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1. Introduction
In the preceding paper [2], it is introduced thatancept of fuzzy number fuzzy
measures, defined the fuzzy integral of a functidth respect to a fuzzy number fuzzy
measure and shown some properties and generalimee@rgence theorems. It is well-
known that a fuzzy-valued function [3,4] is an edien of a function (point-valued), and
the fuzzy integral of fuzzy-valued functions withspect fuzzy measures (point-valued)
has been studied [3]; so it is natural to ask wérette can establish a theory about fuzzy
integrals of fuzzy valued function with respectftezy number fuzzy measures, the
answer is just the paper's purpose. The papeorisidered as a subsequent one of our
earlier paper is considered as a subsequent ooardarlier work in [2]. In fact, it is
also a continued work of [3]. Since what we wilsaliss in the following is a
generalization of works in [2, 3].

Throughout the paper,’Rill denote the interval[@;), X is an arbitary fixed set,

<A is a fuzzyoc-Algebra [1] formed by the fuzzy-subsets of X,&4,)is a fuzzy

Measurable spacqi:«4 — R™ is a fuzzy measure in Sugeno’s senfief_dp is the

resulting fuzzy integral [1].Operatidn{+,.,",v}, F(x) is the set of all4 - measurable
functions from x to R M(x) denotes the set of all fuzzy measures,)l@notes the set
of interval-numbers, Rdenote the set of fuzzy numbers [2B1x) denotes the set of all
<A -measurable interval-valued functions [B](x) denotes the set of al measurable
fuzzy valued functions [3]M (x) denotes the set of interval number fuzzy mead@ies
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M (x)denotes the set of fuzzy Number fuzzy Measures Y&, will adopt the
preliminaries in [2-4]. Here we omit them for bitgyfor more details see [2-4].

2. Preliminaries )

Definition 2.1. Let f €F (x),A A, T eM(x). Then the fuzzy integral ¢f and4 with
respect to @ is defined as [ fdu=[[ f du",[ fTdu”] where
f (x)=supf ~(x)andf T(x) =supf *(x) , u (x)=infp (x)and

47 (x) = sup u™ ()

Definition: 2.2. Let f F (x),A =A, g eM(x). Then the fuzzy integral of and 4 with
respect to @ is defined as [, fdj(r) =sup {Ae(0,1):r e[, fida;} where
F(x) = {r=(0,1]: f(x) (v) = A} andi; is similar.

3. Main results
Theorem 3.1. Let feF(x), AsA, it eh_f[xj.Theanf ~djz ~ eR*and the following

equation holds ([, fdir ) , = [, fdu, for A€(0,1] (2.1)
Proof: The condition is sufficient.
To prove that the condition is necessary it is ghaw verify equation (2.1)
For a fixedA £(0,1] let 4,=(1- 1/n+1) A thenA,T A.
It is easy to see that
Filx) = Nyyes F ()
= N7zt Fim (%)
=lim, .. f,(x)
Then we have,,, 1 f; " fin 1 Fi "
Similarly, 18", i, 1 ;"
We have
JiFim dity T [ fidity

— + — +
.r_{f/'_n-l-dﬁ/'_n 1 .r_{f/'_-i-dﬁf'.

Hence
([ofdl) ;= NGz J; Findi,
= hmn —rog .r_‘[flndp’n
=f;fandi,

Hence the theorem.

Theorem 3.2. Fuzzy integral of fuzzy valued functions with resp& fuzzy number
fuzzy measures have the following properfysf,, @y <fi, => [, f, djt, = [, 5 di,
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Proof : A£(0,1]. Letd,=(1- 1/n+1)A theni,T A.
Itis easy to see that (f1):(x) = Nyes fi, (%)
=N3=1fry, (%)
=lim, ... f;, (x)
Then we havel f;):, 1(f1) " (F)am 10"
By generalised monotone convergence theorem
fg(ﬂ}szrfiﬁunJr T fgfu+fiﬁu+
Ji(Fyim diy, b [ fii diy, Hence
[L[ fidiy) 2= N2y [ fiandiiyg,
=lim, .. [, f110 00110
A fradiiy;
:L[fi dpy
i:..r_{ﬂ dpt;
Hence the theorem.

Theorem 3.3. Fuzzy integral of fuzzy valued functions with resp& fuzzy number
fuzzy measure BB =>[ fdu <[ fdu
Proof: For a fixed4 (0,1]. let 4,= (1- 1/n+1)A theni,T A.
Itis easy to see that f;(x) =M, ;2 (%)
=N Fa(®)
=lim, . £ (%)
Then we havef;, 1f; ", f2." 1"
By generalised monotone convergence theorem
..rAf/'_n_dﬂ/'_n_ 1 fﬂfz_fiﬁz_
.rAf/'_nJrfiﬁz: 1 .rAf;fiﬁ;
[fﬂ(ffiﬂ) 2= My=y .IFA fand pan
=lim, ... [, fin@ i1
+, frdu;
F, Uicon A fidps
H,fdu = fdu (AIB)
Hence the theorem.

4. Convergencetheorems
In this section we canvass the convergence of segeef fuzzy integrals.
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Theorem 4.1. (Generalised M onotone Conver gence theorem)

Let {f, (n=1), fYO F (), {#, (n=1), 1}0 M ().

Then
0) ftf onAE M E => [ fon dp L [ Fi duy (3.)
i) 7L Fron AR LEt=>[ . dg, L[ frda* (3.2)

Proof: To prove (i) it is sufficient to verify equation@. ForA, =(1- 1/1+k).4 then

AT 4. By the proof of Theorem 2.1 we obtain

fi=lim, _ lim,_ . £,

py = lim,, | limg o 1,

Then

(lim,, _,.. L[f_ndﬁn) e = Nig=q limy, (L[f_n A i

-limg , lim,, ... .rA (fo) 2 () i

.rf[ limy, _, lim,, o (F,) aed (limy o lim, (7)) 4
Gfidm=[(fdm,

This proves (i) and (ii) is similar.

Theorem 4.2. (Generalised Fatouslemma) Let {f, (n>1), f}0 F(x), {&, (n>1),

lim /,,, m 2, 30 #(x) then

()f,lim f.dlim i, <lim [, fdm,
(iyhm [ fdm, < [,(mf)d (hmg,)

Proof: To prove (i) Forle(0,1] let A =(1- 1/1+Kk).AthenA, T A.

i =limy, .. lim, ... £, 0

i =lim, __ lim, __ [, ;. then

lim,, ., L[ﬁzdﬁn) 4= M=y limy, ., (L[ﬁq Ay, )
:L[ lim,,_, . lim,, .. (F,) ed limy lim,, o (2,

Elimy _ lim, inf (f) dlim lim, __inf () 4
.rfflimk elimy, o (im £) d limg  lim, | lim (A, 4

< hﬂf_‘{ limk —+oo limn —+o0 O{:j /'.kd limk —Mclimn —+00 E-ﬁnj Ak
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<lim [ Ujeoa) 4(fa) 29 () 4

lim [, £,df,
(ii) (limy, oo [, Fod ) 4 =M=y lim,, o ([ £ diT,) s

lim, _lim_ __(/ gﬂ df,)
lim,, , .. lim,, .. (sup [ I fo i) i
lim, _, . lim__,_ (Iim LI frdit,) i

<Tim [ lim, _ lim, . () dit,),

<Tim [, lim,_,..(f);d(#,),
£Tim () d(Bmiz,)

Hence the theorem.
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