

oo For alle € (0.1] and the next equality is satisfied.

U (0 Ai) = i B4y,
1 i=1

i=
where

oo

(i ﬁ(z‘h’)) (x) = sup {/O.\Fl A)(x) x = Exi
i=1 i=1

i=1

Theorem 5.1. If xhas the Radon — Nikodym propertyis separable anfi: A —
F.r (x) is ajp-continuous fuzzy — valued measure of bounded VaniafThen there

exists a sequencemi,}acor Mgk:A — of fi-continuous measures of bounded
kEN

variation. such that for every & A the following conditions are satisfied:

1. If o, € Qua <, then fmgilken S {Maktken:
2. Foreverya € Qq,uy(A) = cl{fmgi(A)}ren
3. For everya € (0.1], 4o (A)=Npeg1 c{mgi(A)}keng

f<a

4. Tip(A)=cl {mg(A)}aco1,
kEN

Proof: We known thafi has a Radon — Nikodym derivative X, : F.(x), that is
H(A) = [, X, dn forall AeA,v2
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Also if a is fixed, them- levelf, of fuzzy- valued measufeanda-level X, , of radon-
nikodym derivativeX; are connected by
e (A) = [, Xp, dit

The representation of integrable fuzzy- valued nrapj, by the sequencef{,}acor is
kEN

provide and for every € Q.

X,la(a)) = cl{fax(®)}ken

The mapping$,, @ € Q1,k € N are integrable and by the quality
mak(A)Z fAfak dﬁ'a € Qll k e N'A € C"Z

The sequencen,;} aco1 Of fi- continuous measure of bounded variation are define
kEN

It only remains to shoe thag, () = cl{mg (Q)}ren for everya € Q;.
Sincepi, (Q) is closed andn,, (Q) € f1(Q) for everyk € N, it follows that

cl{me(D}ren S BIQ).
To prove thafi, (Q) S cl{my, (Q)}rey We show that the assumption

x & cl{mg; (Q)}ren implies thate € p, (). Really,x & cl{mg;, (Q)}reny from closeness
of the setl{m,;, (Q)},ey it follows that there exist an> 0 such that for alk € N.

IIx —mg(Q) Il > e
If the mapping hf - x is such that x [ h diithe & <Il x — mg(Q) II;
=l fohdi-J o fax AR IS [ | h-fo Iy di
=l h-for .1 Forall, k € N,
Which means that @ Ty, whereTy, is the set measurable integrable selectiaky of
finally we can conclude

X2 =fghd:l¢fQX/1dFl=Fla(Q)

Having proved the inclusion in both directions, @& i, (Q) = cl{m, (D}ien,

The preceding arguments are now repeated for geewhen instead ¢f we have any
A€EA.

To conclude the proof, conditiofi$)-(4) can be proved.

Note: The next theorem discusses the problem how to kasthe fuzzy valued
mapping using the sequence of single valued meaduaréhis theorem we suppose that
is finite dimensional.

Theorem 5.2. Let {myy}acq1, Mgx : A — x, be a sequence @F continuous fuzzy
kEN

measures of bounded variation such that
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1. Foralla,f € Q;,a < ff and every A€ A
1 (A)ken S {mar (A)}ken
2. If { a;}ien is @ non-decreasing sequence converging&oQ, then
TO{Mare(A)} = N1 70 (Myik(A)een . for all A€ A
3. Forevery Ae A
E{rnotk('o‘)}otte,k ENeE pck(x),
4. There exists an integrable mappin@h> R such that| (dmy / dg(w) lI3<
h(w) for all a € Q, and ke N.

Then the sequenceif; }aco1 generates one and only giecontinuous fuzzy —
keEN

valued measure of bounded vartiation defined by
(A (x) = sup {a:x € (A}, x Ex,Aec A.
Proof: Let us take first a family of multi-valued mappings,: A — p.(x), a €
(0.1], by
If a € Qy, thenfi,(A)= co{my(A)}key forall Ae A,
If @ € (0.1] \ Q1, thenii, (4) = N2, co{ Mgk (A)}xen for all A€ A , where

{ailken € Qqisa
Non decreasing sequence convergingto

Similarly we can be proved that that for every fixee€ A the family
{Ha(A)}ae(01) defines one and only one fuzzy set which we debpfe(A).

We show that the mapping A — F., (x) is a fuzzy valued measure.
Sinceji, (A) are closed subset of the compact set & it follows

that i(4) € p; (x) . In order prove that,, a € (0.1], fi- continuous multi- valued
measure of bounded variation we consider two cabesa € Q; and wherx € (0.1] \
Q4 in both cases we shall show that there existatagiably bounded multi-valued
mappingX,: Q = p(x) such thafi, (4) = [, X; ,di.

BY for: Q — x,a € Q, k€ N we denote the Radon- Nikodym derivativermaf,,
ie. mu(A) = J, fadiforall A€ A .

And byX; (w), a € Q; we denote the s&b{f,r(w)}key from the set of integrable
selectiondy, ofX;  is equalto the s€b {fu}ren SiNCe, for every € co

{fax}ken and every e > 0 therexista,, ay, ..., an € R, X}, a; = 1 such that

I f (@) = Xj-10) far(@) I< & B-a.e,
we get || f(w) lI= ”f(“)) — X721 fakj (a))” 1
< ||f (@) = oy @ farj (@] 2+ [|XF1 @ farj (@) 2 < € + h(w),
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This means that the mappir, is integrably bounded
To prove thatn, (4) = f4X3,di, itis sufficient to show that

@0 {[ o, fare dken = J T0 { far (@)} rendii
Sincex is finite dimensionalfﬂﬁ {far (W)}kendil is compact and convex.
It is obvious thaf,, € o {fyx}ren and

{J ofar Axen € [0 {far(@)}ken dii
which implies that @0 {J fadidken S J €0 {far(@)}ken dii, ON the other hand, if
we suppose tha fnﬁ {fur(@)}kendit then there exists

f € €0 {fyx }ren SUCh that
X = fo dit. Forevery > 0 there existsay, ay, .....an, , Xj=1a; =1 for

whiche > ||f = Xjoa(afar)l, = Follf = Efar(gfap)ll, = di || of -
2j=1(@fax) dﬁ”a = |lf ofdit = Zey 0 f o forjdi|

The last relation shows that= [, f dji belongs t@o { [ , fuxdi}key that is
J 00 {far(@)}ken dit € 0 {f o far di}ken

This together with the opposite inclusion provedieg means that
1) =0 {[ o fax di}ken
= IQE {far(@)}ken dit = fQXAa dp
Now, we consider the case where (0.1] \ Q, then for any non-decreasing sequence
{a;}xeny € Q converging tax
He(Q) =0 g () = NZ1 €0 {me (Q)}ken
= N721 0 {J o faix AWken
=NiZq fgﬁ {faix (@)}ken
From non-increasingness and compactness of thfregtshe sequence
{fg €0 {faix (W)}ken di}ken ONE gEts N2, IQE {faik (@) }ken dit
= H — 53 £000 { faix (@) }ken dit

The multi-valued mappings,4;, X14i.(@w) = co{fyir (@) }ken are uniformly integrably
bounded so we can apply Lebesgue dominated canveggheorem (see [4]).

n (@ =H— 3 fot0 {fon ()} dil
= fQ H —1im; 0 €0 {fgir (@)}ken dit

Since {{co fuir(w) }ken}ien iS @ sequence of non increasing closed set witemgiy
intersection one has

H —1im;_, o €0{ fair (@)} ken = NiZ1 O {fain (@)}ken
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This is denoted by, ,(w),a € (0.1] \ Q,Using same arguments we could repeat the
proof when instead of) we have anp € A .

So we have proved that for everg (0.1], p,(4) = fAX,ladﬁ, A€ A.
Which means thatp, is ap- continuous multi valued measure of bounded vanati

Using above one concludes that the fuzzy valuedomgpi: A — F;, (x) defind by

H(A)(x) = sup{a: x € i, (A)} is g —continuous fuzzy valued measure of bounded
variation.

Thecasewhen x =R
In this special case when= R is considered. In the set of reals the convex antpact

subset is a closed interval, which means that éoyesubset A frona- algebraA a fuzzy
numberii(4) is related.
For everya € (0.1], a-level of u(4) (i.e.u,(A4) is a closed interval
() = [Lia(A), 520(A)]
It is obvious that there is a one-to-one correspandi and a pair or single-valued
measuresand s.
The fuzzy-valued measupe: A — F., (R) can be defined by two families of
single- valued measures
Lg:A >R and sp,: A > R,a€ (0.1].
If « € (0.1] is fixed, the, fi, : A — pq(R) is @ multivalued measure and it can be
generated by a sequence of single-valued meagmgg ;cy-
It is easy to see that evarye (0.1] and every A A(A)

l/la(A) = llelllvf {mai(A)}, sAa(A) = lsg]}\)] {mai(A)}
Hence the proof.

Example 5.1. In this example let the s& be the set of real’'sg- algebrad the Boral
field B(R) of real's and the fuzzy measurehe lebsegue fuzzy measure on R further, let
the Banach spacexl II) be the of reals with the usual norm. for everg [0.1] and
every A€ B(R) let
Do (4) = pu(AN[0, al),
Tho (A) = p(AN[a = 1,1]),
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Then the functions[l0.1]x B(R) and s: [0.1] x B (R} R satisfy conditions 1-3(above

theorem) which means that they generate a fuzajued measure.

For instance, the fuzzy — valued measure of inter[va;t,%] and [0.1] are the
fuzzy sets given below.

i1 N f

N,

%

¥

L 4

¥a 1

Figure 1.
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