Intern. J. Fuzzy Mathematical Archive —
Vol. 9, No. 2, 2015, 145-152 International Journal of
ISSN: 2320 —3242 (P), 2320 —3250 (online) Fuzzy Mathematical

Published on 8 October 2015 =
www.researchmathsci.org Al'chlve

Study on Fuzzy Soft Hausdor ff Spaces

Thangaraj Beaula' and R.Raja?

PG & Research Department of Mathematics, TBML Galle
Porayar - 609307, TamilNadu, India
Email: edwinbeaula@yahoo.co.in
’pPG & Research Department of Mathematics,
TBML College, Porayar - 609307, TamilNadu, India
Email: itmraja@gmail.com

Received 12 September 2015; accepted 3 October 2015

Abstract. The aim of this paper is to study some propertigdazzy soft hausdorff space for
this we have introduced notions like diagonal saejsctive,surjective,continuous functions.
Also fuzzy soft compact is defined.

Keywords: Fuzzy soft diagonal set, fuzzy soft continuouscfiom, fuzzy soft open,
homeomorphism and fuzzy soft compact

AMS Mathematics Subject Classification (2010): 37F35, 03B52

1. Introduction
Several set theories can be considered as tootfefding with uncertainties,say theory of
fuzzy sets [1], theory of institionistic fuzzy ag#, theory Vague sets, theory of interval
mathematics [2,5] and theory of rough sets [2], dlitthese theories have their own
difficulties. The reason for these difficulties igossibly, the inadequaly of the
parametrization tool of the theory as it was mewtibby Molodtsov in [9].

Fuzzy soft set which is a combination of fuzzy anfl sets were first introduced by
Maji et.al. [8] in 2001. Many researchers improteid study and gave new results ([1],[3]).
Aygunoglu and Aygun [6] applied fuzzy soft sets gnoup theory. Tanay and Kandemir
[13] defined fuzzy soft topology on a fuzzy soft eeer an intial universe. They introduced
new concepts like fuzzy soft base, fuzzy soft neighood system, fuzzy soft subspace
topology and they presented basic properties. Ry $amanta [11] defined fuzzy soft
topology over the initial universe and they introeld base and subbase for this space also
they gave some characterizations.

Int this paper, notion like fuzzy soft diagonal, $azzy soft continuity, suzzy soft
homeomorphism are introduced. The concept of fsfty hausdorff is coined and some
properties of this space is established.

2. Preliminaries
In this section we present some basic definitiohsfuazy soft set. Throughout our

discussion, U refers to an intial universe, E #teo$ all parameters for U aria(J) the set
of all fuzzy sets of U. (U,E) means the universtll$ and the parameter set E.
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Definition 2.1. [6] A pair (F,E) is called a soft set (ovél) if and only ifF is a mapping of
E into the set of all subsets of the et
In otherwords, the soft set is a parameterizedljaofisubsets of the s&t. Every set
F(e),e OE, from this familymay be considered as the set efements of the soft set (
F,E), or as the set af - approximate elements of the soft set.

Definition 2.2. [8] A pair (F, A) is called a fuzzy soft set over U wéhé- : A — P(U~) is a
mapping from A intoP(lj) :

Definition 2.3 [8] For two fuzzy soft set$=( A) and G, B) in a fuzzy soft clasd)E), we
say thatt, A) is a fuzzy soft subset o&( B), if

(YADB
(i) For alle O A, FE)0 GE) and is written asq(, A) [0 (G, B).

Definition 2.4. [8] Union of two fuzzy soft sets(F, A) and (G, B) in a soft class
(U,BE) is a fuzzy soft set (H,C) whereC = A0 B andJe OC,

F(e), if c0A-B
H(e )=1G(&), if eOB-A
F(e)OG(g),if eOANB

and is written a§~, A) U (G,B)=H,C).

Definition 2.5. [8] Intersectionof two fuzzy soft sets(F, A) and (G, B) in a soft class
(U,B) is a fuzzy soft set (H, C) where

C=AnBandde OC,H(e) =F() or G(¢)(as both are same fuzzset) and is
written asE, A) N (G, B)=H,C).

Definition 2.6. [11] Let ACE then the mappind-, : E - I5(U), defined byF, (e) =
U°F, (afuzzy subset of U), is called soft set ovelE}Jwhere /°F , = 0if eDE-A
and u°F, # 0 if edJA. The set of all fuzzy soft set over (U,E) is deabby FS (U,E).

Definition 2.7. [11] The fuzzy soft set F¢ 0O FS(U, E) is called null fuzzy soft set
andit is denotedby ¢ . Here Fg (6= 0 for every €IE.

Definition 2.8.[11] Let F. O FS(U,E) and F.(€) = 1 foralleJE .ThenF, is

called absolute fuzzy soft set. It is denotedﬁjy

Definition 2.9.[11] Let F,,G, OFS(U,E)- If F,(e) O G;(e) for
al eJE, ie, ifu®F, DucGfor alleDE , ie, if
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UEF,(X) < u°Gg(x) for all xOU and for alledE, then F, is said
to be fuzzy soft subsetof G, denoted by, (0 G;.

Definition 2.10. [11] Let F.. Gg OFS(U,E)

Then the union of Fu and G, is also a fuzzy soft set HC,defined by
H.(e) = u°H, = u°F, O u°Gyfor all e E whereC = A[] B. Here we write
H.=F,0G,.

Definition 2.11. [11] Let F. GzOFSU,E).
Then the intersection of Fu and G, is also a fuzzysoftset

H. defined byH _(e) = u°H. = u°F, n u°Gyfor all eJ E whereC = An B.
Here we write H. = F, n Gg.

Definition 2.12. Let F,OFSU,E)- The complement this denoted by[:AC and is
defined byF,° : E — P(U) is @ mapping given bg,° ()= [F€)| ¢, OeOE.

3. Fuzzy soft Hausdor ff spaces
Definition 3.1. Let FS(U, E) be the set of all fuzzy soft sets olr.Let F, 0FSU, E)

allU and ACE . Then (F,), is a fuzzy soft set overl”™ for which

He o (s)ifa=e
(FJ,E - 1YY and (F,),(e)=A= . Then (F,), is the fuzzy
0 ifaze

soft diagonal set.
Theorem 32. (U,E,[)) be a fuzzy soft hausdorff space if and only if foezy soft
diagonal se(F,), is fuzzy soft closed.
Proof: Let (U,E,[]) be a fuzzy soft hausdorff space. We must show(thg} AC is fuzzy
soft open. Suppose that. .., D(FA)AC then 4_ e 0O(F,), and for someSOE
Hy i () T (FL) 5(S)(€) . DenOtefr, oo (8) = (422 % p42)(S) . Thus gt # 44 and
are two fuzzy soft points salf, and F . in the fuzzy soft topological space. Since

e
(U,E,D) is fuzzy soft hausdorff there exis®,,H , [ 0 such thatF, 0G,,F. OH,

e

with G,nH,=¢ . Hence for eacheOF , Hy v (e)0G,(e)x H,(e) and
(GA(€)% H,A(€) N (F,), =P . Hence (F,), is fuzzy soft closed.
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Conversly, let(F,), is fuzzy soft closed. Lef,,F. O(U,E,[) such that
F.#F,. Then(F,,F,)0(F,), and so(F,,F.)0(F,); such that there exists fuzzy
soft open setd, and G, such that(F,,F.)OH,xG, O (F,); . HenceF,OH, and
F.0G,againH, NG, =®.

Definition 3.3. Let U,U" be universe setE, E be the corresponding parameter sets.
The maph,,: FS(U;) - FSU €) is a fuzzy soft map frorJtoU  which maps the

fuzzy soft subseF, of U to fuzzy soft subsehup(F,)of U whereu:U - U’

and p:E - E is defined as

sup {sup FA(e)}(S) if pe)z® and u(S)z®
[ h,, (F,) ]e.(s') = Jsou(s)| empi(e)

0 otherwise

Also the universe [ I"Lp_l(FA.) ]e is defined as
F, (p(eu(S), for p(e)OE
[ h,"(F) L9 =1,

otherwise

Definition 34. Let (U,E,[}) and(U,E,[J,) be two fuzzy soft topological spaces. A
fuzzy soft mappindh,,: FS(Ug) - FS(U &) is said to be fuzzy soft continuous if

h, (F) 00, OF,00,.
Theorem 35. If (U,E,[) is fuzzy soft hausdorif anti,,: FS(Ug) — FS(U e)is a

fuzzy soft map which is injective, surjective angzfy soft open theU ,E,[0) is
fuzzy soft hausdorff .
Proof: Let Fel.,F%. be fuzzy soft sets if-S(U_) such thatFel. # F%‘. Since hup is

surjective  there exists F,,F, in FS(Ug) such that h,(F, )= Fel‘ and
h,(F,) 00, 0OF,00andF, #F, . As (U,E,0) is fuzzy soft hausdorff there
exists F,, G, 0 0 such thatF, OF, andF, 0G, andF, 1 G, = ®.
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Hence for eace(0E , F, OF,(e) and F, 0G,(e) and F,(e) n G,(€) = P .
Thus h,,(F, ) = R Oh,,(Fa() andh,(F,) = R, Oh,(GA(€) . Sinceh,, is fuzzy
soft open h,(F,) and h,(G,) belongs to O .since h, is injective |,
hp(Fa) A (Gl =hy(FA 1 G,) = .
Thus(U ,E,O) is fuzzy soft hausdorff.

Definition 3.6. Fuzzy soft mappindy,,: FS(Ug ) - FS(U e,) is called fuzzy soft open
if h,(F,)00,, forevery F,00.

Definition 3.7. h,,:FS(Ug) - FSU ') is said to be injective if u and p are injective.
It is said to be surjective if u and p aresurjexti

Definition 3.8. Let (U,E,) and(U ,E, ) be two fuzzy soft topological spaces. A
fuzzy soft functionh,, : FS(Ug) - FS(U &) is called homeomorphism if,, is one to
one, onto, continuous and open.

Theorem 3.9. In fuzzy soft hausdorff space, a sequence conveogasinique point.

Proof: Suppose thatFen} is a sequence ifU, E,[J) converging toF. and IetFen o
Since (U, E, ) is fuzzy soft hausdorff space there exist fuz4y spen sets¥,,G, 0O
such thatF, OF,,F, 0G, and F, NG, =® . This implies that for alle(E,

F, OF.(e),F, 0G,(e) andF,(e) n G,(e) = . As {Fen} converges ta-_ and F,
is fuzzy soft open set containirfg; there exist, ON such thatF, OF, for alln=n.
Since Fen converges ta~; and G, is fuzzy soft neighbourhood df; then there exists
n, ON such thatF, 0G, for all n=n,. Let n,=max{,n,) then for all
nzn,,F, OF,andF, 0G,. This implies thatm, OF,(€) and F, 0G,(e) for all
elJE. ThenF,(e) 7 G,(e) # ®. HenceF, n G, # ® . This is contradiction.
Definition 3.10. Let F,0(U,E,0) and G, O(U ,E,00) . The Cartesian product
F\XGg is defined by(F XG) g as

(F XG) (ag) (€)= L, % L, where K, and ,u'éB are fuzzy subset df)
andU  where 47, =0 if eDE-A and HE, #0 if eJA also u-gB:B if
e DE -B andy% #0 if edB.
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Definition 3.11. Let p:UxU - U , p:UxU - U and q:ExXE - E ,
g :ExE - E be the projections on first and second factorenl(p,q) and(p,q)
are homeomorphisms defined frdthxU to U andU xU to U as follows.

(p,Q)(FyxGg) = ) 'where eDAE 0B =4

(P, q)(FAxGg) = %) where eDA€0B =g

P (FaGs)

Lemma 3.12. Let Let (U,E,0) and(U ,E,[00) be two fuzzy soft topological spaces.
ThenU,U  are homeomorphic to the subspacéJotU .

Proof: Let (F,F,)O0UxU and (ee)0ExE . Our aim is to show that
h,:U -U X{Fe.}DU xU is a homeomorphism wherai:U - U X{Fe‘} and
p:E - EX{e'}. u and p are one to one and ontohgpis one to one and onto.

Now, let us show thah, is continuous. Let=, be the fuzzy soft set in the

subspace U X{Fe‘}' Then there exists open sdb,xH. in the subspace

S(U xU ,ExE) such thatF, = (Gz xH.) n By Jfor p(e) = (e e).
(R )F e, (9 = (. (Ge X He) F Eufe ) (S)
=hp ((Ge X He) A Efe Py
=, ((Gs(€) x He (€)) AU x{F_ )2,
h, (Gs () X{F, )%, if F. OH(€)

0} otherwise

Gg(p(e) u(S) for F OH.(e)

() otherwise
G, if F. 0 Hc(e')

Then (h,)"(F) =] _
® otherwise
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Henceh]p_lFA is fuzzy soft open. S, is fuzzy soft continuous. Now we show
that h,, is open. LetF, be a fuzzy soft open set &h. For e OE.
sup [supF,(@)](S) if p(eh) % Pandu(s)z®

sOu(s) edp?(et)

[ANGARCE

0 otherwise

F.@x{F.}.p€)r Az D

0 otherwise

Hence(h,)F, = F, X{Fe‘}' Which is open and hence the mappingis open.

Theorem 3.13. U andU are fuzzy soft hausdorff spaces tiémxU ' is fuzzy soft
hausdorff space.

Proof: Let U andU be fuzzy soft hausdorff spaces. Let

fe (8, x1), 11 (8, %1,) U XU andy, (a,xb) # 4 (a,xb,) . So we have

He @y # e 3,01 fe by # fe b, . Assume thatye & # e @, sinceU is fuzzy soft

hausdorff space there exist fuzzy soft openfs@ndG such thaty, a OF,,

U 3,0GzandF, n Gy = ®.ThenF,xE and G,xE are fuzzy soft open set on
U xU’. Hence(4 (& xh)) OF,xE', (4 (a,xb,)) 0G, xE and

(FAXE)A (GyxE)=.

Definition 3.14. Let (U, E, [J) be a fuzzy soft topological spaces. A collectiofiuaizy

soft open subsets {f Fo /a0 }.(U,E, D) is said to form an open cover if

E=0 F,, - If the finite subcollection o{ Fo /a00 } coversE thenE is said to be
a0

fuzzy soft compact ieE = 1@1 FAai .

Theorem 3.15. Let (U, E, [J) be a fuzzy soft hausdorff space Hyf, is fuzzy soft compact
onU , then F, is fuzzy soft closed .

Proof: We must show thaF," is fuzzy soft open. LeF, [ F,°. Then F, OF, choose
F, OF, clearly F #F_ fore e JE.AsE is fuzzy soft hausdorff there exist disjoint
fuzzy soft open subsets; andG_ for F, and F respectively such thdb, n G, = o)

, (ie) F, O (GB)FE‘ andF, 0(G_)F, . ThenF,(e) 0 (Gc‘)(e) . The collection
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E= i(GC‘)F (e):F, OF, } is a fuzzy soft open covering éf,. As F, is fuzzy soft
n
compact there exist has a finite sub coverfFsd] Ql(Gc‘ )e. (€). Itis clear that

0(G,)r (6) and 0 (Gy)s., (€)are disjoint. TherF, [1(Gy). 0(D(G,); )° OF,°.

Hence FAC is fuzzy soft open.

4. Conclusion

Fuzzy soft set are very popular subject researcHdns hybrid model which is more
general than fuzzy and fuzzy soft sets can be egpeveral directions easily. In this
paper we construct fuzzy soft hausdorff spacegpameed some theorems.
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