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Abstract. In this paper, 2—dominating set and 2—dominatiomtmer of a fuzzy graph are

introduced. The 2—domination numbes(G), of the fuzzy graph G is the minimum
cardinality taken over all 2—dominating sets of \Be also prove some results on 2-
dominating set. The exact valuesyg{G) for some standard fuzzy graphs are found.
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1. Introduction
The study of dominating sets in graphs was staltgdOre and Berge [1,9]. The
domination number and the independent dominatiombsu were introduced by
Cockayne and Hedetniemi [3]. Thedomination in graphs was introduced by Fink and
Jacobson [4] in the year 1985. The concept of fuetgtion was introduced by Zadeh
[12] in his classical paper in 1965. Rosenfeld [i@loduced the notion of fuzzy graph
and several fuzzy analogs of graph theoretic cdmscepch as paths, cycles and
connectedness.

Somasundram and Somasundram [11] discussed doominitifuzzy graphs.
They defined domination using effective edges izzfu graphs. NagoorGani and
Chandrasekaran [5] discussed domination in fuzaplgusing strong arcs. NagoorGani
and Vadivel [7,8] discussed domination, independiamination and irredundance in
fuzzy graphs using strong arcs. NagoorGani andaRres Devi [6] discussed edge
domination and edge independence in fuzzy graphs.

2. Preliminaries

A fuzzy graphG =< og,u >is a pair of functiong:V — [0,1] andu:V XV — [0,1],

where for all x,ye V, we haveu(x,y) < a(x) Ao(y). A fuzzy graph H < 7,p > is

called afuzzy subgrapbf G if 7(v;) < o(v;) for allv; € V andp(v;, vj) < u(v;,v;) for

allv;,v; €V. Theunderlying crisp graplof a fuzzy graph G < g, u >is denoted by G
=<c*, w*>, wherec*= {v; €V / o(v;)>0} and p* ={(v;,v;) € VXV [ p(v;,v;) >0}. An

edge in G is called aisolated edgéf it is not adjacent to any edge in G. A nodeains

called anisolated nodéf it is not adjacent to any node in G.path with n vertices in a
fuzzy graph is denoted RBs. A fuzzy graph G < g,u > is acomplete fuzzy grapif
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u(;,v;) = o(v) Aa(v)) for allv, v; € o*. An arc(x,y) in a fuzzy graph G <o,u>
is said to bestrongif u®(x,y) = u(x,y) thenx,y are calledstrong neighboursThe
strong neighbourhooaf the nodeu is defined asNs(u) = {v € V:(u,v) is a strong
arc}. A subset D of V is called dominating sebf a fuzzy graph G if for every €
V— D, there exisu € D such thau dominates. The domination number (G), of a
fuzzy graph G, is the smallest number of nodesiind®minating set of G.

The 2-dominating seb of a graph is defined as if for every nade V—D there
exist atleast two neighbours in D. In this paperdigeuss about 2-dominating set and 2-
domination number of a fuzzy graph.

3. 2-dominating set

In this section, we define 2-dominating set andogithation number of a fuzzy graph
with suitable examples. We also derive some resultthe 2-domination number of the
fuzzy graphs.

Definition 3.1. A subset D of V is called 2 dominating set of G if for every node €
V—D there exist atleast two strong neighbours in D.

Example 3.2.
08)ay 0.8 #5(0.8)
0.7
0.6
0.7
(0.8)d® I #c(0.7)
(G)
Figure 3.1:

{a,c,d},{b,c,d} and{a, b, c,d}are 2-dominating sets of the fuzzy graph G.

Definition 3.3. The 2-domination number of a fuzzy graph G denoted py(G), is the
minimum cardinality of a 2-dominating set of G.

Example 3.4.

0.6 c

d
(©)
Figure 3.2:
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{b,c,e},{a,cd},{ab,ce} {bcd e} {ab,cd}{acde} and{a,b,c,d, e}
are 2-dominating set of the fuzzy graph G.

Definition 3.5. A 2-dominating set D of a fuzzy graph G such {Bd4t= y,(G) is called
aminimumz2-dominating set of G.

A 2-dominating set D is calledrainimal 2-dominatingset if no proper subset of
D is a 2-dominating set of G.
Example 3.6.

| ©G)
Figure 3.3:
Here{c,d},{a, b, c},{a, b,d}and{a, b, c,d} are all 2-dominating set of the fuzzy
graph G.
The setfc, d},{a, b, c} and {a, b, d} are minimal 2-dominating sets of G.
The sefc, d} is the minimum 2-dominating set of G.

Theorem 3.7.1f |Ng(v)| <1, thenv belongs to every 2-dominating set of the fuzzy
graph G.
Proof: Let G be a fuzzy graph andeV has atmost one strong neighbour in G. Let D be
a 2-dominating set of G.
Case (i):

Suppose has no strong neighbours in G. (V) = 0.

Thenv is not dominated by any node in D, sincis an isolated node in G. Thus
v should be dominated by itself.

Hencev belongs to every 2-dominating set of G.
Case (ii):

Suppose has only one strong neighbour in G.

Suppose ¢ D.

Thenv has atmost one strong neighbour in D. But D isdominating set of G
i.e., every node € V-D has atleast two strong neighbours in D. SingeD and has
atmost one strong neighbour in D then D is not do@inating set of G, which is a
contradiction to our assumption.

Thereforep € D, for every 2-dominating set D of G.

Theorem 3.8.Every 2-dominating set of a fuzzy graph G is a duting set of G.
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Proof: Let D be a 2-dominating set of the fuzzy graph Gel every node in ¥ D has
atleast two strong neighbours in D i.e., for eveoglev € V—D, there exist minimum
two nodes in D and both dominates

Every node in VD is dominated by atleast two nodes in D. Thus [ais
dominating set of G.

Corollary 3.9. If G is a fuzzy graph them,(G) = y(G).

Proof: By the above theorem, every 2-dominating set afzayf graph G is a dominating

set of G. Thus every minimum 2-dominating set 6§ @lso a dominating set of G.
Therefore,y,(G) = y(G).

Theorem 3.10.Every connected fuzzy graph G has a minimum 2-datinig set D then
V - D need not be a 2-dominating set of G.
Proof: Let D be a 2-dominating set of G andiet V.

SupposéNs(v)| = 1, thenv belongs to every 2-dominating set of G.

Thusv belongs to every minimum 2-dominating set of Gefv — D has either
no strong neighbour af or only one strong neighbour of Thus V- D does not has
two strong neighbours far.

= V - D is not a 2-dominating set of G.

Suppose every node in D has atleast two strorghbeurs in V—D.

Then in this case, every node in D has atleaststnang neighbours in &% D.
Thus V- D is a 2-dominating set of G.

Hence V- D need not be a 2-dominating set of G.

4. 2-domination number for standard fuzzy graphs
In this section we discuss about the 2-dominatietgaad 2-domination number of some
standard fuzzy graphs.

Theorem 4.1.If e = (u,v) is an isolated edge in a fuzzy graph G then hadhdv are
in every 2-dominating set of G.
Proof: Lete = (u,v) is an isolated edge in a fuzzy graph G. théna strong arc in G
i.e.,u andv are strong neighbours in G.

= Ns(uw) = {v}andVs(v) = {u}

= |Ng(w)| = landNs(v)| = 1

SincgNg(v)| = 1, thenu belongs to every 2-dominating set of G. Simillarly
belongs to every 2-dominating set of G.

Thus bothu andv are in every 2-dominating set of G.

Corollary 4.2. If G is a fuzzy graph and G*nK, then y,(G) = 2n.
Proof: Let G be fuzzy graph and G*nK,.
K, is a complete fuzzy graph with two nodes i.e. rargt arc with its nodes.
By above theorem, both the verticeKgfis in the 2-dominating set of G.
Thus the fuzzy graph G has all twe nodes in the 2-dominating set of G and
also it will be in the minimum 2-dominating set@®f
Therefore,y,(G) = 2n.
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Theorem 4.3.If K,, is a complete fuzzy graph,> 2, theny,(K,) = 2.
Proof: K,, is a complete fuzzy graph withnodes. Here every node A is a strong
neighbour to all other nodes in it.

Thus any two nodes ik, will form a 2-dominating set df,, and it will be a
minimum 2-dominating set &f;.

Thereforey, (K,) = 2.

Theorem 4.4.1f G is a fuzzy graph and G* is a cycle with n nsedleen the 2-domination

number of G,

n+1 .
—J , if G has more than one weakest arc.

v2(G) =11,
lEJ + 1, if G has only one weakest arc.

Proof: Let G be a fuzzy graph and G* be a cycle withodes. Lev,, v,, ... ... , U, be the
n nodes of G.

Case (i): If G has more than one weakest arc then all the af& are of strong arcs.

Then [nT“J nodes in G will form a 2-dominating set of G.
n+1

Thereforey,(G) = ITJ

Case (ii): If G has only one weakest arc then G has1 strong arcs and only one non
strong arcs.

If e=(vy,vy) is the only one non strong arc in G thak(v,)| =1
andNs(v,)| = 1.Thus bothr; andv, will be in every 2-dominating set of G. Therefore

EJ + 1 nodes in G will form a 2-dominating set of G.
Thereforey,(G) = EJ +1.

Corollary 4.5. If B, is a fuzzy path witlm nodes thery,(G) = EJ + 1

Theorem 4.6.Let G be a fuzzy graph and G* is a star with 1 nodesn > 2,
theny,(G) = n.
Proof: Let G be a fuzzy graph and G* is a star witht 1 nodes.

The nodes except the centre node will have ondystrong neighbour and it will
be in every 2-dominating set of G. And the centilehave all othem nodes as its strong
neighbours. The nodes except the centre node amith 2 2-dominating set and it will be
the minimum. Thereforg, (G) = n.

5. Conclusion

We defined 2-dominating set and 2-domination numbea fuzzy graph. For some
standard fuzzy graphs, we have given the exactevaluthe 2-domination number.
Further works are to find the relation between 2muohation number with edge
domination number of fuzzy graphs.
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