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Abstract. A vertex v is a boundary vertex of u if d(u, w)d(u, v) for all wO N(v). A
vertex u have more than one boundary vertex a¢rdifft distance levels. A vertex v is

called a boundary neighbour of u if v is a neabesindary of u. A set 8V(G) is a bd —
dominating set such that every vertex in V-S hdeasdt one neighbour and at least one
boundary neighbour in S. The cardinality of the imum bd - dominating set is called
the bd - domination number and is denotedyfaG).In this paper we present several
bounds on the bd - domination number and exactsgadfi particular graphs.
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1. Introduction and preliminaries
Let G be a finite, simple, undirected graph on rtiges with vertex set V(G) and edge
set E(G). For graph theoretic terminology refeHtrary [5], Buckley and Harary [3].

Definition 1.1. The open neighborhoodN(u) of a vertex v is the set of all vertices
adjacent to v in G. N[v] = N(\)J{v} is called theclosed neighborhoodf v.

Definition 1.2. A bigraph or bipartite graph G is a graph whose point set V can be
partitioned into two subsets;\nd \; such that every line of G joins;With V,. If
further G contains every line joining the points\vafto the points of Ythen G is called a
complete bigraph If V; contains m points and,\ontains n points then the complete
bigraph G is denoted by,K.

Definition 1.3. A star is a complete bi graphiK
Definition 1.4. [8] A set DO V is said to be @ominating setin G, if every vertex in

V-D is adjacent to some vertex in D. The cardinatifyminimum dominating set is
called thedomination number and is denoted byG).
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Definition 1.5. [6] A set DO V(G) is aneccentric dominating setif D is a dominating
set of G and for every OV-D, there exists at least one eccentric point af ©i The
cardinality of minimum eccentric dominating setdalled theeccentric domination
number and is denoted | ¥, (&).

If D is an eccentric dominating set, then everyesset ['CID is also an eccentr
dominating set. But 11D is not necessarily an eccentric dominating set.
An eccentric dominating set D isminimal eccentric dominating setif no proper subg
D"0D is an eccentric dominating ¢

Definition 1.6. [4] A vertex v is eboundary vertex of u if d(u, w)< d(u, v) for all wlI
N(v). A vertex u have more than one boundary veatedifferent distance leve

A vertex v is called d&oundary neighbour of u if v is a nearest boundary of u. T
number of boundary neighbour of u is callec boundary degreeof u.

In 2010, Janakiramael al. havedefined Eccentric domination in graplMotivated by
this, here we have definebd — domination number of awgin graph and study th
parameter.

Theorem 1.1. [6]yedK,) = 1
Theorem 1.2. [6]yedKmr) = 2.
Theorem 1.3. [6]yedK1,) = 2, N= 2.

" H ifn=3k+1

Theorem 1.4. [6]yedPy) = 4
H'ﬂ_']_ 1, if n=3kor3k+2.

Theorem 1.5. [6]YedW3) = 1,YedWs) = 2,VedW,) =3 forn=7.
Theorem 1.6. [6](i) YedC,) = n/2 if n is even.

gif n=3m andis odd

(i) Yed Cr) = [g—l if n=3m+1andisodd

[‘ﬂ +1if n=3m+ 2andisodd

2. BD — Domination

Definition 2.1. A set SSV(G) is abd — dominating setsuch that every vertex in-S
has at least one neighbour and at least one bouné#ghbou in S. The cardinality o
the minimum bd dominating set is called ttbd - domination humber and is denoted

by Yba(G).
Let ScSV(G). Then S is known asboundary neighbour setof G if for every
vertex vOV — S, S has at least one vertex u such ttd E(v).

A boundary neighbour set S of G isminimal boundary neighbour se if no proper
subset Sof S is a boundary neighbour set o
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We define S is aninimum boundary neighbour setif S is a boundary neighbour set
with minimum cardinality and b(G) be the cardinality of a minimum boundary
neighbour set of G and b(G) can be called as baymdanber of G.

Let D be a minimum dominating set of a graph G &dbe a minimum boundary
neighbour set of G.

Clearly, DUS is a bd-dominating set of a graph G. Hegg£G) < y(G) + b(G).

Example 2.1.

16 17

Figure 1. G
D,={1,4,5,6, 7,15, 16, 17} is a minimum domimafisety(G) = 8.
D,={1,4,5,6,7,8, 10, 15, 16, 17} is a miniminth — dominating set,«(G) = 10.
D;={1,4,5,6, 7,15, 16, 17} is a minimum eccanttominating sety.{G) = 8.

Theorem 2.1.

(i) ybd(Kn) = yed(Kn)

(i) Yod(K1, n) = Yed(K1, ) , N2

(”l) ybd(Km, n) = yec(Km, rD

(iV) ybd(Cn) = Vet(cn)

(V) ybd(Wn) = Ved(Wn)
Proof: In these particular graphs, the boundary neighbanesthe eccentric vertices.
Therefore, eccentric dominating set is equal tokltxendary dominating set. Hence, we
get the above results.

Theorem 2.2 Vod(Pn) = YedPn) = Y(Py) ory(P,) + 1.

Proof: The bd — dominating set of, Pnust contain two end vertices. Therefore, bd —
dominating set is also the eccentric dominating Hdence,Vod(Pn) = YedPn) = Y(P,) or
y(Py) + 1.

Note.For a graph G = g K; + Ky + Kip, N, M= 2, y,(G) = 2.

Theorem 2.3.A bd — dominating set D is a minimal bd — domingtiet if and only if for
each vertex W D, one of the following is true.

() u is an isolated vertex of D or u has no boupdertex in D.

(ii) There exists some M V-D such that N(vn D = {u} or b(v) n D = {u}. Where b(v)
is the boundary neighbour set of v.
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Proof: Assume that D is a minimal dominating set of. Tfmrevery vertex W D,D-{u}
is not a bd — dominating set. That is there exdstae vertex v in (V-DV {u} which is

not dominated by any vertex in D — {u} or theressgiv in (V-D)U {u} such that v has
no boundary neighbour in D-{u}.
Case (i)Suppose u = v, then u is an isolate of D or u leelsaundary neighbour in D.
Case (ii)Suppose MV- D
(a) If v is not dominated by D-{u}, but is dominated By then v is adjacent to only
uin D, that is N(vin D = {u}.
(b) Suppose v has no boundary neighbour in D — {uhblo&s a boundary neighbour
in D. Then u is the only boundary neighbour of DinThat is b(v)n D = {u}.
Conversely, suppose that D is bd — dominating set for each UD one of the
conditions holds, we show that D is a minimal bdbminating set.
Suppose that D is not a minimal bd — dominating (X there exists a vertexaiD such
that D — {u} is a bd — dominating set. Hence udgaaent to at least one vertex v in D —
{u} and u has a boundary neighbour in D — {u}.
Therefore, condition (i) does not hold.
Also, if D — {u} is a bd — dominating set, everyesaient x in V — D is adjacent to at least
one vertex in D — {u} and x has a boundary neighbow — {u}.
Hence, condition (ii) does not hold. This is a cadiction to our assumption that for
each uJ D, one of the conditions holds.
This proves the theorem.

Observation: 2.1.(i) The pendent vertices are the boundary neighdotitheir support
vertices.
(i) Eccentric vertices are also boundary vertices.

Theorem 2.4.Let T be a tree of order n with pendent vertices. Thegy(T) <y(T) + n.
Proof: Let T be a tree of order n.

Case (i)Assume D be a dominating set of T. If D contairgle pendent vertices of T,
then D becomes a bd — dominating set. Hegng€) = y(T).

Case (i) a

If D does not contain the pendent vertices, therada the boundary neighbours with D.
Then we haveyy(T) <y(T) + n,.

Case (ii)) b

All the pendent vertices are the boundary neighbofirT theny,(T) <y(T) + n,. Since
the support vertices of the pendant vertices cameb®ved from D and the pendant
vertices can be added. Hengg(T) <y(T) + n.

Theorem 2.5.If G is a connected graph with n vertices thg{G) < | 2n/3].
Proof: If D is a minimum bd — dominating set, then forlw-D there exists W D and
w [0 D such that u is adjacent to v in G and w is beupdlominate a vertex v in G.

Hence D contains at most 2n/3 vertices. Hepg&) < [2n/3].
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Theorem 2.6.If G is a caterpillar such that each non pendertices is of degree three
thenywy(G) = (n/2) +1.
Proof: Since degree of each non pendent vertex is threr,& is of the following form.

° I T °
Figure 2:
Pendent vertex set form a bd — dominating set Stasdlso a minimum set. Then every

vertex v in V-S has a adjacent vertex in S andcaljapendent vertex is a boundary
neighbour of v. Hencg,«(G) = (n/2) +1.

Theorem 2.7.If G is a spider theg,((G) =A(G) +1 = N(u) +1 = r-A(G).

Proof. Let G be a spider, and u be a vertex of maximunesg(G). N(u) vertices form
a dominating set. Adding any one end vertex forbd a dominating set. Hengg«(G) =
CN(u)CH1.That isyed(G) =A(G) +1 = n-A(G).

Theorem 2.8.If G is a wounded spider thgpy(G) <A(G).
Proof: Let G be a wounded spider. Let u be the vertexafimum degre&(G).

Case (i) If G has one or two wounded legs
N(u) vertices form a bd — dominating set, sinceahd vertex of the wounded leg is a

boundary neighbour of the other vertices. Hepg&) =A(G).

Case (ii) If G has more than two wounded leg.
The end vertices of the non wounded legs and theaterertex u form a dominating set
of G. Adding any one end vertex of the woundedftegh a bd - dominating set. Hence

Yod(G) <A(G).
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