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1. Introduction

In 1965, Zadeh introduced the concept of a fuzzyasd fuzzy relation to representing
the phenomena of uncertainly in real world problém1975, Rosenfeld [4] introduced
the concept of fuzzy graph Nagoor Gani and RadhdnfBoduced on Regular fuzzy
graph. Alison Northup [1] studied some propertiag2) k) regular graph in her bachelor
thesis. In [7], the authors introduced), of a vertex in product graphs and also they
discussed 012, k) regular and totally2, k) regular fuzzy graphs in [6]. Seethalakshmi
and Gnanajothi studied about perfect fuzzy match@ig In this paper, we introduce
square fuzzy matching and square perfect fuzzy hivegc We derive the necessary and
sufficient condition for the fuzzy graph on a cyde a complete graph to be square
perfect fuzzy matching. Also, we discuss some ptagse of square perfect fuzzy
matching with examples.

2. Preliminaries
In this section, some basic definitions are given.

Definition 2.1. [4] A fuzzy graphG is a pair of functiorG: (g, u) whereg is a fuzzy
subset of a non empty détand p is a symmetric fuzzy relation @n The underlying
crisp graph ofz: (o,u) denoted by¢*: (V,E) whereE €V xV. A fuzzy graphG is

complete ifu(u,v) = u(uv) = a(u) A o(v) for all u,v € E whereuv denotes the
edge between andv.

Definition 2.2. [3] LetG: (o,u) be a fuzzy graph. The degree of a vettéxd(u) =
Youzw 4w, v). Sinceu(uv) > 0 foruv € E andu(uv) = 0foruv € E, this is equivalent
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to d(u) = Y yveg #(u, v). The minimum degree @ is§(G) =A{d(u)/u € V}. The
maximum degree af isA (G) =v{d(w)/u €V}

Definition 2.3. [7] For a given graplt, thed, degree of a vertex in G,denoted by
d,(u) means number of vertices at a distance two aveay r.

Definition 2.4. [6] Let G: (o, 1) be a fuzzy graph. The, degree of a vertexisd, (u) =
Yuzv 2, v), wherep?(u,v) = {u(u,uy) A u(uqg,v). Also u(uv) = 0, for uv ¢ E.
The minimumd, degree of; is§(G) =A{d,(w)/u € V}. The maximumd, degree
of GisA (G) =v{d,(w)/u €V}

Definition 2.5. [7] A graphg is said to b&2, k ) regular, @, - regular) ifd,(u) = k, for
alluing.

Definition 2.6. [3] Let G: (o, u) be a fuzzy graph o6*: (V,E). If dg(u) = k for all
u € V, (i.e.,) if each vertex has same dedtethené is said to be a regular fuzzy graph
of degreek or ak regular fuzzy graph.

Definition 2.7. [6] LetG:(o,u) be a fuzzy graph o@*: (V ,E). If d,(u) = k for all
u € V, thenG is said to b€ 2,k ) regular fuzzy graph.

3. Squar e per fect fuzzy matching
Definition 3.1. Let G: ( o,u) be afuzzy graph oft: (V,E ). A subset M of E is called
a square fuzzy matching if for each vertexwe have) o,y u?(u,v) < o(u).

Example 3.2. LetG : (o,u) be a fuzzy graph on the cyd&: (V ,E ) whereV =
{v,vy,v3,v,and E = { e, e;,e3,e4 } With e = vyv,, €, = v,v3,85 = V31,,€4 =
Vuv1.0(v1) = 0.7 ,0(v,) = 0.5 ,0(v3) = 0.4,0(v,) = 0.7.

p(e1) =03, u(ez) =04 u(e3) =02,u(es) =05

0.3
2 (0-7) [ 172(05)
05 0.4
1,(0.7) 0.2 v3(0.4)
Figure 1:

W2 (vy, 1) = Z (4 (o) A pt (1, 7,)) = 0.3 A 0.4+ 02 A 0.5
V, EV Vv, EV
(UlvUZ)EM
203 +02 =05 < a(v,)
ui(vy,v3) = 04A02+03A05 =02 +03 =0.5=0(v,)

V3EV
(v2,v3)EM
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u?(v3,v) = 02A05+03A04 = 02 +0.3 =0.5 % o(v3)
V4 EV
(173,174_)EM
U2(vg,v1) = 05A03+02A04 = 03 +0.2 =05 < 0(vy)

V1EV
(va,v1)EM
Thus M = { e, e,,e,4 } is a square fuzzy matching@h

Definition 3.3. A square fuzzy matching M is called a squarequerfuzzy matching if
Yoev W) =o(w).

Definition 3.4. LetG: (o,u) be a fuzzy graph and M be a square fuzzy matcHihgn

square fuzzy matching numh@¢c) is defined to b&'(G) =Y, vem p?(u,v).
(u,v)eM

Example 3.5. In example 3.2]°(G) = 1.5.

Theorem 3.6. LetG: (0,1 ) be a fuzzy graph on the cydté: (V ,E ). Thena(u) =k is
a constant function for all € V' andu(u, v) :g for all (u,v) € E if and only if the

following statement are equivalent

(i) E is a square perfect fuzzy matching

(i) (2, k) regular fuzzy graph.
Proof: Suppose that is a constant function. Lef(u) = k is a constant, for all € V
andu(u, v) =§ for all (u, v) € E. Assume that G is @, k) regular fuzzy graph on the
cycleG*: (V ,E). Then d,(u) = k. By definition ofd,- degree of a vertex in fuzzy
graphie., Y u?(u,v) = d,(u)
= Y u?(u,v) = k for allu € V . SinceG is a(2, k) regular fuzzy graph.
=Y u?(u,v)=c()forallueV.
Each vertex ofy is satisfies the square perfect fuzzy matching.in
Thus (i) =(i)
Now, suppose that E is a square perfect fuzzy nrjan G.SinceG is a fuzzy graph on
the cycle and only two edges are incident with eastiex for cycles, for any vertex
uev.
=Y vev u?(u,v) wherev,w €V =co(u).

(w,v)eM
=Y vev p?(u,v)= kforallueV.
(u,v)eM
=>d,(w) =Y vev u?(u,v) =k foralluev.

(uwv)eM
HenceG is a(2, k) regular fuzzy graph on cycle. Thusi)ii). Therefore, (i) (ii)
The converse parts holds trivially.

Example 3.7. Let G:(o,u) be a fuzzy graph on the cyd¥®:(V,E) where V =
{v,v,v3,v, } and E ={ej,e;,e3,e4 } With ey = v1v,, e, = v,03,83 = V3V,,e4 =
A

o(vy) =08,0(,) =08 ,0(v;) =0.8,0(v,) =0.8

p(er) =04, pu(e;) =04 pu(e3) =04 u(es) =04
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0.4
,(0.8) v,(0.8)
v4(0.8) U3 (08)
Figure2:
) = Y (0 AR (1)
V€V v, EV
(v, V2)EM
=04 AN04+04A04 =04 +04 =08=0(vy)
Hz(vz,vg) =04 A044+04A04 =04 +04 =08=0(v,)
V3EV
(v, v3)EM
W2(v3,v,) = 04 A04+04A04 =04 +04 =08=0(vs)
V4 EV
(v3,v,)EM
[12(1]4,1J1) =04 AN04+04A04 =04 +04 =08=0(vy)
V1EV
(v4,v1)EM

Hencé is a square perfect fuzzy matching and &s&) regular fuzzy graph.
Example 3.8. In example 3.7 (G) = 3.2.

Theorem 3.9. Let G : @, u) be a(2, k) regular fuzzy graph on the cycle™: (V ,E ). If
o(u) = k which is a constant function for alle V and u(u,v) = ¢ wherec < k and

c# g for all (u,v) € E. Then E is not a square perfect fuzzy matching on

Proof: Suppose that G is a fuzzy graph on the cycle ahdtao edges are incident with
each vertex for cycles, for any vertex V .

= Y ver u*(u,v) wherev,w €V =p*(u,v) + pu?(v,w)
(uv)eM

=u(u,u1)/\u(u1,v) + u(v,un)/\u(un,w)
=cAc+cAc =c+c=2c <k
k k
=c Sg,butcig
=c < k/2.
Similarly ¢ > k/2

=Y pev p?(w,v) #k foralluev
(u,v)eM

=Y vev p?(wv) #o()foralluev .
(u,v)EM
Hence, E is not a square perfect fuzzy matching.on

Remark 3.10. The conditioru (u, v) = k/2 is essential in theorem 3.6.This is illustrate
with the following example.
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Example 3.11. LetG: (o,u) be a fuzzy graph on the cycle®: ( V , E ) where V =
{v,vy,v3,v, } and E ={ej,ey,e3,e4 } With e; = v1v,, e, = V,U3,83 = V3V, €4 =
VyV1.

o(v;) =08, 0(,)=08 ,0(v3)=08,0(v,)=08; u(e;) =05, u(e;) =05

i (e3) = 0.5, u(ey) = 0.5
v1(0.8)

0'5 0.5
1,(0.8) v,(0.8)

0.5
0.5

08
vs( Figure3:
W2 (vy,vy) = EZ(yﬁmu)Au@h%D::05A05+05A05
V€V v, EV
(v1,v2)EM

=05 +05 =1%0(v,)

u?(vy,v3) =05A05+05A05 =05 +05 =1+*d(v,)

V3EV
(v2,v3)EM

u?(vs,vy) =05A05+05A05 = 05 +0.5 =1+ 0(vs)

V4 EV
(v3,v,)EM

u2(vg,v;) = 05A05+05A0.5

05 +05 =1#0(vy)

V1EV
(v4,V1)EM
HenceG is not a square perfect fuzzy matching.

Theorem 3.12. Let G:(o,u) be a square perfect fuzzy matching on the cycle

3k .
G*: (V,E) of length>5. If a(ui):{f E=12n=1n 0 alyev and
,i=34,..,n—2
S oi=12.,n-1
:u(ei)z k .
-, i=n
4

for all (u,v) € E. ThenG is not a(2, k) regular fuzzy graph.
Proof: Let G: g,u) be a square perfect fuzzy matching on the cyalé*o(V ,E ) is
any cycle of lengtke 5. Lete,, e,, ..., €, be edges of a cycle 6fin that order.

@ = ) k)

veV

(uv)eM
kK k, k k_ 3k
dy(ui) = p(e)Ap(e) + p(e) Ap(en-1) = sAS+ AS=F==0(w)
kK kD k k_ k,_ k_ 3k
dy(up) = pe)Ap(en) + p(e)Apu(es) = sAz+ A= 2+ 2= ~-=0(u)
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Fori =3,4,..,n—2

ko k kK

dp(uy) = p(eim) Ap(ez) + n(e) Ap(e) = SAS+ SAS =k =o(w)
Kk k| ko k_ 3k

dy(Up-1) = p(en-2) At (en—3) + p(en-1) Ap(en) = AT oA =T =

0 (tn-1) kK k, k _k_ 3k
dy(un) = p(e) Ap(en) + u(en) Ap(enz) = A+ AT = == 0(uy).
Henceg is not a(2, k) regular fuzzy graph.
Example 3.13. LetG : (o,u) be a fuzzy graph on the cycle* : (V , E ) where V =
{v,v,,v3,14, Vs} and E ={ej, e, e3,e, ,e5} wWith ey =vv,, e, =v,v3,e5 =
U3U4_, 34_ = U4U5 ,35 = U5U1 .
o(v;) =0.6,0(v,) =0.6 ,0(v;) =0.8,0(v,) =0.6,0(vg) = 0.6.
u(e) =04 ,u(e) =04 u(e3) =04 u(e,) =04,u(es) =0.2.
ur(vy,v,) = Z (1 (v, W) A (u,v5)) =0.4A04+02A0.40.6 =o(vy)

V€V Vo EV

(1 v2)EM

v1(0.6)

Uy (V.

0.4 0.4

1,(06) 04 v5(0.8)

Figure 4:
12(vy,v3) = 04A04+04A02 = 04 +0.2 = 0.6 =a(vy)
VeV
(v2,v3)EM
p2(vs,v) = 04A04+04A04 = 04 +04 =08=0(vs)
V4, EV
(v3,v4)EM
12(vyv5) = 04A02+04A04 = 0.2 +0.4 =0.6=0(v,)
VsEV
(v4,V5)EM
12(vs,v;) = 02A04+04A04 = 02 + 0.4 = 0.6 = o(vs)
v EV
(vs,v1)EM

HenceG is not a(2, k) regular fuzzy graph.
Theorem 3.14. Let G : ,u) be a fuzzy graph on complete grdphonG: (V ,E).If
o(u) =k which is a constant function for alle V andu(u,v) = [S] =k, for all

(u,v) € E onthe cycle,, and u(u,v) = % for all interior edgegu,v) € E. Then
E is a square perfect fuzzy matchingn
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Proof: Let G : @, 1) be any fuzzy graph on complete grdgh two edges are incident
with each vertex of the cycle and remaining (n-8pes are incident with interior
vertices. The two distance of n(n-3) edges are seaige one is interior and another one
is cycle (or) some two edges are interior.
Hence Y ver t2(wv) =Y ver (u(uw)Au(w,v))
(uv)eM (u,v)eM
=2[u (w,w) Ap (w, )] + (n = 3)nfu (w,w) Ap (W, v)]

= 2(ky Aky) + n(n—3) ("‘2"1 A kl)

n(n-3)
k—2k

= 2k, + n(n-—23) (n(n_;)) =2k, + k—2k, =k = o).
Hence E is a square perfect fuzzy matching on G.

k—2kq

is essential in theorem 3.14. This is
n(n-3)

Remark 3.15. The conditionu (u,v) =
illustrate with the following example.

Example 3.16. Let G : g,u) be a fuzzy graph on complete gragh where V =
{v1,V,,v3,14,v5} @and E ={eq, e,,e3,€4, €5,€6,€7,€5,€9, €10} With e, = v,v,, e, =
VyUs, €3 = Ugly, €4 = UyVs , €5 = UgVy, 8¢ = V1V3,€7 = VU, €g = Uply, €9 =

VoVs 810 = V3Vs.0(v1) =1,0(y) =1,0(3)=10,) =1,0(vg) = 1.

p(e) =02,pu(e;) =02,p(e3) =0.2,u(es) =0.2,u(es) =02,u(es) =0.1,

p(e;) = 0.1, u(eg) = 0.1, u (e9) = 0.1, u (e19) = 0.1.

0.2 v,(1)
v1(1)
0.1 0.2
0.1
0.2 o1 0 v3(1)
0.1
0.2
0.2
v5(1)
v4(1)
Figureb5: !

) = ) (1 @) Al @) = 04+ 1= 14 % o(vy)
V€V Vo EV
(v1,v2)EM

p2(vy,v3) = 2(02A02)+5(5—3)[0.1] =04+ 1=14 % o(v;)

V3EV
(v1,v3)EM

#2( V1, Vs)

2(02A0.2) +5(5—3)[0.1] =04+1 =14 % o(v,)

V4EV
(v1,v4)EM

12 (vy,vs) 2(02A0.2) +5(5 —3)[0.1] =04+1 =14+ o(v,)

Vs eV
(v1,v5)EM
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ur(vy,v3) = 2(02A0.2)+5(5—-3)[0.1] =04+ 1= 14+ d(vy)
V3 EV
(Vz'V3)EM
ur(vy,vy) = 2(02A02)+5(5-3)[01] =04+1=14+*5(v,)
V4 EV
(v2,v4)EM
p2(vyvs) = 2(02A02)4+5(5-3)[01] =04+1=14+#d(vy)
V5€V
(v2,v5)EM
U2(vs,vy) = 2(02A02)+5(5-3)[01] =04+1=14+0(v;3)
V4 EV
(v3,v4)EM
u2(vy,vy) = 2(02A02)+5(5-3)[01] =04+1=14+0d(v3)
175€V
(v3,v5)EM
p2(vg,vs) = 2(02A02)+5(5-3)[01] =04+1=14+ o(v,)
V5€V
(Va,v5)EM
12 (vs,v;) =2(02A0.2) +5(5—-3)[0.1] =04 +1 =14+ o(vs)
V1EV
(vs,v1)EM
Hence fuzzy graph on complete graj) is not a square perfect fuzzy
matching inG.
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