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Abstract. In this paper, we study the structure of 5-critgraphs in terms of their size. In
particular, we have obtained bounds for the nurobemajor vertices in several classes of
5-critical graphs, that are stronger than the xjdbounds.
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1. Introduction

An edge-colouring of a graph is an assignment ¢dws to its edges so that no two
adjacent edges are assigned the same colour. Thvmatic index of a graph G, denoted
by x'(G), is the minimum number of colours used amohgaburings of G. If a vertex

v of a graph G is of maximum degrée(G), then v is called a major vertex; otherwise a
minor vertex. If y' (G) = A(G), G is said to be of class one; otherwise Gaid o be of
class two. A graph G is said to be edge chromaitical if G is connected, of class 2 and
X' (G—e)<y' (G) for every edge e of G. If G is critical af¥i(G)=A, then G is said to
be A - critical. In this paper, all graphs are finiggmple, undirected and have n vertices
and m edges.

2. Notations

Let G = (V, E) be a graph with n vertices, m edgasximum degreeA (G) and
minimum degreed (G). The degree of a vertex v in G is denoted (W.dThe number
of vertices of degree j is denotedrby. N(x) denotes the set of all vertices adjacent to
in G and N(x, y) =N(x)U N(y). If S and T are disjoint subsets of V(G),rheS , T ]
denotes the set of all edges with one end in Sthadother in T. [S] denotes the
subgraph of G induced by S and |[S]| denotes |EfgIF)= 1™ 2™ ...A™ denotes the

degree sequence of G, wherenf= 0, then the factor] " is customarily omitted in
n(G).

81



Edge Chromatic 5 - Critical Graphs
3. Known results
R1 :Vizing's Adjacency Lemma[10] (VAL): In a A - critical graph G, ifvw is an edge
and dv ) = k, thenw is adjacent with at leagh— k + 1 other vertices of degrek. In
particular, G has at lea#t — d + 2 vertices of degred\.
R2: Fiorini'sinequality[4]: Let A = 3be an integer. If G is & -critical graph, then
n-1 n.

n,= 2 ——.

s JZ =
R3: Vizing'sConjecture[11]: If G is a A- critical simple graph with n vertices, m

edgesand) = 3, then m3 %[(A -1)n+3].

This conjecture has been verified for the grapib Wi < 6 [5, 6, 7, 8].
R4: (Fiorini[4]) If G is a A - critical graph, then n}%\v\ (A+1)-

The best known bounds are still far from the catjeszi bound.
R5:( Zhang [12] ) Let G be aA - critical graph, xyIE(G) and d(x) + d(y) =A+ 2.
Thenthe following hold:
() every vertex of N(x,Yy)\{x, y}is a major vert;
(i) every vertex of N( N(x,y))\{x, y}is at leasf degree A - 1;
(iii) If d(x), d(y) <A, then every vertex of N( N(x, y) )\ {x, y} B major vertex.
R6: There are no critical graphs of order 4,6,8. |1, 2
R7: A 2-connected graph of order 7 is critical if amuly if its degree sequence is one

among the following:2”, 23°, 24°, 3%4° 25° 345° 4%5% 45°6* ,5'6°.[2 3]

3.1. Main theorems
Throughout this section, we use the followingations:
M denotes the set of all major vertices of G and N,,N, are the sets of all vertices of

degree two, three and four respectively, denotes the set of all major vertices which
are adjacent with at least one 3-vertex, but noh\any 4-vertex,v,is the set of all

major vertices which are adjacent with at least &nertex, but not with any 3-vertex
and wm,, is the set of all major vertices which are adjaedth vertices of degree 3 and 4.

Then, M, , M, andw,, are pairwise disjointN; denotes the set of all 3-vertices which are
adjacent with 4-vertices\, is the set of all 4-vertices which are adjacenh\8itvertices
and Ny is the set of all 4-vertices which are adjacenhwit least one 4-vertex. By VAL,
each 3-vertex can be adjacent with at most onatéxwand vice versa.Henog|| = |N;|.
Also, let .| =17, IM,, [ =m', M= n', IN;I = IN; | =8, | = tand [N,]| = .

Lemma 1.If G is a 5-critical graph, then the following dol

MDIEN,. N I=s; (1) 1M, NoTIFIEM 5,0 NI = s (i) [[NG]] = 0 andN, AN =¢.

Proof: (i) Since N, | =s, N;has s 3-vertices which are adjacent with 4-vertigss
VAL, each 3-vertex can be adjacent with at mostéwnertex. Hence |N,, N,] | =s.

82



J. Sakila Devi and K. Kayathri

(i) Each vertex inM,,is adjacent with a 3-vertex and a 4-vertex. HebgeyAL, each

vertex in M,, has exactly three major neighbours. Hence eadbwar M,,is adjacent
with exactly one 3-vertex and one 4-vertex.

Thus | My, NoT | =[[May, N1 = [ Mg, [ =m".

(iii) Since each vertex i} is adjacent with a 3-vertex, by VAL, each vertexN|, has
exactly three major neighbours. HendéN]] | = 0. Since each vertex iN} is adjacent

with exactly one 3-vertex and three major vertieash vertex inN, is not adjacent with
any 4-vertex. Hencél, 1N} = ¢.
In the following theorems, we have obtained boulodghe number of major vertices in

several classes of 5-critical graphs, that arenggpthan the existing bound given in R2.
Also, we have obtained new bounds on size m ingesf order n and minor vertices.

Theorem 3.1.1.Let G be a 5-critical graph. Suppose that everyomegrtex adjacent
with a 4-vertex is adjacent with a 3-vertex.

Then ()n, > 2n, +>n,+n, and (i) m > 2n+"2 4%

Proof: By the Lemma, M,,, N;]|=|[ M3,, N,1I=| M5 |=m'and|[N;, N,]|=s.

Then, by VAL, |[N; ,M]|=(n;-s)(3)+2s = B; -s.

Now |[Ng, My 1[=1[N;, MT|-|[N3, Mg]|=3n-5s-[[N,, Mg] |=3n;-s-m'"
Also by VAL, [[M,, Ny ]| <2I'. Thus rzw_By hypothesisM , = @
Thus m' =|[N,, Mg, ] |=[[N,,M]|= 4n,-|[N,, Ny 1]-2|[N, 1| = 4n,-s -2r.
Hencel '+m'’ ZSn3 —§+2n4 —g—r.ThUSn5 > 2n,+1'+m' = 2n, +gn3 +2n, -s-r.(1)

By VAL, every 4-vertex can be adjacent with at ntesi 4-vertices.
Hence 5, = 3dy, (V) < 2t and so <t. Thens +r< s+t < n,. Hence using (1),

VON,

n = 212+gn3+n4. NOow?2m = 2n,+3n,+4n, +5n, > 4n -2n, - n3+2n2+gn3+n4.

Thusm > 2n +8+14
4 2
Theorem 3.1.2.If G is a 5-critical graph in which every 3-vertexadjacent with a 4-
vertex, then (. » on,+ ¥ +2n, and (i) ;> on + 2 4N
5 ° 3 10° 3

Proof: Let ull M;be adjacent with yI N,. By hypothesis, y is adjacent with a
4-vertex,say x. Then d(x) + d(y) = 7&+ 2 and so by R5, all the other neighbours of u
are major vertices. Thus, every verteX MM, is incident with an unique edge in
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[M,,N,] and so M, N;]= |M,| =I . 1)
Moreover, every Il M;has four major neighbours. By hypothesis and VAW, || =n,.
By the Lemma, |N,]|=0. Let |[N,,M,]| = t'.Again by using R5, these edges are
incident witht' vertices inM,, each of which has four major neighbours. ThusyAi,
Sdy (V) 2 4@2n,)+4l+3m 4t +(n-t)(2)= BNy + 417 +3m'+2n" +2t ()

vOM

By the Lemma and hypothesisNf, N, ] = n,.
Now [ [N3g,M 1] = 3n;— | [N;, N, ]| =2n,.
ThenZdM (v) =5n=|[N,UN;UN,, M]|= 5n; =[2n, +2n;+4n, —n, - 2r]

Vo
= 5n,-2n,—-n,—-4n, +2r 3)
By (2) and (3), 5n,—2n,—n,—4n,+2r > 8N,+4]'+3m'+2n'+2t" 4)
Now, by the Lemma, W15, N, 1|=|[Ma,, N; 1| =|M,| = m' and so

| [Ng, M3] [ = [Ng,M ][ -[N3, Mg, ]| =2n—m"Thus, by (1) '=2n;—m".

(5)
Also [[N,, M| = 4n, -|[N,, Ny T|-2][N, ]| = 4n,—n,~2r.

Hence |N,, M,1] = |[[N, ,M1]-][N,, M, ]|=4n,—n,—2r—m". ©6)
Also, by VAL, [[M,, N,]|<3|M,| and so, using (6)n’ > 4”4‘”%2“”"_ )
Using (4), (5) and (7),

5n, —2n,—n,—4n,+2r = 8N,+ 4(2N;— m') + 3m'’ +2(4n4 —n33— 2 _mj+2t'.

Thus 5n, > 10nz+2—5n3+@n4—§m‘+ or - 19, (8)
3 3 3 3

By the Lemma,N}, (1 Ny=¢.Now | N, | = | Nj| + |N; |and son, = n,+t.

Also, by VAL, every 4-vertex can be adjacent witmest two 4-vertices.

Hencesy, = >dy, (V) < 2tand so t.Thus £n, —n;. Also, by VAL, m'sn,.

VON,

Thus, using (8), we have, > 2n2+2n3+§n4+§t'. 9)

Suppose thavw is an edge, whekell M;, and W LI N;. Then, by hypothesisy is

adjacent with a 4-vertex, saylzN}. Then, d(v) + d(z) = A +2. By R5, any vertex of
G at distance two fronwv is a major vertex in G. But, by hypothesisis adjacent with a

4-vertex. Hence z is the 4-vertex adjacent wittHence |M,,, N;]| = [Mg,| =m' <n;.
Now t" = | [Ny, M, ]| = 4Ny [=|[Ng, Ng] [ =[N, Mg, ]| 2 4ng—ng —n, = 2n,.
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Hence, using (9), n = 2n, +1—54n3+§n4. Then,

2m = 2n2 +3n3+4n4+5n5 = 4n _2n2_ I’l3+n5 > 4n +gn3+gn4_Thusm > 2n +3n3+&_
5° 3 1C 3
Corollary 3.1.3. Let G be a 5-critical graph in which each 3-veiiteadjacent with a
4-vertex and no two 4-vertices are adjacent. Then
; 32 4 T 17 2
() n 2 2n, +one o, and (i) > 2n gt
Proof: Using the same notations and proceeding as in €hearl.2, we have r = &'

<N, andt' > 2n,. Then equation(8) in Theorem 3.1.2 becomes

25 20 5 32 4
5n, zlonz+§n3+§n4—§n3+4n3_Hencen5 > 2n2+En3+§n4'

Then 2m = 2n,+3n,+4n,+5n, = 4n-2n,- n,+n, > 4n +17;n3+gn4

and som > 2n +£n3+2n4_
3C 3

Theorem 3.1.4.If G is a 5-critical graph in which every 3-vertexadjacent with a 4-
vertex and each major vertex is adjacent with atriveo 4-vertices, then

: 14 4 i 9 2

(i) n, > 2n, + ng+ o, and (i) m > 2n N,

Proof: Using the same notations and proceeding as ior€he 3.1.2, we have

Bn, —2n, —Nn, —4n, +2r > 8N,+ 4| '+3m'+2n"+2t’ N
m'Sng,t'EZns,rSnA—ns, I'=2n; —m’ (2)
and |[N4 , M4]| = 4n4_n3_2r_ m'. 3)

Since each major vertex is adjacent with atmostdwertices, |M,, N,]|<2|M,|.
an,-n,—-2r-m' )

2
- 14 4
Using (1), (2) and (4), we havg, > 2n, H oMo,

Hence, by (3),n' >

4
e

Then 2m = 2n,+3n,+4n, +5n; > 4n—2n2—n3+2n2+%§n »

Thus m > 2n +gn3+gn4.
1C 5

Theorem 3.1.5.Let G be a 5-critical graph. Suppose that everyomegrtex adjacent
with a 3-vertex is adjacent with a 4-vertex. Then

i 2 .S . 1 1 s
n =22n+2n.+—n,+—and (i)m > 2n +=n,+=n, +-.
() 5 2 37343 (i) STty

Proof: By the Lemma, [M,,, N;]|= |[[M,,, N,]| =m'and[N;, N,]=s. 1)
By hypothesisM; = ¢.
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Thenm'= |[N3, Mg,]| =[N3, M]|=3n;-|[N;, N ]| = 3n; —s . &)
Suppose that yu is an edge, wherel W;and Ul M,,. Then, y is adjacent with a 4-
vertex, say x inN,. Then d(x) + d(y) =7 A + 2. By R5, any vertex of G at distance
two from y is a major vertex in G. But, u is adjacwith a 4-vertex. Hence x is the 4-
vertex adjacent with u. Thus, corresponding to ezage fromNsto M,,, there is an
edge fromM,, to N, and vice versa. Thus M, , N; 1| = [[N;, M;,]| = 2s. By
the Lemma, |N;]| = 0.Also, | [Ny, N; 1|=|[N,, Ny ]|=s.
Thus [IN;, M, 11 = 4N |- 1[Ny, Ny TI-1[Nj, My]| = 4s—s-25 = 5.
By R5, these s edges are incident with s vertineMj,, each of which has four major
neighbours. LeMM, be the set of these s major verticedMp. Thus M, J M,and
|[N,,M;1] =s. (3)AlsoM,- Mj| =n'-s.
Now |[N,, M,- Mgl =4n, - Ng, Ny 1 - 2 [N, - I[N, Mg,]i - I[N, , M, ]|
and by using (1) and (3), NI,, M,- M,]| =4n,-s —2rm'-s. By VAL, every 4-vertex
can be adjacent with at most two 4-vertices. HeBce szA (vy<2tand so I<t.

VON,
Hence, s + s +t<n,.Hence |N,, M,- M;]|=2n, - m".
By VAL, |[M,-M,, N,]|<3(n'-s).Hencen' -s 2N M 4)

3
Then, using(2)and(@n'+n' > 2n3+§n4+§.

Thusn, > 2n,+m'+n'> 2n2+2n3+§n4+§.

Then 2m = 2n,+3n,+4n,+5n, = 4n-2n,- n,+n, > 4n +n3+§n4 +§_
Thusm > 2n +1n3 +;n4 +3,

2 3 6
Theorem 3.1.6.Let G be a 5-critical graph. Suppose that everyomegrtex adjacent
with a 3-vertex is adjacent with a 4-vertex andheaajor vertex is adjacent with at most
two 4-vertices. Then (ih, > 2n, +§n3+n4 +3and (im > on+e 4Ny S

2 2 4 2 4

Proof: Using the same notations and proceeding in the@térb, we havem'= 3n,-s,r

+s<n,,|M,-My| =n"-sand | [N,,M,-M;]| =22n,—m'. Since each major
vertex is adjacent with at most two 4-verticeB) JF M, N, ]| < 2(n'-s).

2n,-m' S

Hencen'-s2 .Thus m'+n' > §n3+n4+f.
2

Hencen, > 2n,+m'+n' = 2n +§n -
5 2 2 2 3 4 2
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Then,2m = 2n,+3n,+4n,+5n, = 4n-2n,— n,+n, > 4n +123+n4+§,

Hencem > 2n +24+044 S
4

4

Theorem 3.1.7.If G is a 5-critical graph in which every 4-vertexadjacent with a 3-

vertexthen () n, > 2n2+gn3+1€1n4 and (@ m > 20 +1n,+ o,

Proof. Since each 4-vertex is adjacent with a 3-vertgx\VBL, each 4-vertex has 3

major neighbours andY, , N, ]=n, .Hence [N, ]| = 0.

By the Lemma, [My,, N3 1| = [M,, Ny 11 = m'. (1)

Now, | [Ny, My ]| = 3n3' [ [N, N, I1 - [ [N, Mg, 1] = 3n3—n4—m'.

[[M3, N; ]| — 3”3_n4_m'. (2)
2 2

Suppose that yu is an edge, wherieé N,and uJ M,. By hypothesis, y is adjacent with

a 3-vertex, say x. Then d(x) + d(y) = 7+ 2. By R5, any vertex of G at distance two
from y is a major vertex in G. Hence, all the otheighbours of u are major vertices.

Thus, every vertex U M,is incident with an unique edge ifN[, ,M,], and so

By VAL, |[M;, N;]| < 2I'and sol' >

I[N,, M,]1=|M, |=n". Moreover, each vertex d¥l ,has 4 major neighbours.
Hence n'=| [N, M,] = 4n, = [[N,,N; ][N, , My, ]|.
Then, by (1),n" = 3n,—m’". (3)

Also, |N; |=|N; |=n, andny,2n,. Let |[N;, M,;]| = S.Again by R5, these
S edges are incident witl' vertices of M, , each of which has four major neighbours.
Hence) d, (v) = 4(2n,)+4s'+(I'=s)(3)+3m'+4n’ = 8n, +31'+3m'+4n'+ s 4)

vOM

Also sz (v) = 5ns—|[N,UN;UN,, M]| = 5ng—[2n, +3n; —n, +4n, -n,]

vOM
=5n,-2n,-3n,-2n,. )(5
Using (4) and (5Bn, -2n,-3n,—2n, = 8n,+3'+3m'+4n'+s'
=8n, +gn3 +%ln4 —gm'+s’,using (2) and (3).

Hence n, > 2n, +§n3+gn4 —%' +%’,Each vertex inM,,is adjacent with a 4-vertex
and a 3-vertex. Hence, by VAL, each vertex ik, is adjacent with exactly one 4-
vertex. Thusm'< n,and son, > 2n, +gn3 +2n, +S€'_(6)Also,|[N;, N,I=IEN;, N, J=n,

By the hypothesis, R5 and the LemmaNL[, M, ]| = | [N; , M,,]| = m<n,.

Now, S'= |[Né , M1 = 3n, - |[Né N, 11 - |[Né , Mg, ]| 23n, —n, —n,.
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(i.e.)s = n,. Thus, by (6),n, = 2n, +l;’n3+1€1n4.

Then 2m = 2n,+3n,+4n,+5n, = 4n-2n,-n,+n, > 4n +%n3+1€1n4.

Thus m > 2n +%n3+1—1n4.

Theorem 3.1.8Let G be a 5-critical graph. Suppose that no 3exeid adjacent with a
. 3 2 m' . n, 1 m'

4-vertex.Then ()n. = 2n, +>n,+=n,+—and (i) m > 2n +—2+=n, +—.

° 22° 3" &6 4 3% 12

Proof: By the Lemma, |My,, N3 1| = |[Mg,, N, ]| = |M;, | =m'. Since no

3-vertex is adjacent with a 4-vertexNj, N,]|=0.

Thus, [Ny, M;]|=3n;-|[ N5, M,,]|= 3n, —m'".

By VAL, [M,N,]|< 2" and s¢* > g”f%- Also, by VAL, 2r= 3'd, (v) < 2n,

VON,

and so r<n,.Then |[N,, Mj]| = 4n,-2|[N,]| - [[N,,M, ]| = 2n,-m".

By VAL, |[M,,N,]| < 3n' andson' > §n4—%.
1 1 1 3 2 m‘
Now ng, = 2n,+l'+m'+n" > 2n2+§n3+§n4+?.

Then 2m = 2n,+3n,+4n,+5n, = 4n -2n,—-n,+n, > 4n +n—;+§n4+%.

Thus m> 2n +&+1n4+m_
4 3" 12

Theorem 3.1.9. Let G be a 5-critical graph. Suppose that no 3exeit adjacent with a
4-vertex and each major vertex is adjacent witimast two 4-vertices. Then

() n, > 2n, +gn3+n4 and (ilm > 2n +%+124_

Proof: Using the same notations and proceeding as iroréhe 3.1.8, we have

"> gns—%and |N,, Mj]| = 2n,-m'. By hypothesis, |M,,N,]| < 2n'and

son' =2n

m‘ 1 1 1 3
A —?.Then ng = 2n,+l'+m'+n' > 2n2+§n3+n4.

n
Hence 2m = 2n,+3n,+4n,+5n, = 4n -2n,- n,+n, > 4n +=+n,.
2

Thus m > 2n +2 41

2
Remarks

> If G is a 5-critical graph withn,= 0 and if each major vertex is adjacent with
at most one 3-vertex, theny = 2n, +3n,.
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> If G is a 5-critical graph withny;= 0 and if each major vertex is adjacent with

at most two 4-vertices, theng = 2n,+n,.

Theorem 3.1.10If G is a 5-critical graph, then 2n +£2m < 3n - 5.
Proof: By R3, if G is a 5-critical simple graph, them> 2n + 2.

If m > 3n-3,thendn,+3n,+2n,+n, < 6 and so n< 6, a contradiction to R6.
If m=3n-4,thenn+3n,+2n,+n, = 8 and by R6, n =7 and(G) = 45°, a
contradiction to R7. Hence 2n +<2m < 3n -5.

10.

11.

12.
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