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1. Introduction

In 1965 the notion of fuzzy sets was introduced by Zadeh] [@s a method of
representing uncertainty and vagueness. In 1986)assov [1] introduced the concept of
IF sets as a generalization of fuzzy sets. Theyfuefations between fuzzy sets were
concluded by Rosenfeld and he developed the steuadl fuzzy graphs, obtaining
analogs of several graph theoretical concepts.t8ttarya [3] gave some remarks on
fuzzy graphs and some operations on fuzzy graphe imeluded by Mordeson and Peng
[8]. Kulli [7] wrote on theory of domination in gois. Cockayne [5] introduced the
independent domination number in graphs. Somasandand Somasundaram [19]
presenteghore concepts of independent domination, conned@aination in fuzzy
graphs. Parvathi and Karunambigai [15] gave anitefh of IFG as a special case of
IFGS defined by Atanassov and Shannon [18]. Nagkemi and Begum [12] gave the
definition of order, degree and size in IFG. LaRarvathi and Thamizhendhi [16]
introduced dominating set, domination number, imthelent set, total dominating set and
total domination number in IFGs. In this Paper, -8ptit dominating sets in IFGs are
studied.

2. Preliminaries
In this section, some basic definitions relatingRGS are given. Also the definition of

various non-split dominating sets and cardinalftp@n-split dominating sets in IFGS are
studied.
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Non Split Domination Pon Intuitionistic Fuzzy Graph

Definition 2.1. [17] An Intuitionistic Fuzzy Graph IFG is of the form=£xV, E), where

() V={vq,vy,....vy} such thaty,:V - [0,1] andy,:V — [0,1] denote the degree of
membership and non-membership of the elemertV respectively and < p, (v;) +
v1(v;) <1, for everyv; € VG = 1,2, ...n).

(i) Ec VxV,where p,:VxV-[01] and vy,:VxV—>][0,1] are such that
1o (vi, vi) < minfpy (vp), uy (v, v2(vi, vi) < max|y; (vj), y1(vj)] and 0 < p,(vi, vj) +
Y2(vi,v;) < 1 for every (v;,v;) € E. Here the triple(v, py;,v1;) denotes the degree of
membership and degree of non-membership of thexeadlation and(ei]-,pzn-,yZi]-)
denotes the degree of membership and degree ofmeambership of the edge relation
ei]- = (Vi,Vj) on V.

Note 1. When,;; = v,j; = 0 for some i and j, then there is no edge betwgand v;.
Otherwise there exists an edge betwegmd v; .

Definition 2.2. [17] An IFG H = (V',E’) is said to be an IF-subgraph (IFSG) of
G = (V,E)if V' € Vand E’' C E. That is
Hii < HaisYai| = v and Wo < Waij; Yoy = Yoifor every i j = 1,2,3 ..n.

Definition 2.3.[17] Let G = (V,E) be an IFG. Then the cardinality ofsGlefined to be
1+ py (vi) —y1(vy) 14w (vi,vi) — v2(vi,vj)
6= Z 2 * Z 2

Vi€V Vi, Vj €E

Definition 2.4. [17] Let G = (V, E) be an IFG. Then the vertex cardiyahf V defined
by

V| = Z 1+ U1(Vi2) —v1(vj) ;
Vi€V
Definition 2.5. [17] Let G = (V, E) be an IFG. Then the edge cardinalfti defined by
IE| = Z 1+ pp(vi,vy) —Yz(Vi.Vj)_
= 5 :
vi,Vj€E

Definition 2.6. [12] The number of vertices is called the order of a8 Bhd is denoted

by O(G). The number of edges is called size ofh &nd is denoted by S(G).

forallv; € V.

for all (v;v;) € E.

Definition 2.7. [14] The degree of a vertex v in an IFG, G = (V, E)éfimed to be sum
of the weights of the strong edges incident at i& dlenoted by &(v).

The minimum degree of Gis §(G) = min{dg(v) | v € V}.

The maximum degree of G is A(G) = max{dg(v) |v € V}.

Definition 2.8. [14] Two vertices vand yare said to be neighbours in IFG, if either one
of the following conditions hold

(@)- ma(vivy) > 0,v2(vi, vj) >0,
(ii). p, (vi,v]-) =0,v2(vi,vj) >0,
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(iii). u, (vi,vj) > 0,Y, (vi,vj) = 0,vj,vjeV.

Definition 2.9. [14] A path in an IFG is a sequence of distinct vertiegy,, ... .... v,
such that either one of the following conditionsagisfied:
(). uz(vi,v]-) >0,v, (Vi,Vj) > 0, forsome iand j,
(ii). uy (vi,vj) = O,YZ(vi,vj) > 0, forsomeiandj,
(iii). py (Vi,v]-) >0,y (vi,vj) = 0, for some i and j.
The length of a path Pw, v, .......v,41(n >0) is n.

Definition 2.10. [14] Two vertices that are joined by a path is calleghezted.

Definition 2.11. [16] If v;,v; are vertices irtG = (V,E) and if they are connected by
means of a path then the strength of that pathefmetl as(min;; p, i, max;; vz i),
wheremin;; p, j; is thep —strength of the weakest arc amdx;; v, j; is they —strength
of the strongest arc.

Definition 2.12. [16] If v;, vie V € G, thenu~— strength of connectedness betwegmd y
is pg (vi,vj) = sup{pX(vi,v;) /k = 1,2..n} y-strength of connectedness betweeand
viis v3(vi,v;) = inf{y¥(v;,vj) /k=1,2..n}. If u, v are connected by means of path of
length k thenuX(u,v) is defined as
SUP{HZ (u,vy) Ap, (v, v2) Ap, (V2 v3) e Ay (Vieeq, v)/(UgVe, Vg, oo Vg, VE V)Jand
v&(u,v) is defined as

inf{y2 (W vy) Vy,(v,v2) VY,(v2,V3) oo VY, (Vier, V) / (UgVy, Vg, v Vi q, VE V)}

Definition 2.13. [16] An IFG, G = (V,E) is said to be complete IFG if
Haij = min{uli, H1j} andyzi]- = max{yli,ylj} for everyv;,v; € V.

Definition 2.14. [21] The complement of an IFG, G = (V, E) is an I (V,E),
where

HV=y,

2) 1y, = Wy;andyy, = vyq;, forall i=1,2....n

3) Mzy = min(y; 1i,) — Hai,and Y2, = max(ys; y1i,) — 25, for alli=1,2.n

Definition 2.15. [14] An IFG, G = (V,E) is said to bipartite if the vextset V can be
partitioned into two non-empty sets &d \, such that
i) uz(vi,vj) =0 andyz(vi,vj) = 0ifv;,v; € V; (or)vy, v; €V,
i) (vi,v]-) > 0 andy, (vi,v]-) > 0 if v;, € V; andv; € V, for some i and j (or)
T (vi,vj) =0and yz(vi,vj) > 0 ifvj, € V; andv; € V, for some i and j (0r) u, (Vi,Vj) >
0 andy, (vi,vj) = 0if v;, € V; and v; € V, for some i and
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Definition 2.16. [16] A bipartite IFG G = (V,E) is said to be complete if p, (Vi,V]-) =

min (H1 (v), ul(vj)) and vy, (Vi,Vj) = max (yl(vi),yl (Vj)) for allv; € V,and vj € V5,
Itis denoted by Ky,;v,;-

Definition 2.17. [17] Let u be a vertex in an IFG G = (V, E), then N(Uv=eV / (u, v) is
a strong arc} is called neighbourhood of u.

Definition 2.18. [17] A vertex ueV of an IFG G = (V, E) is said to be an isolatedter
if uy(u,v) =0 andy,(u,v) =0 for allv € V. That is N(u) =¢. Thus, an isolated vertex
does not dominate any other vertex in G.

Definition 2.19. [17] An arc (u, V) is said to be a strong arcyj{u,v) = u3’(u,v) and
Y2(u,v) = v7 (u,v)

Definition 2.20. [17] Let G = (V, E) be an IFG on V. Let u, &/, we say that u
dominates v in G, if there exists a strong arc ketwthem.

Note 2. If p,(u,v) < p3’(u,v) andy,(u,v) < y5 (u,v) for allu, v € V, then the only
dominating set of G is V.

Definition 2.21. [17] A subset S of V is called a dominating set in ®ifevery \eV-S,
there exists &S such that u dominates v.

Definition 2.22. [17] A dominating set S of an IFG is said to be minigamninating set
if no proper subset of S is a dominating set.

Definition 2.23. [17] Minimum cardinality among all minimal dominatingtde called
lower-domination number of G, and is denoted by)d{@aximum cardinality among all
minimal dominating set is called upper-dominatiamerofG, and is denoted by D(G).

Definition 2.24. [17] Two vertices in an IFG, G = (V,E) are said to bdeipendent if
there is no strong arc between them.

Definition 2.25. [17] A subset S of V is said to be independent set of G.
If py(u,v) < p3’(u,v) andy,(u,v) <vyy (u,v) forallu,ves

Definition 2.26. [17] An independent set S of G in an IFG is said to keximal
independent, if for everyvertexe V — S, the set & {v} is not independent.

Definition 2.27. [17] The minimum cardinality among all maximal indepantdset is
called lower independence number of G, and it itk by i(G).

Definition 2.28. [17] The maximum cardinality among all maximal independset is
called upper independence number of G, and itnetel by 1(G).
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Definition 2.29. [7] A dominating set D of a grapgh= (V,E) is a non-split dominating
set, if the induced sub graph— D)is connected. The non-split domination number
Yns(G) of graph G is the minimum cardinality of a nguiitsdominating set.

Definition 2.30. [7] A dominating set D of a connected graph G is a path-split
dominating set if the induced sub grapV — D) is a path in G. The path non-split
domination numbery,,s(G) of G is the minimum cardinality of a path non-spli
dominating set.

Definition 2.31. [7] A dominating set D of a connected graph G is aecywn-split
dominating set if the induced sub graghi — D) is a cycle in G. The cycle non-split
domination numbety.,s(G) of G is the minimum cardinality of a cycle nonispl
dominating set.

Definition 2.32. [7] A dominating set D of a graph= (V,E) is a strong non-split
dominating set if the induced sub graffi— D) is complete. The strong non-split
domination numbelys,s(G) of G is the minimum cardinality of a strong noritsp
dominating set.

Definition 2.33. [7] A dominating set D of a connected graph G is a alaton-split
dominating if D is a non-split dominating set oftti®@and G. The global non-split
domination number yg,5(G) of G is the minimum cardinality of a global norlisp
dominating set of G.

Definition 2.34. [6] A vertexv € Gis said to be end-vertex of IFG, if it has at masé
strong neighbour in G.

Definition 2.35. [6] An edge(v;, v;) is said to be a bridge in IFG G, if either
Hoxy < Maxy and yoyy = H3ky (0NK5R, < M3y and yiy, > p3y, for some vy, vy € V.

Definition 2.36. [6] A vertexv; is said to be a cutvertex in IFG G if deletingeatex v;
reduces the strength of the connectedness betwesn gair of vertices.

3. Non-split dominating set

Definition 3.1. A dominating set D of an intuitionistic fuzzy gragh= (V,E) is a non-
split dominating set, if the induced intuitionistizzy sulXV — D)is connected. The non-
split domination numbey,_ (G) of intuitionistic fuzzy graph G is the minimum

cardinality of all non-split domination set.

Example 3.1. Consider the Figure 1
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Fig :1

vy (3,4 e1(2,.4) v,(.2,.6)
&) IR
Zb\‘?ﬂ < (e“@
qu-Z"E’)
e,(.2,.6) (5
va(.2,.5 e, ’ val:5..3)
S ) 3
(9‘_19 e
vs(.7,.1) e (.6..4) v, (.6,.4)
Figure 1:

Here strong arcs afg es e4, e;andey. Let D = {v,,v¢} andV — D = {vy,v3,v,, s} is
connected. Here,;(G) = v, + vg = 0.65.

Theorem 3.1. A non-ssplit dominating set D of IFG G is minimif and only if for eact
vertew € D, one of the following conditions is satisfi

i) There exists a verteu € V— Dsuch thalN(u) n D = {v}.

i) v is an isolated vertex(D)

iii) NWV)N(V-D)# ¢
Proof: Let D be a minimal dominating set of IFG G. Suppfiseeach nocv € D , the
setD’ =D — {v} is not a dominating set. Thus there is a nueV — D’ which is not
dominated by any node iD’ . If ueV—-D and u is not dominated D', but is
dominated by D then v is the strong neighbour dience N(u) N D = {v}. Alsov is an
isolated vertex in D and neibourhood of each vertex in D is a strong neighkiau
V —D. This impliesN(v) n (V—D) # ¢.
Conversely, Let D be an n-split dominating set and each nodes D, one of the
following condition holds. Let us prove that D isnimal. Suppose D is not a minirr
nonsplit dominating set. Then there exists a nw € D such that D—{v} is a
dominating set. Thugis a strong neighbor to atleast one node-D, which impiesv is
not a strong neighbor of any node in D. Hence thigra nodeu € V—D such that
N(u) n D # v. This implies one of the condition does not heltijch is a contradictio
to our assumption. Hence D is minimal. Hence tleetbm

0(G)

Theorem 3.2. For any Intuitionistic fuzzy graph G,y (G) < NG)
n

where A,(G) is the maximum; p— degree of G.
Proof: Let D be an nosplit dominating set of IFG G witfD| = y,5(G). Since every
vertex inV — D is adjacent to some vertices inD, we t

v-D| < Z A < Yas(©). 24(@)

= |V - DI + ID| = yps(G).A,(G)
= 0(G) = Yns(G) + ¥ns(G) = yns(G). 4,(G)
= 0(G) = yns(G). A,(G)
Thus, y,(G) < AO(—(GG)). Hence the resu
1
Example 3.2. Considetthe figure ..
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lig.2
1, (.6,.4)

ve(.1,.3)

vs(7.3 en(3.3) a3

Figure2:
Here strong arcs aeg, e, es, e, and eg
Let D = {vy,vg} andV — D = {v,,v3,v,4,Ve},0(G) = 6.
Non-split domination numbey,s(G) = 1.3
AH(G) = V{du(vl)/ ViEV}
= V{dp.(vl)t dp.(VZ)t dp.(VS)' dp.(V4)t dp(VS)' dp.(V6)}

=1.0
13 < 0 1.3<6.0
10 o 0O
G)<——.
YHS( ) AH(G)

Definition 3.2. Let D be a minimum dominating set in IFG G. If tineluced subgray
(V—D)is a path in IFG G, then D is called path -split dominating set. The path r-
split domination numby,4(G) of G is the minimum cardinality of all path r-split
dominating set.

Example 3.3. Consider the figure.

Fig 3

Y, (2603 =,10.2,0.2) v, {0.4.0.5)
N
e,l01CY D, e (02030
2 “
<
(04,004 Py.2.0.11 ,yi27.0.2)
Figure3:

Here strong arcs aeg, e; and eg
Let D = {v3} andV — D = {v,,Vv,, Vv,}
Path nonsplit domination numbey,,s(G) = 0.7.
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Theorem 3.3. Let G be an Intuitionistic fuzzy graph. If D is atp nor-split dominating
set, therthere exists at least c adjacent vertex of each verteg D in(V — D).

Proof: Let G be an Intuitionistic fuzzy graph. LD be a path nosplit dominating se!
Suppose there is no adjacent vertex of ev € D occur in{V — D). Then these vertice
occur in dommating set D. This implies for soru € V — D, there is ne € D . Also path
non-split dominating set is not minimurWhich contradicts the definition of path r-

split dominating set. Hence there should be attleas adjacent vertex of each nc
v € D in(V — D). Hence the proc

Example 3.4. Consider the figure.

vy L3, 4
g+
B, o
W2 L
[y SJ)
r7,2
a1l 2l FE Y |
R7) a -
£ IR NS I
o~ n
= &
(A, 4
olA.3) A b) RIS

vaiB, 3
Gl 1 ey (6,.3)

Figure4:
Here strong arcs aeg, es e4, €7, €19 and e
Let D = {v,,v3,v,} andV — D = {v,, Vs, Ve, V7 }
v;- adjacent tov, and v,
v3- adjacent taor,, vs, vy, Vg, and v,
v,- adjacent tor; andvs, one of the adjacent verticeswgf v;&v, occur in< V—D >.

Theorem 3.4. If an intuitionistic fuzzy gaph G with independent vertic then every
independent vertex of G must be in path-split dominating set D.

Proof: Let G be an Intuitionistic fuzzy graph with inggqlent vertices. L¢D be an non-
split dominating set. Suppc an independent vertexe V — D. Then there is no stror
arc fromv to anyu € D which contradicts the definitioof dominating set. This lea D

is not a path nosplit dominating set. Therefore every independeastex of IFG C
should be irD. Hence the proc

Example 3.5. Consider the figure.

(L 10
v, 2) val 1 vL(7..2)

ey (8..2) ©:(7,.2)
0 = R
o ! < D
»?J; o o v}- Lt Ea.5..80
B = - -
- & = .
& ; NN
= e
}’
el 4) es( 4. 2) -
i, ) iS4 et
Figure5:

Here strong arcs aeg, e, e, eg and e
Let D = {v,,vs,v;} andV — D = {vy,v;, V3, Ve}

58



S.Anupriya and A. NagoorGani
Here vs is an independent vertex which lies ir

Theorem 3.5. Let G be an Intuitionistic fuzzy graph with end esdIf D is a pat hon —
split dominating set the maximum number of these end nodes occuiVir- D)

Proof: Let G be an Intuitionistic fuzzy graph w end nodes. Leb be a path nc-split
domination setSuppos D contains maximum nuper of end nodes. Then D is 1
minimum. Also for eacv € V—D, there existsu € D. This results a non-split
dominating set exists, which contradicts the asgiompthat D is a path nesplit
dominating set. Hence maximum numbe end nodes should occur onlyV — D).
Hence the theorem.

Example 3.6. Consider the followindigure,
Vi (A1,.6)

Va3, 1)

V(3,0 5)
Figure®:

Here strong arcs aeg, e,, e, and eg

Let D = {v,,v,} andV — D = {v,,v3, vs}

The end nodes asg, v3, andvs . These end nodes lig(ih— D).

Definition 3.3. Let D be a minimum dominating set in IFG G. If theluced sub grap
(V—D) is a cycle in IFG G, then D is called cycle -split dominating set. The cyc
nonsplit domination numbry.,s(G) of G is the minimum cardinality of all cycle r-
split dominating set.

Example 3.7. Consider a figur:

Figure7:
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Let D = {v,4,v4,vs}andV — D = {v,,v3, v}
Here D is called cycle n-split dominating set. The cycle neplit dominatior
numbey ,s(G) = 1.7.

Theorem 3.6. If G is an Intuitionistic fuzzy graph with degreé each node is equz
Then there exists a cycle r-split dominating set.

Proof: Let G be an Intuitionistic fuzzy graph with athaes of equal degree. Here atle
one node has all its edges strong. Also adjaceméxas of this node have maximt
number of strong arcs. This implies the IFG G cmstanore cycles. Also for eau €
V — D there existy € Dand(V — D) is a connected cycle. By definition of dominatién
is a dominating set. Sin{V — D) is a cycle, D is cycle nosplit dominating set.Henc
the proof.

Example 3.8. Consider a figur:

512 3) PN TR

s
L )0

1l 3 Cyalb. $)

NS ] PR o) 2 18,.2)
Figure8:
Here strong arcs ag, e,, ege; and eg
Let D = {v4,vg} andV — D = {vy, vy, V3, Vs, V7, Vg}
Here(V — D) is a cycle and D is cycle n-split dominating set.

Theorem 3.7. Let G be an Intuitionistic fuzzy graph. If D is gcte non —split
dominating set, then there exists at least on@gtaoc in D

Proof:

Case (i): Let G be an Intuitionistic fuzzy graph with degfeeach node is not equal. L
D be a dorimating set and the vertices D is isolated. AlsgqV — D) is connected an
form a cycle. Therefore D is a cycle I-split dominating set.

Case (ii): Suppose G is an IFG with degree of each node ial: Then by theorer3.15,
D is a cycle norsplit dominating set and is connected. Since ofgcadt vertex of eac
v € D occur in{V — D), there exists at least one strong arc in D. Hene¢hboren

Definition 3.4. A dominating set D of IFG G is a strong Msplit dominating set if th
induced subgraptV — D) is complete.

Theorem 3.8. Every complete intuitionistic fuzzy graph with vieds P > 3 contains
strong non-splilominating se

Proof: Let G be completlFG with vertices g3. Then for each@&V — D there exists a
ve D such that D is a path n-split dominathg set or isolated vertex. T is a
contradiction to the definition of strong r-split dominating set. Therefore, consider
Since G is complete, deee of each node is equal.
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Also by definition, p,;; = min{uli, H1j} and y,j = max{yli,ylj} for every v;, v; € V.
Hence there exists &ast one strong arc in each n( This implies for eache V—-D
there exists @ D and <\-D> is complete. Hence D is strong meplit dominating se

Example 3.9.

wCH, 4 - L4 5)
.

S "
) o
S

L0 eulh. 1} ol )
Figure:
Here strong arcs aeg, e, e; €s, €6 €7, €9 and ey.
Let D={vzv,} and V—D = {v; v,,vs} is complete. Therefore D is a strong -split
dominating set.

Definition 3.5. A dominating set D of a connected IFG Cglobal nonsplit dominating
set, if D is norsplit dominating set of boiG andG.
Example: 3.10.

17ig 16

1y L4, .0}

TP b
vl 3) palOnE) v, (6..3)
Gvaph 6 Graph G
Figure 10:
Here strong arcs arg, e; . Here strong arcs agge, , e; .

LetD = {Vl}! V-D-= {Vz,V3}. LetD = {Vl}! V—-D-= {Vz,V3}.
Hence D is a global dominating ¢

4. Conclusion

This maper identifies nc-split domination number omtuitionistic fuzzy graph G. e
have defined different types of r-split dominating sets such as path -split
domination, cycle nosplit dominatior strong non-split dominatioand global no-split
domination.Usinghese definitions we explore more theorems in &ituork
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