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1. Introduction  
An edge-colouring of a graph is an assignment of colours to its edges so that no two 
adjacent edges are assigned the same colour. The chromatic index of a graph G, denoted 
by χ ′ (G), is the minimum number of colours used among all colourings of G. If a vertex 

v of a graph G is of maximum degree ∆ (G), then v is called a major vertex; otherwise a 
minor vertex. If χ ′ (G) = ∆ (G), G is said to be of class one; otherwise G is said to be of 
class two. A graph G is said to be edge chromatic critical if G is connected, of class 2 and 
χ ′ (G–e)<χ ′ (G) for every edge e of G. If G is critical and ∆ (G)=∆ , then G is said to 

be ∆  - critical. In this paper, all graphs are finite, simple, undirected and have n vertices 
and m edges. 
 
2. Notations 
Let G = (V, E) be a graph with n vertices, m edges, maximum degree ∆ (G) and 
minimum degree δ (G).  The degree of a vertex v in G is denoted by d(v).  The number 
of vertices of degree j is denoted byjn . N(x) denotes the set of all vertices adjacent to x 

in G and N(x, y) =N(x) U  N(y). If S and T are disjoint subsets of V(G), then [ S , T ] 
denotes the set of  all edges with one end in S and the other in T. [S] denotes the 
subgraph of G induced by S and |[S]| denotes |E[S]|. )(Gπ = ∆∆nnn ...21 21 denotes the 

degree sequence of G, where if jn = 0, then the factor jn
j is customarily omitted in 

).(Gπ  
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3. Known results 
R1 :Vizing’s Adjacency Lemma[10] (VAL):  In a ∆ - critical graph G, if wv  is an edge 

and d(v ) = k, then w is adjacent with at least ∆ – k + 1 other vertices of degree ∆ . In 

particular, G has at least 2+−∆ δ vertices of degree .∆  

R2:  Fiorini’sInequality[4]:  Let 3≥∆ be an integer. If G is a ∆ -critical graph, then 

.
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−
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∆ −
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n
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j
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n

 
R3: Vizing’sConjecture[11]: If G is a ∆ - critical simple graph with n vertices, m 

edgesand 3≥∆ , then   m [ ]3)1(
2

1 +−∆≥ n . 

This conjecture has been verified for the graphs with ∆ ≤ 6 [5, 6, 7, 8]. 

R4: ( Fiorini[4] )  If G is a ∆ - critical graph, then m )1(
4

1 +∆≥ V .  

The best known bounds are still far from the conjectured bound.  
R5:( Zhang [12] ) Let G be a ∆ - critical graph,  xy∈E(G) and  d(x) + d(y) = ∆ + 2. 
Thenthe following hold: 

(i) every vertex of  N(x , y) \ {x , y} is a major vertex; 
(ii)  every vertex of  N( N(x , y) ) \ {x , y} is at least of degree  ∆ - 1; 
(iii)  If  d(x) , d(y) <∆ , then every vertex of  N( N(x , y) ) \ {x , y} is a major vertex. 

R6: There are no critical graphs of order 4,6,8. [1, 2]   
R7: A 2-connected graph of order 7 is critical if and only if its degree sequence is one 
among the following: ]3,2[.65,654,54,543,52,43,42,32,2 3442435652667  
 
3.1. Main theorems 
Throughout   this section, we use the following notations: 
M denotes the set of all major vertices of G and 432 ,, NNN  are the sets of all vertices of 

degree two, three and four respectively. 
3M  denotes   the set of all major vertices which 

are adjacent with at least one 3-vertex, but not with any 4-vertex, 
4M is the set of all 

major vertices which are adjacent with at least one 4-vertex, but not with any 3-vertex 
and 

34M  is the set of all major vertices which are adjacent with vertices of degree 3 and 4. 

Then, 
3M  , 

4M  and
34M  are pairwise disjoint. 3N′ denotes the set of all 3-vertices which are 

adjacent with 4-vertices, 4N′ is the set of all 4-vertices which are adjacent with 3-vertices 
and 

4N ′′ is the set of all 4-vertices which are adjacent with at least one 4-vertex. By VAL, 
each 3-vertex can be adjacent with at most one 4-vertex and vice versa.Hence|

3N ′ | = |
4N′ |. 

Also, let |
3M | = 'l , |

34M  | = 'm ,  |
4M | = 'n , |

3N ′ | = |
4N′  | = s, |

4N ′′ | = t and  | ][ 4N | = r. 

 
Lemma 1. If G is a 5-critical graph, then the following hold: 
(i)|[

3N ,
4N ]|=s; (ii) |[

34M , 3N ]|=|[
34M ,

4N ]| = ;'m (iii) | ][ 4N′ | = 0 and .44 φ=′′′ NN I  

Proof: (i) Since  |
3N′  | = s,  3N has s 3-vertices which are adjacent with 4-vertices. By 

VAL, each 3-vertex can be adjacent with at most one 4-vertex. Hence  | [
3N , 4N ] | = s. 
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(ii) Each vertex in 34M is adjacent with a 3-vertex and a 4-vertex. Hence, by VAL, each 

vertex in 34M  has exactly three major neighbours. Hence each vertex in 34M is adjacent 

with exactly one 3-vertex and one 4-vertex.  

Thus  | [ 34M , 3N ] | = | [ 34M , 4N ] | =  | 34M  | = '.m  

(iii) Since each vertex in 4N′  is adjacent with a 3-vertex, by VAL, each vertex in 4N′ has  

exactly three major neighbours. Hence  | ][ 4N′ | = 0.  Since each vertex in 4N′  is adjacent 

with exactly one 3-vertex and three major vertices, each vertex in 4N′  is not adjacent with 
any 4-vertex. Hence .44 φ=′′′ NN I  
In the following theorems, we have obtained bounds for the number of major vertices in 
several classes of 5-critical graphs, that are stronger than the existing bound given in R2. 
Also, we have obtained new bounds on size  m in terms of order  n and minor vertices. 
 
Theorem 3.1.1. Let G be a 5-critical graph. Suppose that every major vertex adjacent 
with a 4-vertex is adjacent with a 3-vertex. 

Then (i) 
4325 2

3
2 nnnn ++≥  and (ii) .

24
2 43 nn
nm ++≥  

Proof: By the Lemma, [ 34M , 3N ]|=|[ 34M , 4N ]|=| 34M |= 'm and|[ 3N , 4N ]|=s. 

Then, by VAL, | [ 3N  , M ] | = ( 3n  - s ) (3) + 2s  =  33n  - s. 

Now  | [ 3N , 3M  ] | = | [ 3N , M ] |- | [ 3N , 34M ] | = 3 3n - s - | [ 4N , 34M ] | = 3 3n - s - '.m

Also by VAL,  | [ 3M  , 3N  ] |  ≤ 2 'l .  Thus  .
2

'3
' 3 msn

l
−−≥ By hypothesis, .4 φ=M

 
Thus  'm  = |[ 4N , 34M ] | = | [ 4N , M ] | =   4 4n - | [ 4N , 3N  ] |- 2 | [ 4N  ] |  =  4 4n -s -2r. 

Hence 'l + 'm ≥ .
2

2
22

3
43 r

s
n

s
n −−+− Thus .2

2

3
2''2 43225 rsnnnmlnn −−++≥++≥ (1) 

By VAL, every 4-vertex can be adjacent with at most two 4-vertices. 
Hence ∑

∈

≤=
4

4
)(2

Nv
N vdr 2t and so r≤ t. Then s + r ≤   s + t ≤ 4n . Hence using (1),

  .
2

3
2 4325 nnnn ++≥ Now

5432 54322 nnnnm +++= .
2

3
224 43232 nnnnnn +++−−≥  

Thus .
24

2 43 nn
nm ++≥

 
 

Theorem 3.1.2. If G is a 5-critical graph in which every 3-vertex is adjacent with a 4-

vertex, then (i)   
3

2

5

14
2 4325 nnnn ++≥ and  (ii)  .

310

9
2 4

3

n
nnm ++≥

 

Proof:  Let u ∈ 3M be adjacent with y ∈ 3N .  By  hypothesis, y is adjacent with a 

4-vertex,say x. Then  d(x) + d(y) = 7 = ∆ + 2 and so by R5,  all the other neighbours of u 

are major vertices. Thus, every vertex u ∈ 3M  is incident with an unique edge in  
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[ 3M , 3N ] and so [ 3M , 3N ]= | 3M | = '.l                           (1) 

Moreover, every u∈ 3M has four major neighbours. By hypothesis and VAL, |4N′ | = .3n  

By the Lemma, |[ 4N′ ]|=0. Let |[ 4N′ , 4M ]| = t′.Again by using R5, these edges are 

incident with t′ vertices in 4M , each of which has four major neighbours. Thus, by VAL,

∑
∈

′−+′+++≥
Mv

M tntmlnvd )2)('(4'3'4)2(4)( 2
= 8 2n + 4 'l +3 'm +2 'n +2t′                      (2) 

By the Lemma and hypothesis,  [3N , 4N  ] = .3n  

Now | [ 3N ,M ] |  =  −33n  | [ 3N , 4N  ] | = .2 3n
 

Then |],[|5)( 4325 MNNNnvd
Mv

M UU−=∑
∈

]2422[5 34325 rnnnnn −−++−=
 

rnnnn 2425 4325 +−−−=                                                    (3) 
By (2) and (3), ≥+−−− rnnnn 2425 4325 8 2n + 4 'l +3 'm +2 'n +2t′ .                       (4)  
Now, by the Lemma, | [ 34M , 4N  ] | = | [ 34M , 3N  ] | = | 34M | = 'm  and so  

| [ 3N , 3M ] | = | [ 3N ,M ] | - | [ 3N , 34M  ] | = 2 3n – '.m Thus, by (1), 'l =2 3n – '.m                

                                                                                                                                (5) 
Also  | [ 4N , M ] |  =  4 4n - | [ 4N  , 3N  ] | - 2 | [ 4N  ] |  =  4 −− 34 nn 2r.  

Hence | [ 4N , 4M ] |  =  | [ 4N  , M ] | - | [ 4N  , 34M  ] | = 4 −−− rnn 234 '.m                 (6) 

Also, by VAL, |[ 4M , 4N ]|≤3| 4M | and so, using (6),  'n .
3

'24 34 mrnn −−−≥          (7) 

Using (4), (5) and (7), 

≥+−−− rnnnn 2425 4325 8 2n + 4(2 3n – 'm ) + 3 'm +2 






 −−−
3

'24 34 mrnn
+2t′ . 

Thus  .
3

10
2'

3

5

3

20

3

25
105 4325 rtmnnnn −′+−++≥                                    (8) 

By the Lemma, 4N ′′ I 4N′ = φ . Now | 4N  |  ≥  | 4N′ |  +  | 4N ′′  | and so 34 nn ≥ + t. 

Also, by VAL, every 4-vertex can be adjacent with at most two 4-vertices.  

Hence ∑
∈

≤=
4

4
)(2

Nv
N vdr 2t and so r≤ t.Thus  r≤ 34 nn − .  Also, by VAL,  'm ≤ 3n . 

Thus, using  (8),  we have .
5

2

3

2
22 4325 tnnnn ′+++≥                         (9)

 
Suppose that wv   is an edge,  wherev ∈ 34M  and   w∈ 3N . Then, by hypothesis, w is 

adjacent with a 4-vertex,  say z ∈ 4N′ . Then, d(w) + d(z) = ∆ +2. By R5, any vertex of 
G at distance two from w  is a major vertex in G. But, by hypothesis, v is adjacent with a 

4-vertex. Hence z is the 4-vertex adjacent with v .Hence |[ 34M , 4N′ ]| = | 34M | = 'm ≤ 3n . 

Now .24|],[||],[|||4|],[| 333334434444 nnnnMNNNNMNt =−−≥′−′−′=′=′  
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Hence, using (9),  .
3

2

5

14
2 4325 nnnn ++≥ Then, 

5432 54322 nnnnm +++= 53224 nnnn +−−= .
3

2

5

9
4 43 nnn ++≥ Thus .

310

9
2 4

3

n
nnm ++≥  

Corollary 3.1.3. Let G be a 5-critical graph in which each 3-vertex is adjacent with a  
4-vertex and no two 4-vertices are adjacent. Then  

(i)
4325 3

4

15

32
2 nnnn ++≥  and   (ii) .

3

2

30

17
2 43 nnnm ++≥  

Proof:  Using the same notations and proceeding as in Theorem 3.1.2, we have r = 0,'m

≤ 3n  and .2 3nt ≥′  Then equation(8) in Theorem 3.1.2 becomes 

.4
3

5

3

20

3

25
105 334325 nnnnnn +−++≥ Hence .

3

4

15

32
2 4325 nnnn ++≥

  
Then  5432 54322 nnnnm +++= 53224 nnnn +−−= 43 3

4

15

17
4 nnn ++≥  

and so .
3

2

30

17
2 43 nnnm ++≥

 
 
Theorem 3.1.4. If G is a 5-critical graph in which every 3-vertex is adjacent with a 4-
vertex and each major vertex is adjacent with at most two 4-vertices, then   

(i)    
5

4

5

14
2 4325 nnnn ++≥ and    (ii)  .

5

2

10

9
2 43 nnnm ++≥

 
Proof:  Using the same notations and proceeding as in Theorem  3.1.2, we have 

≥+−−− rnnnn 2425 4325 8 2n + 4 'l +3 'm +2 'n +2t′                                                  (1) 

'm ≤ 3n , t′ 32n≥ , r≤ 34 nn − , 'l = 2 3n  – 'm                                                                (2)  

and |[ 4N  , 4M ]|  = 4 −−− rnn 234 '.m                                                                         (3) 

Since each major vertex is adjacent with atmost two 4-vertices, |[ 4M , 4N ]|≤2| 4M |. 

Hence, by (3),  'n .
2

'24 34 mrnn −−−≥                                                             (4) 

Using (1), (2) and (4),  we have  .
5

4

5

14
2 4325 nnnn ++≥      

Then  5432 54322 nnnnm +++= .
5

4

5

14
224 43232 nnnnnn +++−−≥  

 Thus  .
5

2

10

9
2 43 nnnm ++≥

 

Theorem 3.1.5. Let G be a 5-critical graph. Suppose that every major vertex adjacent 
with a 3-vertex is adjacent with a 4-vertex. Then  

(i) 
33

2
22 4325

s
nnnn +++≥ and  (ii) .

63

1

2

1
2 43

s
nnnm +++≥

 
Proof: By the Lemma, |[ 34M , 3N ]|= |[ 34M , 4N ]| = 'm and[ 3N , 4N ]=s.                      (1) 

By hypothesis, .3 φ=M  
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Then 'm = |[ 3N , 34M ]| =|[ 3N ,M]|= 33n -|[ 3N , 4N ]| = sn −33 .                       (2) 

Suppose that yu is an edge, where y ∈ 3N′ and  u∈ 34M . Then, y is adjacent with a 4-

vertex, say x in 4N′ . Then d(x) + d(y) = 7 = ∆  + 2.   By R5, any vertex of G at distance 
two from y is a major vertex in G. But, u is adjacent with a 4-vertex. Hence x is the 4-

vertex adjacent with u. Thus, corresponding to each edge from 3N′ to 34M ,  there is an 

edge from 34M  to 4N′  and  vice versa.  Thus  | [34M  , 4N′  ] |  =  | [ 3N′  , 34M ] |  =  2s. By 

the Lemma, |[ 4N′ ]| = 0.Also, | [ 4N′ , 3N  ] | = | [ 4N  , 3N  ] | = s. 

Thus   | [ 4N′ , 4M  ] |  =  4 | 4N′  | - | [ 4N′  , 3N  ] | - | [ 4N′  , 34M ] |  =  4s – s – 2s  =  s.  

By R5, these s edges are incident with s vertices in 4M , each of which has four major 

neighbours. Let 4M′  be the set of these s major vertices in 4M . Thus 4M′ ⊆ 4M and 

 | [ 4N , 4M′  ] |  = s.   (3)Also | 4M - 4M′ |  = 'n - s.  

Now  |[ 4N , 4M - 4M′ ]|  = 4 4n  - | 4N , 3N  ]| - 2 |[ 4N ]| - |[ 4N , 34M ]| - |[ 4N  , 4M′  ]| 
and by using (1) and (3),   |[4N , 4M - 4M′ ]|  = 4 4n -s –2r- 'm -s. By VAL,  every 4-vertex 
can be adjacent with at most two 4-vertices. Hence  2r = ∑

∈

≤
4

4
2)(

Nv
N tvd and so  r ≤  t.  

Hence, s + r ≤s + t ≤ 4n . Hence   | [ 4N  , 4M - 4M′  ] | ≥ '.2 4 mn −     

By VAL,  | [ 4M - 4M′  , 4N  ] | ≤  3 ( 'n  - s ). Hence   'n  - s  ≥ .
3

'-2n4 m                      (4) 

Then, using(2)and(4), .
33

2
2'' 43

s
nnnm ++≥+

 

Thus .
33

2
22''2 43225

s
nnnnmnn +++≥++≥

  
 

Then  5432 54322 nnnnm +++= 53224 nnnn +−−= .
33

2
4 43

s
nnn +++≥  

Thus .
63

1

2

1
2 43

s
nnnm +++≥

 

Theorem 3.1.6. Let G be a 5-critical graph. Suppose that every major vertex adjacent 
with a 3-vertex is adjacent with a 4-vertex and each major vertex is adjacent with at most 

two 4-vertices. Then (i) 
22

3
2 4325

s
nnnn +++≥ and  (ii) .

424
2 43 snn
nm +++≥  

Proof: Using the same notations and proceeding in theorem 3.1.5, we have 'm =  sn −33 ,r 

+ s ≤ 4n  , | 4M - 4M′ | = sn −′ and  | [ 4N , 4M - 4M′ ] |  '.2 4 mn −≥  Since  each major 

vertex is adjacent with at most two  4-vertices, |[4M - 4M′ , 4N ]| ≤  2( 'n -s).    

Hence 'n -s≥ .
2

'-2n4 m Thus .
22

3
'' 43

s
nnnm ++≥+  

Hence .
22

3
2''2 43225

s
nnnnmnn +++≥++≥  
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Then, 5432 54322 nnnnm +++= 53224 nnnn +−−= .
22

4 4
3 s

n
n

n +++≥
 

Hence .
424

2 43 snn
nm +++≥

 

Theorem 3.1.7. If G is a 5-critical graph in which every 4-vertex is adjacent with a 3- 

vertex, then (i) 
4325 5

11

2

3
2 nnnn ++≥  and  (ii) .

10

11

4

1
2 43 nnnm ++≥

 
Proof: Since  each 4-vertex is adjacent with a 3-vertex, by VAL, each 4-vertex has 3 

major neighbours and [3N  , 4N  ] = 4n  .Hence | [ 4N  ] |  =  0.   

By the Lemma,  | [ 34M  , 3N  ] |   =   | [ 34M  , 4N  ] |  =  'm .                       (1)
 

Now,  | [ 3N  , 3M  ] |  =  33n -  | [ 3N  , 4N  ] |  -  | [ 3N  , 34M  ] |   =  '.3 43 mnn −−  

By VAL,  | [ 3M , 3N ] | '2l≤ and so .
2

'3

2

|],[|
' 4333 mnnNM

l
−−

=≥                         (2) 

Suppose that yu is an edge, where y ∈ 4N and  u∈ 4M .  By hypothesis, y is adjacent with 

a 3-vertex,  say x. Then d(x) + d(y)  = 7 = ∆  + 2.  By R5, any vertex of G at distance two 
from y is a major vertex in G.  Hence, all the other neighbours of u are major vertices. 
Thus, every vertex u ∈ 4M is incident with an unique edge in [4N  , 4M ], and so  

| [ 4N , 4M ] | = | 4M  | = 'n . Moreover, each vertex of 4M has 4 major neighbours.  

Hence  'n = | [ 4N , 4M ] | = .|],[||],[|4 344344 MNNNn −−
 

Then, by (1), '.3' 4 mnn −=                                                                                   (3) 
Also, | 3N′  | = | 4N′  | = 4n  and .43 nn ≥  Let   | [ 3N′  , 3M ] |  = .s′ Again  by R5, these 

s′edges are incident with s′vertices of 3M  , each of which has four  major neighbours. 

Hence '4'3)3)('(4)2(4)( 2 nmslsnvd
Mv

M ++′−+′+≥∑
∈

.'4'3'38 2 snmln ′++++=   (4) 

Also   ∑
∈

−+−+−=−=
Mv

M nnnnnnMNNNnvd ]432[5|],[|5)( 4443254325 UU

 
.2325 4325 nnnn −−−=                                                  (5)

 Using (4) and (5), snmlnnnnn ′++++≥−−− '4'3'382325 24325  

,'
2

5

2

21

2

9
8 432 smnnn ′+−++= using (2) and (3).

 
Hence   .

52

'

2

5

2

3
2 4325

sm
nnnn

′
+−++≥ Each vertex in 34M is adjacent with a 4-vertex 

and a 3-vertex. Hence, by VAL, each vertex in  34M is adjacent with exactly one 4-

vertex. Thus 4' nm ≤ and so .
5

2
2

3
2 4325

s
nnnn

′
+++≥ (6)Also,|[ 3N′ , 4N ]|=|[ 3N , 4N ]|= .4n

 
By the hypothesis, R5 and  the Lemma,  | [3N′  , 34M ]| = | [ 3N  , 34M ]| = .4nm ≤′  

Now,    s′ =  | [ 3N′  , 3M ] |  =  −43n  | [ 3N′  , 4N  ] | -  | [ 3N′  , 34M ]| .3 444 nnn −−≥  
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(i.e.)s′ ≥ .4n  Thus, by  (6), .
5

11

2

3
2 4325 nnnn ++≥

 

Then  5432 54322 nnnnm +++= 53224 nnnn +−−= .
5

11

2

1
4 43 nnn ++≥  

Thus  .
10

11

4

1
2 43 nnnm ++≥

  

Theorem 3.1.8. Let G be a 5-critical graph. Suppose that no 3-vertex is adjacent with a  

4-vertex.Then (i) 
6

'

3

2

2

3
2 4325

m
nnnn +++≥ and (ii) .

12

'

3

1

4
2 4

3 m
n

n
nm +++≥  

Proof:  By the Lemma, | [ 34M  , 3N  ] |  =  | [ 34M  , 4N  ] |  =  | 34M  |  = 'm . Since no  

3-vertex is adjacent with a 4-vertex, |[3N , 4N ]|=0.  

Thus, |[ 3N , 3M ]|= 33n -|[ 3N , 34M ]|= '3 3 mn − . 
By VAL, |[ 3M , 3N ]| '2l≤  and so .

2

'

2

3
' 3

m
nl −≥  Also, by VAL, 2r= ∑

∈

≤
4

4 42)(
Nv

N nvd

and  so  r ≤ 4n .Then  | [ 4N  , 4M ] |  =  '2|],[||][|24 434444 mnMNNn −≥−− .  

By VAL,  | [ 4M , 4N ] | '3n≤  and so  .
3

'

3

2
' 4

m
nn −≥

 

Now  '''2 25 nmlnn +++≥
6

'

3

2

2

3
2 432

m
nnn +++≥ .   

Then  5432 54322 nnnnm +++= 53224 nnnn +−−= .
6

'

3

2

2
4 4

3 m
n

n
n +++≥

 

Thus  .
12

'

3

1

4
2 4

3 m
n

n
nm +++≥  

Theorem 3.1.9.  Let G be a 5-critical graph. Suppose that no 3-vertex is adjacent with a 
4-vertex and each major vertex is adjacent with at most two 4-vertices. Then 

(i) 
4325 2

3
2 nnnn ++≥   and  (ii) .

24
2 43 nn
nm ++≥  

Proof:  Using the same notations and proceeding as in Theorem 3.1.8, we have 

2

'

2

3
' 3

m
nl −≥ and | [ 4N , 4M ] |  ≥ '.2 4 mn −   By hypothesis,  | [ 4M , 4N ] | '2n≤ and 

so  .
2

'
' 4

m
nn −≥ Then  '''2 25 nmlnn +++≥ .

2

3
2 432 nnn ++≥

 
Hence  5432 54322 nnnnm +++= 53224 nnnn +−−= .

2
4 4

3 n
n

n ++≥  

Thus  .
24

2 43 nn
nm ++≥

 
Remarks   

�  If G is a 5-critical graph with  4n =  0  and if each major vertex is adjacent with 

at most one 3-vertex, then .32 325 nnn +≥  
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� If G is a 5-critical graph with 3n =  0  and if each major vertex is adjacent with 

at most  two 4-vertices,  then .2 425 nnn +≥  

Theorem 3.1.10. If G is a 5-critical graph, then 2n + 2≤ m ≤  3n – 5. 
Proof:  By R3, if  G is a 5-critical simple graph, then .22 +≥ nm     

If   m ≥   3n – 3, then  6234 5432 ≤+++ nnnn  and so   n ≤   6, a contradiction to  R6. 

If   m = 3n – 4, then 823 432 =+++ nnnn  and by R6, n =7 and ,54)( 6=Gπ  a 

contradiction to R7. Hence  2n + 2≤ m ≤  3n – 5. 
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