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1. Introduction
Conjunctive grammars, introduced in [8], are cotifese grammars augmented with an
explicit set theoretic intersection operation. Bmede in a conjunctive grammar is of the
form

A w&. . ...&a, D
where n > 1 andq; are strings consisting of terminal and non-termsahbols. Each
rule of the form (1) indicates that any string tlean be generated from eaghcan
therefore be generated By

The generative capacity of conjunctivengmars covers some important non
context-free language constructs, sucfads’c" / n> 0}and{a™b"c"/ m,n>1} where the
latter is known to be not in the intersection ckesaf context-free languages [15]. The
language of all computations of any given Turingchiae is also known to be
conjunctive, which has certain implications on widability and descriptional
complexity [8].

In particular, in [8] Okhotin defined abstamily of conjunctive grammars called
linear conjunctive grammafktCG), analogously to the definition of linear grammass
a subfamily of context-free grammatsCG are an interesting sub-family @fG as they
have especially efficient parsing algorithms, se¥,[making them very appealing from a
computational standpoint. In addition, many of th&eresting languages generated by
conjunctive grammars can in fact be generated fgali conjunctive grammars. In [9]
Okhotin proved thatCG are equivalent to a type of trellis automata [14].

In the classical computation theory, an ingmat issue is the characterization of
formal languages. For instance, regular languagesbe characterized by some finite
automata, regular expressions and regular gramrinsever, the problems, such as
vagueness and imprecision are frequently encouhiarthe study of natural languages.
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To reduce the gap between the precision of formagjlages and the imprecision of
natural languages, various fuzzy languages have freposed.

By introducing the concept of fuzzineswithe structure of formal grammars, Lee
and Zadeh (1969) [16] established fuzzy grammarssfteh languages, which is an
extension of the corresponding notion in the theafryormal languages. As a further
extension, Kim et al. (1975) [4] proposed one tgbd -fuzzy grammar based on the
distributive lattice and Boolean lattice and anotigpe of L-fuzzy grammar based on the
lattice-ordered group and lattice-ordered monoicssigning the element of lattice to the
rewriting rules of a formal grammar. Gerla (1993) &lso studied fuzzy grammars and
recursively enumerable fuzzy languages, and praved a fuzzy language can be
generated by a fuzzy grammar if an only if it isnesively enumerable.

As one of the generators of fuzzy langufigezy grammars have been used to solve
the issues such as intelligent interface designd$d992) [6], lexical analysis, clinical
monitoring (Steimann and Adlassning 1994) [3], mémetworks (Giles et al. 1999) [7],
and pattern recognition (Depalma and Yau 1975) [4].

Usually, fuzzy grammars with maxmin compiosis take values in the unit interval
[0, 1]. It is well-known that in the fuzzy automata thedMordeson and Malik 2002)
[17] the following four approaches to represerizzy languagel (L) are equivalent:

(DU (L) is accepted by a certain fuzzy deterministic éi@titomaton;

(i) u (L) is accepted by a certain fuzzy nondeterministiitdiautomaton;
(i) p (L) is described by a certain fuzzy regular expression

(iv) 1 (L) is generated by a certain fuzzy regular grammar.

Recently, all the above approaches have beremded to represent fuzzy languages
with membership values in some special domainsvals proved by Li and Pedrycz
(2005) [11] that(i) and (i) are not equivalent for some truth-valued latticgeoed
monoids. The nondeterministic lattice-valued finitetomata are more powerful than
deterministic lattice-valued finite automata in Sense of maintaining the same ability of
recognizing fuzzy languages. Li and Pedrycz (2(@3%] also introduced fuzzy regular
expressions and investigated the relationships gn@n (i) and (iii). Subsequently,
Sheng (2006) [12] and Guo (2009) [13] introducegltar grammars with truth values in
lattice-ordered monoid and discussed the relatipnsdmong (i), (i) and (iv),
respectively.

The paper is organized as followssiection 2we introduced some notations and
definition aboutFCG.It also presents some example for the explainregdoncepts.in
section 3we study simplification ofFCG (It means removing usless variables;
conjunct,unit conjuct) and also we find out thezZiuzonjunctive grammar in Comskey
normal form ,which is equivalent €CG.

2. Basic concepts
Definition 2.1. (Fuzzy context-free grammar) A fuzzy context-free grammar (FCFG)
is a quadruple G = (\3,, P, S), where

* V is afinite set of non-terminal symbol (Variakje

» Y is afinite set of terminal symbols disjoint frdm

e SeV isthe designated start symbols

P s a set of fuzzy production of the form-Aa where AeV,a €(VUY )
and re [0,1].
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Note 2.2.
* Here we using all notations ofaky symnoisj—mentioned to a membership values it
is lies between [0, 1].
MnoTe s Tw s Tap s ralfl’ r“Zzz"""""r"nzn} are some

membership values it is lies between [0,1].

» The string of the word derived immediately (whickans one steply derived) we
denoted simply by= , suppose the word derived by taken more stepsusieg
— *

Definition 2.3. (Fuzzy conjunctive grammar)A fuzzy conjunctive grammar (FCG) is a
quadruple G = (V},, P, S), where
* Vs afinite set of non-terminal symbol (Variables
» Y is afinite set of terminal symbols disjoint from
e SeV isthe designated start symbols
» P is afinite set of fuzzy production of the fong co; andA LG (11&...... &
o), Wwhere A, BEV ,0; € (VUY ) and r=min {r.r, |

1,2,....,n. If n =1, then A a; and call it ordinary fuzzy production.
Otherwise, the rule is called proper fuzzy conjivect

Definition 2.4. (Conjunctive formula) Any elementB,C,D, ¢ is a fuzzy conjunctive
formulas over MUYU{(,), &} are defined by the following recursion.
» The empty string is a conjunctive formula.
» Every symbol in WU} is a conjunctive formula.
* If B and ¢ are conjunctive formulas, th&t is a conjunctive formula.
« If BB, ... , B, are conjunctive formulas, theB,& .....&B, is a conjunctive
formula.

Definition 2.5. Let G = (V,3,, P, S) fuzzy conjunctive grammar and {et; be denoted
by immediate derivation. For any;,s,.....s € (VUXU{ (,) , &), then the set of
conjunctive formulas is defined as follows.

- A LG a; € P, thens;A s, N ¢ S104Sy .
T T
d If A de] (al& ...... & (Xn) € P, thenslA ST 26 $1 (al& ...... & (Xn) Sy .
Tj T
o If o Sw, thens; (W&...... & W) s, =5 s;W sy, wherer =min {r,r, | M}

Definition 2.6. The fuzzy languages @) of a conjunctive formul® is defined as

1B) ={ (w,r) /w €Y, BS; w)
and the fuzzy language p (L) of a fuzzy conjunctivemmar G is defined as
* r*
HG) =i ) ={ (w,1) /w €X': S=¢ w}.
In particular if B; S w, fori=1,2,.....n ,then the conjunctive formig & ... ... &B,
T

- W,
whetre= min {r 11, .ro};
Hence (B; &...... & B, ) generates intersection of fuzzy languages;)) (
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ie., By &...... & B, ) =AU (B)).

Definition 2.7. A fuzzy language p( L) ob is a fuzzy conjunctive languages, if there is
a fuzzy conjunctive grammar G such that p( L) ELLG).

Example 2.8.The following fuzzy conjunctive grammar G = (}V,,P,S) generates
the fuzzy non context-free language&fa": n=0,1,.....}.

- V={S,AB,CD}

* Y ={a, b, c}and

» P consists of the following derivation rules

0.4 0.1 0.2 0.3 0.4 0.5 0.6

S—(4/0.7 & €/0.4),A—>aA,A—>B,B—>bBc ,B— ¢ ,C—>Cc ,C—D,
0.7 0.8

D—aDb,D— ¢

Now the wordaabbcccan be derived as follows

s (4/078C/04 )
2. (a4/0.18 Cc/05 )
2 (aad/0.1 & Cec/05)
g:; ( aaB/0.2 & Dcc/0.6)
g:; (aabBc/0.3 & aDbcc/0.7 )
g:; (aabbBcc/0.3 & aaDbbcc/0.7 )
0:'4;,:_, (aabbcc/0.4 & aabbcc/0.8)

S 0:1>:; (aabbcc)

where; = min {0.4, 0.1, 0.1, 0.2, 0.3, 0.3, 0.4} =0.1

3. Simplification of fuzzy conjunctive grammar
Definition 3.1. (Fuzzy epsilon conjunct)Let G = (V, Y, P, S) be a fuzzy conjunctive

grammar. A conjunct of the formd 5 e&e&..... & ¢, where Ae V, is called an fuzzy

epsilon conjunct.

Definition 3.2. (Nullable variable) Let G = (V, Y, P, S) be a fuzzy conjunctive
T *

grammar. Define nullable variable as, nullable () A€ V/A =, ¢ & € &........ &

€}

Definition 3.3. (Fuzzy unit conjunct) Let G = (V, Y, P, S) be a fuzzy conjunctive

grammar. A conjunct of the formA o B; & Bx&........ & B, where A, Be V, i =1,
2... n, is called a fuzzy unit conjunct.
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Definition 3.4. (Variable dependency graph)For any grammar G , a variable
dependency graph has its vertices labeled wittakbas, with an edge between vertices C
and D if and only if there is a production form

¢ 5 ubv, where u,\e Y and C, DE V.

Definition 3.5. (Fuzzy useless and useful variabléet G = (V,Y, P, S) be a fuzzy
conjunctive grammar. A variable; A, i = 1,2,....,n is said to be useful if and oifly
there is at least one (w ,@)u (L, G), such that

Top*
égalAlsl& oA B & & GnAnP

=g W
where,r =min { rqp , Ty}

A variable is said to be not useful if it is notigles any terminal from the start symbol.

Theorem 3.6. (Elimination of fuzzy useless variabléor) production) Let G = (V,},

P, S) be a fuzzy conjunctive grammar. Then tleeist an equivalent fuzzy conjunctive
grammarG = (7,3, S,P) that does not contains any useless variablgfoductions.
Proof: The fuzzy conjunctive grammaf can be generated from G by an algorithm
consisting of two parts. In the first part we counst an intermediate fuzzy conjunctive
grammar G= (Vy, Y., S, R) such that Y contains only variable A for which

A4S w/r; & w/ry, &.....& w/ry, WEY, wherer =min {rir, __ rm}is possible.

The steps in the algorithm are
1. Set\fto ¢

2. Repeat, the following steps until no more vddase added to M/ For every Ae V for
which P has a production of the form

Ta
A > 09 Og5.... o, /rmlf/1 & ayq U0z, /razﬁz& .......... &0p1 Onz--o- Oy /ranyn
wherer,2=min{r,. ,rq, ,.......,To. tand eachq; e€(VUY ),forg;>1,
1oy 2, oy G
i=1,2,...,n.

3. Take R as all the production in P whose symbols arema(l V;U Y. ). Clearly this
procedure terminates. For everyeAy;

for whichA = w/r; & w/r, &.....& w/r, ,WEY .

In the second part of the constructioa,get the final answef from G.We draw
the variable dependency graph fordhd from it find all variables that cannot be test
from S. Those variables are removed from the vigiabt and also remove productions
involving them. The result is the fuzzy conjunctyammarc = (7, Y, S, P). Let (w, r)
€ u (L, G), then

ruﬁ*
=3>G(11A1 B 1& (XzAz B 2& ...... & anAn B n
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S W
By the construction of;, for all A’s and associate productions are should not removed
from G hence.

ruﬁ*
&@ (XlAl B 1& (XzAz B 2& ...... & anAn B n

Tw

(W, r)€p (L, G)
ML GEu(L,G) )

Conversely,
Let (w, B p (L,G )
Since?, c P, (w,Nepn (L, G)
WG )< WL, G) 3)

From(2) and(3) we get
K(LG)=(l G).

Theorem 3.7. (Elimination of fuzzye-production) Let G = ( V.Y, P, S) be a fuzzy
conjunctive grammar withe(r) not in u( L,G ). Then there exist an equival&umzy
conjunctive grammag = (7 , Y, S,P ) having nce-productions.

Proof: We first find the set ¥ of all nullable variable of G, using the followisteps

1. For all productiond b g, put A into W.
rS .
(On A= c&e&........ &e , put Ainto W.

2. Repeat the following steps until no further shté are added to v For all
productions

Ty
B - A11A12....A1£1/T‘[1 &A21A22....A2F2 /rEZ &....... & AnlAnZ----Anyn/rEn

wherer, =min{ry ,rp ... Tp, }

AndA;; Agp ... ,Alﬁ1 , A1 Agp .. ,AZF2 fereaes vAni  Apz oo, Apare in \{
put B in to \{. Once the set Yhas been found, we are ready to constictTo do so,
we look at all productions in P of the form

rll
A- 011 O92.... (lel /Talfl & 021 azz....azfz /Tazlz& .......... &anl anz....anfn /Tanln
For¢;>1,i=1, 2... m, where,= min {ralel’r“uz’ ....,r%,n} and eachail,i eEVUY

For each production of P ,we put iRothat productions as well as all those

generated by replacing nullable variable within all possible combinations and its
membership function is calculated as per the Fbe.example, ifa;; andag, are both

nullable, there will be one production fwith a; replaced witre, one in whichoy . is
replaced withe, and one in which bothu; andagy are replaced witke, and the
membership is of each productions is found as usual
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There is one exceptioff all a;; are nullable, the production

AB e (on AZ c&e&.....&¢
is not put intd®. Let (W, Ne p (L, G), then

ruﬁ*

&)G(XJ_AJ_ B 1& (12A2 B 2& ...... & (XnAn B n

TuBE*

=>G(11A18&8A2[32& ...... & SAan
T=W>G W& W&...... &w

ro*
>q W

Let S =¢ A1 P 1& A2 P 2&...... & onAn B n. Since there is ne-production inG the
production involves variable directly derives setitd form withoute

TuB*
&)GA (XlAl B 1& (XgAg B 2& ...... & (XnAn B n

=g W& W&...... &w
;@ W
Since (W,rgu (L,G )
H(L,GI p(L, G ) 4)

Conversely,
Let (w, i (L, G )
Tuﬁ*
Se wAL P 1& AP &...... & anAnBn
Topi*

= (X]_Al B 1& (12A2 B 2& ...... & (XnAn B n
Tw *
=; W& W&...... & w

Do w
W(G )<p (L G) (5)
From(4) and(5) we get pu(L,G )=p(LG).

Lemma 3.8. (Substitution of fuzzy unit conjunct)Let G = ( VY. ,P,S) be a fuzzy
conjunctive grammar.

Iy
LetA == a1/ry, & .o & U1 /Ty, & B/Tp; & tiep1/Topy, & oo & /Ty, (6)
(m>1, 1<k<m ,q €> ,1<j<n) be some rule for A that contains a unit coofyn

r

where 1= min { Tqy, ) Py T8y Fagepgr oo oo o ,Tq }.let B = [311/r,311 &..&
B, I'Bp

By, /r%1 B = B, /rp, &..& Ba, /rﬁzﬁ2 SR B =B, [, &.&

B"tn/rﬁnrn , be all rules for B that do not contain the wuhjunct B—1> B (ﬁij # B,
By € (VUL)).

If A # B, then the rul€6) can be replaced with the collection of rules

AS 0y [ty & & Ot /Ty, & By /g & &

Blh /rﬁul & Oy1/Topy, & e & O /T,
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r
A= oy froy & oo & /Ty, & By /75, & &P, /rp,
2

& Oy /Ty, & e & oy /T,

If A=B, then the rulg6) may be just removed.

Theorem 3.9. (Elimination of fuzzy unit productiony Let G =( V.Y, P, S) be any
fuzzy conjunctive grammar withoet productions and it has unit production of thenfor
AS B; &B,& ... ... &B, , A,B; € V. Then there exist fuzzy conjunctive gramrfar (7,
y,P,S) that don't have any unit-production and thaigsivalent to G.
Proof: Let G = (V, >, P, S) be any fuzzy conjunctive grammar with ymdduction of
the form
Ty

A= B, &B,&......&B, (7)
For every AB; € V andi=1,2,.....,n.
If all (or) someB;’s itself has unit production, then by the rulefogzy conjunctive
grammar

ASS C,&Cy& . . &Cy (8)
By Lemma 3.8 eachj; is replaced by production of the form

Ci E; ail& aiz& ...... & ai{-
Finally we remove the unit of production cyclical8]. Then A becomes
r *
A= B,& B,&....& B,,wherep;e(VUY ) .
Then include the above production fh Continue the process until there is no unit
production in P. NowG = (7, Y.,S,P) is a grammar with no unit production.
Let (w,neun (L, G), then
BA&A&....&A,
raﬁ*

=>G(XlB]_ B 1& (Xng B 2& ...... & O Bn B n

Tw

But in grammaﬁ, we can get,
TuB*
SﬁéalBlﬁl& aZBZBZ& ...... & (XanBn

g@ W& W&...... &w

(w, NE 1 (L, G)

H(LG¥E M(L,G) 9)
Conversely,
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Let (w,r)e p (L,G)
Tu|3 *
S:>@Q181B1& (1282[32& ...... & aanBn

But in grammar G we can get
BAL&A .. &A,

ruﬁ*
= (XlBl B 1& (1282[3 2& ...... & O Bn B n

Tw

K(LG)Su (L G) (10)
From(9) and(10) we get

u(L G)=u(L G

Definition 3.10. A fuzzy conjunctive grammar is in Chomsky normatnfioif all
productions are of the form

a5 B;C;/r; &B,C, /1, & ... ... &By,Cr/Tm, Wherer =min{r1ro . .rm}

A3 a A€V, aey.

Theorem 3.11.Any fuzzy conjunctive grammar G = (¥,,P,S) with§, ne¢ u(L,G)
has equivalent fuzzy conjunctive gramngar = (7, ¥,S, P) in Chomsky normal form.
Proof: First, we can assume without loss of generality €Gdas nc-productions and
unit productions. The construction 6f will be done in two steps.

Step 1:Construct a fuzzy conjunctive gramntgr= (Vq, >, S,R) form G by considering
all productions in P in the form

rL‘L
A- 011 Oq2..t (11{1 /Ta1£1 & 021 (122....(12£2 /Tazlz& .......... &anl anz....(xnfn /Tanln
(11)
where r,= min {r“q Tag, oo Tay, } and each a; is a symbol either in V (or)
1 2 n
iny.

If n =1, then result follows from [17].

If n> 2, for each & ) , introduced the variabl®, . Then each production of P in the
form (11) can be written as

rU.
A- C;Cq,p .....clﬁl/ralh& ...... &Cp1Chs .....cn[,,n/r(,[nEn
Whe@] = 0jj if 0 eV and
Cij :Ba y if (Xi]' = a.
1
Then we include this productionBn Also, for everyB,, B, — a, we include the
above production inP;. This part of the algorithm removes all termindtem
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productions. At the end of this step we have fuzapjunctive gramma, all of whose
production have the form.

A508a&....&a (12)
(On)

Ty
A— C1;Cyp .....clh/ra1£1 &......&Cp1Cpy .....cmn/r(,[nfn (13)
where,Cj; € V; , we can easy to verify that

H(L,Gq) =p (L, G).
Step 2: In this step, we make the right hand side of a# firoductions inP; as
combination of two variables by introducing newighfe set and put intB. First we put
all productions of the fornf12) and(13) in P. If any fuzzy conjunctive formula have
already in Chomsky normal form, we put intg then as follows:

1
%
Dy , =Gy, G

T
Ci—2 , ¢ D
21 21721

1
Dy1— CyDy;

Dj; = Cy3Dy3

-
Dy, =Gy, Ca

rmnﬁn
Cnl ? Cnanl

1
Dn1 _1’ Cn2Dn2

Dn2 - Cn3 Dn3
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1
Dn£ ) - Cnf Cn
n n

-1 ()

Tq
A- CllDll /ralt’l &CZIDZZ /T'aztz &...... & CnnDnn /T'an[n

Finally, the resulting fuzzy conjunctive gnaarG is in fuzzy Chomsky normal

form. So we can easily verify thapi( L,G ) = u( L, G).
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