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Abstract. Given two fuzzy graphsGl:(gl,ﬂl)and GZ:(U'Z,'Uz)We consider some

parameters of domination such as k-dominating setsected-k dominating sets, total —
k-dominating sets and composition(glfand G,.
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1. Introduction

The first definition of fuzzy graphs was proposeg Wafmann [3] from the fuzzy
relations introduced by Zadeh [14]. Rosenfeld [idfroduced another elaborated
definition including fuzzy vertex and fuzzy edgeshe concept of domination in fuzzy
graphs was introduced by Somasundaram and Somaammdd2] and Somasundaram
[6] developed the concepts of independent dominattotal domination, connected
domination and domination in Cartesian product aodhposition of fuzzy graphs.
Nagoorgani and Chandrasekaran [8] discussed daonnat fuzzy graph using strong
arcs. Also Nagoorgani and Vadivel [9] discussetzfuindependent dominating sets. In
this paper we extend domination in Cartesian amdposition of fuzzy graphs to another
domination parameter such lagdomination.

2. Preliminaries
Definition 2.1. [8] Let G:(o',,u) be a fuzzy graph on V. Lan,vdV. We say thau

dominatess in G if (u,v) is a strong arc. A subset D of V is called a datiing set of G
if every vOV — Dthere existsy 0 D such thati dominatesy.

Definition 2.2. [8] The minimum fuzzy cardinality of a dominating set3 is called the
domination number o& and denoted by,((;)_
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Definition 2.3. [9] Let G=(o,u) be a fuzzy graph. Two nodes in a fuzzy graph G are

said to be fuzzy independent if there is no strargbetween them. The minimum fuzzy
cardinality of an Independent dominating set ofs@alled the independent domination
number of G denoted byi(G)

Definition 2.4. [9] A fuzzy independent sef of G is said to be maximal fuzzy
independent set if there is no fuzzy independenivhese cardinality is greater than the
cardinality ofS

Definition 2.5. [9] The maximum cardinality among all maximal fuzzyependent set is
called fuzzy independence number of G and is delrim}q;((;),

Definition 2.6. [9] Let G be a fuzzy graph without isolated vertices. AsmiSof V is
called a total dominating set Gf is every vertex i/ is dominated by a vertex f&(or)
equivalentlyS is a dominating set db and the induced subgra@{S] has no isolated
vertices. The minimum fuzzy cardinality of a totd@minating set o is called the total
domination number o6 and denoted byt(G)_

Definition 2.7. [9] Let G be a connected fuzzy graph\af A subsetSof V is called a
connected dominating set &fif Sis a dominating set ar@[S] is connected subgraph of
G. The minimum fuzzy cardinality of a connected dluetting set is called the connected
domination number oB and is denoted bYC(G)

Definition 2.8. [6] Let G, :(al,,ul)and G, =(0,,u,) be two fuzzy graphs on.\and \,
respectively. Then the composition ®f andG,, denoted byG, - G, is the fuzzy graph
onV, xV,defined as foIIowsG1 °G, = (0—100—2, 7R qu)
Whereg, o g, (u,,u,) =0o,(u,) 0o ( u)and

o (u) du,(uyy,
o] (U ). (o) = {af(uz)) O 02(( v,) )D,ul( u,v,) otherwise
Definition 2.9. [6] Let G, = (gl,ﬂl)and G, = (Uzyﬂz)be two fuzzy graphs oW,
andV, respectively. Then the Cartesian producfand G,denoted byG,[] G, is the
fuzzy graph orv, x v, defined as foIIowselg G, = (0'1D o, uu 2)
Whereo,lo,(u,u,)=0,(u) 0o (u,)and

if u=v, u,z v,

o, (u,) O, (u,v,) if u=v,
/-11D/-12|:(u11 uz) ’(Vl’ Vz):l = Uz( uz) Dlul( ulvb ifu=v.
0 otherwise

Definition 2.10. [6] Let K = 1be an integer. Let;;(\/, E)be a graph. A sdb of

vertices ofG is defined to be a totak dominating set o if every vertex inV is within
distancek from some vertex of D other than itself.
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3. Main results
Theorem 3.1. Let Gszbe connected an@)K D, be k-dominating sets db; and G,

respectively. Theg g, is connected and we have
i) If D, is connected thep, xy,is a connecte-dominating set oG1G,.

i) If D, is connected thele Dzis a connectei-dominating set ot;lm G,
Proof: First we prove thatG G, is connected. We consider two arbitrary distinct
vertices ofV, x\/,such as(xi, Y, )and (%, %)

To show: There exists a path between these two verticdgifallowing 3 cases.

Case (i)x = %

There exists a pathp:y;, ARE y Connectivity OGZ,,uz(uv) > Ofor each two

verticesy, v of path p.

> i (xu).(x.9)]= 0, (X) Dy >0
Thereforep™:(x, ) (%, v,)( % ¥)-.{ X, ) is the path betwee(x, Y, )and
(% %)incre,

Case (ii) Y = Y%

Now consider a patig| : X, X )§2 K

() (v 9]z y) u(wy>o

q';(x, Y, )( X, M)( X y) ( X, J.y)iS the path betwee('x,yj)and(yk, yj)

Case (ii)x # X,y # ¥

LI There exists a pat(‘bg, Y, )( x, y )by (1) and(x, y )to (X, ¥ ) by case (4)

The union of this two disjoint path is a path b&twé)g, Y, )and(xl, Ye)

Also if D,and D, are minimum dominating sets of

G, = (0, 4)aN0G, = (0, 1,)then y(G1G,) < min{| D, x V|, |V;x D} }

0 D, xV,andv, x D,are k-dominating sets and the connectivity of thismsimilarly

proved.

Definition 3.1. [5] A set S of vertices of a grafghis defined to be k-independent@if
every vertex oSis at distance atleak#1 from every other vertex @&in G denoted by

i(G).
Theorem 3.2. Let p, and p, be k-dominating sets of the fuzzy grapBs= (01,;11) and

G, =(0o,, u,) respectively. Them, x D, is ak-dominating set oG, o G,
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Example3.1. G; G,
5 4
Uim 3 Vi 4 V2
2
W m.2 2 3
1
\2 2 V3
n.l 2 3
U3
D1={u2} D2 ={V2,V4}

Dy, ={V1'U3} Dy, ={V,,v}
%()=3 7, () =5
01(u3)='1 Jz(vs):"?’

DKl x DKZ
CORE
3 1
.l. ..1
UV .3 UgV3

(uv5) (W ) = minf o,( v) Oe( u, u) ]= min{ .30 .} = 0.1
(Upo¥e) (s ) = min[ o w) Ope( g, )] = min{ .10 3= 0.1
(usw0) (U, ) = minf o( ) Op( wu) | = min{ .50 .} = 0.1

Theorem 3.3. Suppose thai has no isolated vertex anyklis a total k-dominating set
of G,. Then GG, has no isolated vertex arujk xvzis a total-k dominating set of
GG, l

Proof: For proving D, xV,is a total —k dominating set @1 G,.

First let us prove that any vertex frolx V, is not an isolated vertex.
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Let (u, V) be an arbitrary vertex i, x \V,.
Then there exists a vert@in DklleCh thatyO N ( x)
Now [ (u,v) (% )] = 44 (v} 0o ()
=0,(u)0oy(x) Oo,(V)
=o(u,v) Oo(x V)
= (u,v)ON[(x V]
0 (u,v) is not an isolated vertex and sirﬁqev) 0Dy, xV,, O \jis a total —k
dominating set oG, . Hence the proof.

Remark 3.1. Under the similar condition/ x D, is a total —k dominating set of
2
G,UG,.

G,
G,
my,
V,= {v4,v5,v6}
| | [ ] i
Vg Vv
VI:{vI’VZ’VJ} V. Va V1V 6 ViVg
mV2 o ViVs =
VaVs
m v, VoV, » mV2Ve
G1D G2 | L] l
V3V4 V3V5 V3V6
D, ={v.} V2 ={ Vi %6 W total -k domination set oG,

0D, xVv, ={V,V,, , %, L} is a

Theorem 3.4. Let D, and D,, be k-dominating sets @, andG;, respectively.
a. Dklezis an independent k-dominating set of,[]G,if and only if DKl is k-
independent and
m(w)<o,(w) uvlQ wly 1)
) tp(wz)<o(Wul R, way @
i) 1,(W2) <o,(WOo,(3 wazy

207



A Study on Fuzzy K-Domination Using Strong Arc
b. V, x D, is an independent k-dominating set of,(1G,if and only if Dy is k-
independent and

OACYREAQY UMY Ve R, 3)
i) 1 (uv) <o, (u)Ooy(V), uvdy )
1, (wz) <o, (u) uy, wl R

Proof: Sufficiency
We show that every two distinct vertices gf x\v,such as(x,y,)(x, y,)are not

adjacent. Ifx, = x,then by 2(i) and 2(ii)
AL ) (% yo) [= (%) D o ¥y
=ty (Yu ¥2)
<0,(y,) 00,(y,) 0oy x)
=0(x, ;) Do(x, )
If y, = y, the result will be obtained by independerﬁ% yl) of D,and inequality (1).
If X, # %,, y,# Y,then by definition we havgy(x, y,)(x, y,) =0
Hencgx,, y;)( %, y,)cannot be adjacent.

Similarly the necessary part
Suppose (2) (i) is false, i.e., there exigisz[] \/zsuch thapz(wz) = 0’2( M DUZ( z)

If uis any vertex oD,,
([ (. w)(u A]=0,( 9 O ,( W)
=0(u) Do, (w) o,( )
=o(u,w)0o(u, 2
> DKl xV,is not independent.
LI Our assumption is wrong hence 2 (ii) is true
ie., ,Uz(WZ) <02( v\) DO‘Z( j, w Z1 \. Similarly we can prove (b).
Theorem 3.5. Let G be a connected fuzzy grapb,be a connectek-dominating set of
G; and D, be ak-dominating set ofG,. Then GloGziS connected and)lx Dzis a

connectek-dominating set of it.
Proof: Suppose thafu,v),(w, 2 0 \{x
Since G, is connected, there exists a ppthu, X, X%,,..., %_,, Win G,

» Pt (V) 06906y (Y wisa(uy) -(w Zpathing, - G,

SinceGl ° GZis connecteoDl X Dzis also connected.
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Example 3.2.
G,
7
Ulr G2
8 6 7
| ] 6 n 6 |
u W.
v F 8 7] Vo 2
l D, = (Uz, V\é)
Wy .5
D, ={u, w}
GG,
uilp uiva u;wo
7 5 -6 o
7 7
Vilp 6 . 6 Viwp .7
ViV,
.8
7
5 6
WUy W:Vz WiW5,
5 5 5

Dy, % Dy, ={uty, U, W, W

U Uy uWy

i
Wally WiW,
Algorithm 3.1. Algorithm to find a k-dominating set
1. Find ,um(u,v)for all edges(u,v)
Delete all the weak edgc(s')

Select the verten with maximumy -edges inG'

Group the vertices k-dominated bysV,

Find G'-V =D,

Repeat the steps from 3 to 5 until we get isolstatices.

Now the vertices which are selected from step 3 ianthted will form a k-
dominating set.

No ok~ N

209



A Study on Fuzzy K-Domination Using Strong Arc

Example 3.3.

Vlz{vl’ V3}
G-V, ={w, v, v, ¢y =0Q,V- Q=(v \is within distance-k ©

At least one vertex iD, .

Example 3.4.
G G'
7 \% V.
V;7 5 .SV2 Vi 5 v, . 5
=
7
7 4
v
- =
1 9 Vg4 .8 V3
—— 1
Va 8 s Vg 8 Vs !
V=1V Yy G'_\/lz{VZ’th}z 9}
V - D, ={v, w} is within distance-k of at least one vertexiy.

Result 3.1. For eachv[1D, there is no vertex iD dominatew.

Proposition 3.1. For eachv[] D, there is a vertex ifD, such thak-dominatesr.
Proof: Suppose there exists no vertexp, k-dominates v.

This implies there is only one edge between the temices and that must be a strong
arc.
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Thereforegachv1 D, there is a vertex ifD, dominates v, which is a contradiction to the

result.
Hence for eaclv[] D, there is a vertex i, ,k dominatesv.

Proposition 3.2. Let D be a k-dominating set of a fuzzy graph G thenbridge exist
between any two vertices 9f- Dy.

Proof: Suppose there exists a bridge between any twacesrtif/ — D, .
i.e., u,vOV- D, this implies,(u,v) must be a strong arc

» Eitheru dominatess (or) vdominatesu.
But by result (1) there is no vertex in D dominates
Hence bridge cannot exist between any two verté&s—D,.
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