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1.Introduction

Zadeh [22] investigated the concept of a fuzzyisdtis seminal paper. In the last two
decades there has been a tremendous developmegtamith in fuzzy mathematics in
1965.Many authors utilize this concept in topolagd analysis extensively developed
the theory of fuzzy sets along with their applioas (e. g., [3,6-9],12,13,16,19). In 1986,
Atanassov [2] introduced and studied the concephntoitionistic fuzzy sets. Using the
idea of intuitionistic fuzzy set, a generalizatiohfuzzy metric space was introduced by
park [15] which is now known as modified intuitistic fuzzy metric space where in
notions of continuous t—norm and continuous t—conare employed. Since the topology
induce by intuitionistic fuzzy metric coincides withe topology induced by fuzzy metric
[6], Saadati et al. [18] reframed the idea of ititumistic fuzzy metric spaces and
proposed a new notion under the name of modifiadtianistic fuzzy metric spaces by
introducing the idea of continuous t-representafitaari and Moutawakli [1] and Liu et
al. [14] respectively, define the property (E.Afldacommon property (E.A.) and utilize
the same to prove common fixed point theorems itrimspaces. Imdad et al. [10]
proved common fixed point vi&'common property (E.A.), we utilize the notion oéth
property (E.A.) and common property (E.A.) to proseme common fixed point
theorems in modified intuitionistic fuzzy metriceges.
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2. Basic definitions and preliminaries
Lemma 2.1. [4] Consider the sdt" and operatiors; - defined by

L*={(x1,%3): (x1,x,) € [0,1]? and x; + x, < 1}
(x1,%2) <pr V1, Y2) © x1 <y and x; =y, , for every (xq,x2), (V1,¥2) € L*.
Then (", <;+ ) is a complete lattice.

Definition 2.1. [2] An intuitionistic fuzzy setA, , in a universe U is an object

Arn = {({a(W),n,@):u € U)}, where, for allu e U, {4(w) €[0,1] and n,(w) €
[0,1] are called the membership degree and the non -bership degree respectively,
of u € A;,, and further more they satisfy, (w) + n,4(w) < 1.

for everyz; = (x;,y;) € L*,if ¢; € [0,1] such thal[-, c; = 1 then it is easy to see that

n n n
(e ) + e + cn(n, yn) = Z ci(xi,yi) = ( Cixinz Ci)’i) €L

i=1 i=1 i=1
We denote its unit b9;+= (0, 1) andl;~= (1, 0). Classically, a triangular norm * = T on
[0, 1] is defined as an increasing, commutativepeigitive mapping™: [0,1]? - [0,1]
satisfyingT(1,x) = 1 *x = x, for all x € [0, 1]. A triangular co - norn§ =9¢ is defined
as an increasing, commutative, associative mapgnf,1]? - [0,1] satisfying
5(0,x) =0+x =x, forall x € [0,1]using the lattice I{' ,<;-) these definitions can
straightforwardly be extended.

Definition 2.2. [5] A triangular norm (t - norm) oh* is a mappingT: (L*)? - L*
satisfying the following conditions:
()] (Vx € L")(T(x,1;+ ) = x)(boundary condition),
(D) (V(x,y) € (L)*)(T(x,y) = T(y, x))(commutativity),
vy, z) € WNT(x, T, 2)) = T(T(x,y),z))(associativity),
(v)  (V(x,x\y,y) e LH*)(x < x) and(y <y - Tky <p T(x',y'))
(monotonicity).

Definition 2.3. [4, 5] A continuous t — norm okf is called continuous t-representable if
and only if there exist a continuous t — norm * andontinuous t—conorf on [0, 1]
such that, for alk = (xq,x3),y = (31,y,) € L",

T(x,y) = (x1 * y1, %2 0 ¥3).
Now, we define a sequen{E"} recursively by{T* = T} and

(W, o, D) = 7T (x @, L xW), x (D) forn > 2 and x € L',
Definition 2.4. [4, 5] A negator orL* is any decreasing mappig L* — L* satisfying
N(0y) =1, and N1.+) =0+ . If N(N(x)) =x, forallx € L* then N is called an

involutive negator. A negator on [0, 1] is a desiag mappingV : [0,1] - [0,1]

2



Common Fixed Point Theorems for Weakly Compatibkgpblngs Using Common
Property E.A) in Modified Intuitionistic Fuzzy Metric Space

satisfyingN(0) = 1 and N(1) = 0. N, denotes the standard negator on [0, 1] defined as
(forallx € [0,1]) Ng(x) =1 — x.

Definition 2.5. [18] Let M, N are fuzzy sets fronx? x(0,) to [0, 1] such that
M(x,y,t) + N(x,y,t) < 1forallx,y € X and t > 0. The 3—tuple(X, My y,T) is said
to be a modified intuitionistic fuzzy metric spat& is an arbitrary (non — empty) set, T
is continuous representable amfi,y is a mappingX? x(0,) — L*(an intuitionistic
fuzzy set) satisfying the following conditions fewveryx,y € X and t,s > 0;

(1 My n(x,y,t) >p 0y,

(D)) Myn(x,y,t) =1+, if and only if x =y,

(i MynyC@yt) =MyyQ,x,t)

(V)  Myn(C,y t+s)>,T (MM,N(X: z,t),Myn(zy, 5)).

V) My n(x,y,.): (0,00) = L*is continuous.

In this caseé), yis called a modified intuitionistic fuzzy metriceHce,

Myn(xy,t) = (M(x,y,t), N(x,y,1)).

Remark 2.1. [21] In a modified intuitionistic fuzzy metric spa(X, My, T), M(x,y,.)
is non-decreasing an®/(x,y,.) is non-increasing function failx,y € X. Hence
(X, My, T) is non- decreasing function for all y € X.

Example 2.1. [8] Let (X, d) be a metric space. Den@u, b) = (a,b,, min{a,b,, 1})
forall a = (aq,a;) and b = (b, b,) € L* and let M and N be fuzzy sets on
X? x (0,0) defined as follows:

ht™ md(x,y) >

My 3,0 = (MCe.y, Ny, 0) = (htn +md(x,y) ht" + md(x, y)

for all b, m,n, t € R*.Then(X, My, T) is @ modified intuitionistic fuzzy metric space.

Definition 2.6. [8] A sequencdx,,} in a maodified intuitionistic fuzzy spac(é(, MM_N,T)

is called Cauchy sequence if for eéick ¢ < 1 and t > 0, there exish, € N such that
MM,N (xnry"u t) > (NS(S), 8)

and for eachn,n > n, hereN; is standard negator. The sequefeg} is said to be

convergent toc € X in the modified intuitionistic fuzzy metric spaéﬁf, MM,N,T) and

denoted byx, —» My yx if My y(x, x,t) > 1 whenevern - o« for everyt > 0.

A modified intuitionistic fuzzy metric space is daio be complete if and only if every

Cauchy sequence is convergent.

Lemma2.2. [17] Let My, y be a modified intuitionistic fuzzy metric. Therr fanyt > 0,
My n(x,y,t) is non — decreasing with respect to t(ih,<,-),for all x,y € X.
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Definition 2.7. [18] Let (X, My N, T) be a modified intuitionistic fuzzy metric space. M
is said to be continuous &hx X X (0,00) if limy,_, My n (e, Yo tn) = My n(x,y,t),
whenever a sequencdx, v,, t,)} in X X X x (0,0) converges to a poiiik, y,t) €
X X X X (0,0),i.e.
rlll_l}go My (xn, %, £) =rlli_r}oloMM,N()’n' yt) =1
and
limy, o My v (X, , tn) =My (x, 9, 0).

Definition 2.8. [18] Let f and g be mappings from a modified irtuifstic fuzzy metric
space(X, My y, T) into itself. Then the pair of these mappings isds@i be weakly
compatible if they commute at their coincidencenpdhat is

fx = gx implies that fgx = gfx.

Definition 2.9. [18] Let f and g be mappings from a modified intwnistic fuzzy metric
space(X, My, y, T) into itself. Then the mappings are said to be cibfe if

lim, o, My N(FgXn, gf Xp,t) =11, VE>0
wheneveKx,} is a sequence such that
lim fx, =lim gx, = x € X.
n—-owo n—-oo

Definition 2.12. [20] Let f and g be mappings of a modified intuitiordstizzy metric
space(X, My,y, T). We say that f and g satisfy the property (E. i\here exists a
sequencéx,} in X such that

Tlli_f:{)lo My (fxn, u,t) = }li_f:{}OMM,N(gxn' u,t) =1

for someu € X and t > 0.

Example 2.2.[18] Let (X, My, y, T) be a modified intuitionistic fuzzy metric spacehere
1 lx—yl

X =R andMM’N(x, v, t) = (t+|x—y|'t+|x—y|
maps f and g on X as follows:
fx=2x+1, gx=x+2.

Consider the sequenéez,l =1+ %,n =1,2, } thus we have
lim MM’N(fxn, 3,t) = lim MM’N(gxn, 3, t) = 1L*
n-ow n-w

for every t > 0. Then f and g satisfy the property (E. A.).

) for everyx,y € X and t > 0. Define self

Definition 2.12. [20] Two pairs (f, S) and (g, T) of self- mappings ofmedified
intuitionistic fuzzy metric spacéX, MM,N,T) are said to satisfy the common property
(E. A)) if there exists two sequendes } and {y,} in X such that
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lim My n(f xp, u, t) = lim My y(Sxp, u, t) = lim My N (gyn, u, t)
n—oo n—oo n-wo
= lim MM,N(Tyn: u, t) = 1L*
n—oo
for someu € X and t > 0.

Remark 2.3. Note that the above examples holds even with tmertm a * b = min{a,
b} and t- conorm & b= max{a, b}and hence (M, N) is a modified intaitistic fuzzy
metric with respect to any continuous t — norm aatinuous t — conorm.

Implicit relation

Let M5 denotes the set of all real valued continuoustfancF(ty, t,, ...,t5):L*5 - L,
which are non decreasing and satisfying the follgwionditions: (for all,, 1 € L*,
u=(u,uy)and1=1,=(1,0))
(A) F(u,1,u,1,u) =+ 0, implies u =+ 1
(B) F(u,1,1,u,u) = 0;« impliesu =;- 1
(C)F(uw,u,1,1,u) =2, 0, implies u >~ 1.

Example 2.2. DefineF: L*° > L* as
F(ty, ty, ts, ty, ts) = 11t; — 12t, + 6t3 — 8t, + 3ts. F satisfies all condition (A), (B),
(C). ThereforeF € Ms.

3. Main results
We now establish the following results:

Theorem 3.1. Let A, B, S and The self-mappings of a modified intuitionistic fuzzy
metric spac€X, My, y, T) satisfying the following conditions that:
(i) the pair (A, S) (or (B, T) ) satisfies the pesty (E.A));
(ii) for any x, Ye X, F € Mg and for all t > 0, there exists€(0,1) such that
F(My,n(Ax, By, at), My n(Sx, Ty, t), My n(Sx, Ax, t), My n(Ty, By, t),
My n(Ax, Ty, t) * My n(Sx, By, t)) =1 0y
(i) A(X) <T(X) (or B(X) c SX)).
Then the pairs (A, S) and (B, T) share the commoperty (E.A).
Proof. Suppose that the pai&(S satisfies propertyH.A), then there exists a sequence
{ x,} in X such thatim,,_,, A x,, = lim,,_,,, S x,, = z for some z& X. SinceA(X) cT(X),
therefore, for each,, , there exisy,, in X such that A,, = Ty, . This gives,
lim,_ o Ax, =lim,_ e, Sx, =lim,_q Ty, =z
Now, we claim thalim,,_,,, By, = z.
Applying inequality (ii), we obtain
F (M, n(Axp, By, at), My, (Sxn, Tyn, t), My, n (Sxn, Axp, £), Mgy (T Y, Byn, t),
My, n (A%, Ty, t) * My n (SXp, By, 1)) =1+ 0y
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Taking limit asn — o
F(My n (Z, lim By, at) Myn(z,2,t), My n(z,2,t), My N (Z, lim By, I:) My n(z,z,t)
n—-oo n—-oo
* MM,N (Z, hm Byn, t)) ZL* OL*
n—-oo
implies that
F(Mu,n (Z' Tlli_{roloBJ’n: t) 1,1 My (Z: Ai_r}oloB)’n' t) » My n (Z' gi_{TL}OBJ’n: t)) 2y 0
Using (B)
MM,N (Z, lim Byn, t) = 1L*
n—-oo
Hence My, v (z, lim By, t) =1,
n—-oo
Thereforelim By,, = z.
n—-oo

Hence the pairs (A, S) and (B, T) share the compnoperty.
Similarly, if the pair (B, T) satisfies properti.f) andB(X) c §X), then pairs4, § and
(B, T) share the common proper. Q).

Theorem 3.2. Let A, B, S and Tbe self-mappings of a modified intuitionistic fuzzy
metric space{X, My N, T)satisfying the following conditions that:
(i) for any x, ye X, F € Mg and for all t > 0, there exists€(0,1) such that
F(Mpy n(Ax, By, at), My y(Sx, Ty, t), My n(Sx, Ax, t), My n(Ty, By, t), My y(Ax, Ty, t)
* My n(Sx, By, t)) =1+ 0y
(ii) the pairs (A, S) and (B, T) share the prop€E.A);
(i) S(X) and T(X) are closed subsets of X.
Then each of the pairs (A, S) and (B, T) have atpafi coincidence. Moreover, A, B, S
and T have a unique common fixed point providedhlibe pairs (A, S) and (B, T) are
weakly compatible.
Proof. Since the pairs (A, S) and (B, T) share the propéaA), there exist two
sequencesx,} and {y, } in X such thallim,,_,,, 4 x,, = lim,,,,, Sx, = lim;,,, Ty, =
z for some £ X. S(X) is closed subset of X, there exists a poiatX such thaz = Su
We, now claim thaf\u= z By (i), we have
F(Mpy,n(Au, By, at), My n (Su, Tyn, t), My n(Su, Au, t), My § (TYn, Byn, t), My,n (Aw, Tyy, t)
* My n (S, By, t)) =1 0
Taking limit asn — oo,
F(My n(Au, z,at), My (2,2, ), My n (2, Au, t), My N (2, 2, t), My v (A, 2, t)
* My n(z,2,t)) =1 0
F(My n(Au, z,t), 15, My v (2, Au, t), 11+, My v (AU, 2,8)) =1 0y
Using implicit relations &) we have
My n(Au,z,t) = 1.
HenceMy, y(Au, Z, t) =1-.
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Therefore Au = z= Suwhich shows thatl is a coincidence point of the pak,(9. Since
T(X) is also a closed subset Xf thereforelim,,_,., Ty, = z in T(X) and hence there
existsv € X such thaffv=z= Au= Su Now, we show thaBv = z.
By using inequality (i), we have
F(Mpy n(Au, Bv, at), My y(Su, Tv, t), My y(Su, Au, t), My ny(Tv, Bv, t), My y (Au, Ty, t)
* My n(Su, Bv,t)) =+ 0y
it follows

F(Myn(z, Bv,at), My n(z,z,t), My n (2, 2,t), My (2, Bv, t), My N (2,2, T)

* My n(z,Bv,t)) =+ 0y
F(Myn(z, Bv,t), 11, 1+, My n(2, BV, t), My n(2, BV, t)) =1+ O
Using implicit relationsB) we get
My n(z, By, t) = 1;-.
Hence My y(z Bv, t) =1-.
Therefore Bv=z = Ty, which shows that is a coincidence point of the paB, (T).
Moreover, since the paird(S and B, T) are weakly compatible akli= Sy Bv=Ty,
thereforeAz= ASu= SAu= Sz Bz=BTv=TBv=Tz.
Next, we claim thaAz = z for showing the existence of a fixed pointAfBy using
inequality (i), we have
F(Myn(Az, Bv,at), My n(Sz,Tv, t), My n(Sz,Az,t), My n(Tv, Bv, t), My y(Az, Ty, t)
* My n(Sz,Bv,t)) =1+ 0+
F(Myn(Az, z,at), My Ny (Az, 2, ), My n(Az, Az, t), My (2,2, t), My y(AZ, 2, t)
* My n(Az,z,t)) = 0y
F(Myn(Az z,t),My ny(Az,2,t),1,1, My y(Az, 2, ) =1+ 0y

On using implicit relationsQ)
Myn(Az,z,t) = 1+ .
Hence My y(AZ z,t) =1, . ThereforeAz=z=Sz.
Similarly, we can prove th&8z=Tz=z.Hence Az=Bz= Sz= Tz= z, which implies that
zis a common fixed point ¢&, B, SandT.
Uniqueness. Letw be another common fixed pointsA&fB, SandT. Then by using (i),
F(My n(Az, Bw,at), My y(Sz,Tw,t), My y(Sz,Az, t), My y(Tw, Bw, t), My y(Az, Tw, t)
* My n(Sz, Bw, t) =+ 0p+
it follows that

F(Myn(z w,at),My y(z,w,t), My (2, 2,t), My y(W, W, t), My y(Z, W, t)

* Myn(z,w,t)) =1 0
F(Myn(zw,t),Myn(zw,t), 1,1, Myn(z,w,t)) = 0

Using implicit relations )
My n(z W, t) = 1.
Hence My y(z W, t) =1,
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Therefore, z = w, i.e., mappings A, B, S and T hawmigue common fixed point.
TakingB =A and T = S in the Theorem 3.2. yieldkofwing corollary:

Corollary 3.1. Let A and S be self-mappings of a modified intuitetic fuzzy metric
space(X, My n, T)satisfying the following conditions that
® the pair (A, S) share the property (E.A);
(i) for any x, ye X, F € Mg and for all t > 0, there exists€(0,1) such that
(i) F(Mpy n(Ax, Ay, at), My ny(Sx, Sy, t), My n(Sx, Ax, t), My ny(Sy, Ay, t),
Muyn(Ax, Sy, t) * My n(Sx, Ay, t)) =+ Oy
(iv) S(X) is a closed subset of X.

Then A and S each have a point of coincidence. Mane if the pair (A, S) is weakly
compatible, then A and S have a unique common fipaédit.
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