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Abstract. In this paper we present the fuzzy shortest pathshortest path length with
Type-2 fuzzy number. To solve this problem we psgaban algorithm from a specified
node to other nodes in a network and we have cadpidie results with other distance
measures like Hamming, Normalized Hamming, Expdaknype distance measures
also. Our proposed algorithm is illustrated with tielp of numerical example.

Keywords: Type-2 fuzzy number, type-1 fuzzy number, distameasure, similarity
measure, extension principle

AMS Mathematics Subject Classification (2010): 94D05

1. Introduction

In network optimization, a large number of shorteath algorithms have been worked
out more thoroughly than any other algorithm. Sarhéhese algorithms are better than
others, some are more suited for a particular strecthan others and some are only
minor variations of earlier algorithms. Some altjoris like the Dijkstra’salgorithm[3]
can solve shortest path problems where there amgegative weights. The algorithms
given by Bellman, Dijkstra [3] and Dreyfus [4] areferred to as the standard shortest
path algorithms. The fuzzy shortest path problem firat analyzed by Dubois and Prade
[5] in 1980. Klein [9] proposed a dynamical pragmming recursion-based fuzzy
shortest path algorithm. Lin and Chen [11] found thzzy shortest path length in a
network by means of a fuzzy linear programming epph. Okada and Soper [13]
proposed a fuzzy shortest path algorithm based witipte labeling methods. Chuang
and Kung [2] found fuzzy shortest path length pcare. Kung and Chuang [10]
proposed a new algorithm to deal shortest pathl@nubwith discrete fuzzy arc lengths.
Zadeh proposed type-2 fuzzy sets as an extensiofftype-1) fuzzy sets whose
membership values are fuzzy sets on the interva].[Jype reduction was proposed by
Karnik and Mendel [6,7,8]. It is an ‘extended versi[14] of type-1 defuzzification
methods and is called type reduction because thésation takes us from the type-2
output sets of the fuzzy logic system to a typerdz§ set that is called “type reduction
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set”. Similarity is an important tool to provideettioundation for analogical reasoning
between two fuzzy concepts and has widespreadcatiplis. The most obvious way of
calculating similarity of fuzzy sets is based oaithlistance. Various distance measures
are present in literature. In this paper we hawpgased one distance measure and made
comparison is made with other measures.This papanganized as follows: In section 2,
we have some basic concepts required for analyssection 3, an algorithm is proposed
to find the fuzzy shortest path and shortest pattgth combined with distance based
similarity measure. A comparative study is madehwiite help of various distances like
Hamming, Normalized Hamming and Normalized expoaétype distance. Section 4,
gives the network terminology. To illustrative tipeoposed algorithm the numerical
example is solved in section5.

2. Concepts
2.1. Type-2 fuzzy set

A Type-2 fuzzy set denotedl, is characterized by a Type-2 membership function
H; (X, u)where x[IX and ul1J, 0J[0,1].

ie., A ={(xu), Hi(x,u)) /0 x Ux, O ulyg,000,1] } in which 0 g5 (x,u) < 1.
Acan be expressed aé = J' J' 5 (X, U) /(% U)X [0,1], WhereH denotes union over

XOX U1,

all admissible x and u. For discrete universe staiirse] is replaced by._ .

2.2. Discrete type-2 fuzzy number

The discrete type-2 fuzzy numbér can be defined as follows:
A= Z M (x)/ xwhereﬂl\(x) = Z f (u)/uwhereJ is the primary membership.

xOX udd,

2.3. Extension principle

Let Aj, Ay, . ..., Abe type-1 fuzzy sets in 1 XX5 . .. ,.%, respectively. Then, Zadeh’s
Extension Principle allows us to induce from theetd fuzzy sets AA,, .., A a type-1
fuzzy setB on Y, through f, i.e,B = f¢A. . . .,A), such that

ﬂB(y)={ sup  minfu, (%),..4, )" y)Ee

X% %0 ()
0, () =¢
2.4. Addition on type-2 fuzzy numbers
Let A and Bbe two discrete type-2 fuzzy number bé\zz,u;\(x)/xand
B=> u(y)/ywhere 1, (x)=>" f (u)/uandu,(x)=> g,(w)/w. The addition of these

two types-2 fuzzy numberA Bis defined as

/JADB(Z): U (:UA(X)ﬂ,ug w) = U ((fo(ui)/ui)ﬂ(zgy (Wj)/Wj )

Z=x+y Z=xty i j

His@ == J (& (f,(u)0g,(w,)/ (uOw,))

z=xty i
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2.5. Minimum of two discrete type-2 fuzzy number
Let A and B be two discrete type-2 fuzzy number then minimunmm type-2 fuzzy
sets is denoted as Mif(, B) is given by

Min(AB)(2= Sup[( f(HD o W)/ (uO W]

z=Min(x y)
whereA=>" f (u)/u/xandB=3" g (w)/w/y.
2.6. Similarity measure

If d is the distance measure between two fuzzyAetsd B on the universe X, then the
following measures of similarity is presented respely.
S(AB)=— 1 _;S(AB)=1-d(AB); S{AB)=1-d(AB)

1+d (A B)

2.7. Distance based similarity measuresfor fuzzy sets
Various distance measures are available in litezatdere we are using the following
distance measures for the proposed algorithm.

1. TheHammingdistance: d (A B) :Zn:| Ax)- K ?()|
i=1
2. Normalized Hamming distance: d“(A,B) = d(A,B)/n

3. Normalized Exponential type distance: d.(A,B) = 1-exptd" (AB)
1-expt1)

4. Proposed distance: d(A B)(2) = Sp {|B( y) -AX)| } O0zOO

z=Min(xy)

2.8. Centroid of type-2 fuzzy sets

Suppose thatA is a type-2 fuzzy set in the discrete caase. Emraid of A can be
defined as follows:

j . j ..... j [f, @)1, 6,)....1, 6)

, whereA:zR:{ > f, (u)/u} I

C = 603, 6,03, G013y, A
A R j=1{ unly
Z Xj luA(Xj)
j=1
R
D Ha(x)
j=1
3. Algorithm

Algorithm for fuzzy shortest path length

Step 1: Find the path length for the required paths.

Step 2: Reduce the Type-2 fuzzy path length to Type-1yyrath length using
typereduction method.

Step 3: If path length is single then that path lengtthis shortest path lengi@; andthat
path is the shortest pajih Stop the procedure. Otherwise go to step 4.
Step 4. Compute the minimum path lengt@; using def 2.8.

Step 5: Compute distance measure for all distance bettveeminimum path lengthand
the remaining path lengths using def 2.7.
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Step 6: Compute the similarity measure for all distancesuees using def 2.6
Step 7: Choose the shortest pafiwith the highest similarity measure.

Step 8: The shortest path length G- and the shortest pathfis

Algorithm for fuzzy shortest path from source nodeto all other nodein a network
Step 1: Letnode 1 be the source node in the given network.

Step 2: Find the collection of nodes $ the network which are adjacent to node 1.
Step 3: If S; is empty, then go to step 10. Otherwise go tcsthp 4.

Step 4: Compute the minimum path length at each nodg @ node 1 using path
length algorithm.

Step 5: Find the collection of nodes # the network which are adjacent tp S

Step 6: If S, is empty, then go to step 10. Otherwise go to Btep

Step 7: Compute the minimum path length at each node &fo® ny using result 1.
Step 8: Repeat step 2 to step 7 until to obtain the sebtéction of nodes in the network
which are adjacent to each of the shortest patk imempty.

Step 9: Compute the shortest path from node 1 to eaclodésin the network in step
8.Stop the procedure.

Step 10: There is no path from the node 1 to the specifizde.

3.1. Network ter minology
Consider a directed network G(V,E) consisting dinte set of nodes V = {1,2, . . .n}
and a set of m directed edg&s1VXV. Each edge is denoted by an ordered pair (i,j),
where i,j1V and i#j. In this network, we specify two nodes, denotgdskand t, which
are the source node and the destination node, atdsgg. We define a path;Pas a
sequence P={i = iy, (ini2),i. . . ., k1, (i), it = j} of alternating nodes and edges. The
existence of at least one pathiR G(V,E) is assumed for every nodeV — {s}.
dij denotes a Type-2 Fuzzy Number associated with dige €,j), corresponding to the
length necessary to transverse (i,j) from i to heTuzzy distance along the path P is
denoted agl(P) is defined ad(P) = ¥

(i.itP)
3.2. Numerical example
The problem is to find the shortest path and skbgath length from source node to all
other nodes in the network having 6 vertices aedges with the association of type-2
fuzzy number.

e

_I’:

Figureb5.1:

Solution:
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The edge weights are
P = (0.5/0.2+0.4/0.3)/2 + (0.4/0.2)/3
Q= (0.3/0.2 + 0.8/0.3)/1 + (0.2/0.8)/3
R =(0.7/0.2)/2 + (0.9/0.4 +0.7/0.5)/4
S =(0.6/0.2)/4
T =(0.9/0.4 +0.7/0.5)/3 + (0.4/0.7)/5
U =(0.8/0.3 + 0.4/0.5)/2

V =(0.6/0.4)/2 +(0.7/0.5+ 0.5/0.6)/4
[llustration to find shortest path
Step 1: Let node 1 be the source node in the given network.
Step 22 S = {2,3} and using step 3 and step 4 of the prodosigorithm we have the
following:

End |Possible | Path Length Minimum path Length Shortest
node |paths Path
2 1-2 (0.5/0.2+0.4/0.3)/2+(0.4/0.2)/3)0.5/0.2+0.4/0.3)/2+(0.4/0.2)/ | 1-2
0
3 1-3 0.3/0.2+0.8/0.3)/1+(0.2/0.8)/3 0.3/0.2+0.8/(13}0.2/0.8)/3 | 1-3
Tableb5.1:

Step 5. S, = {4,5} using step 6 and step 7 of the proposegbrithm we have the
following:

End |Possible [Path Length Minimum path [Shortest
node |paths Length Path

4 1-2-4 (0.5/0.2)/4+(0.4/0.2)/5+(0.5/0.2+0.4/0.3)0.6/0.2)/5+(0.2/0.2)/7(1-3 — 4
6 + (0.4/0.2)/

1-3-4  (0.6/0.2)/5 + (0.2/0.2),

5 1-3-5  [0.2/0.2+0.8/0.3)/4+(0.2/0.4)/6+(0.2/0.7)0.3/0.2+0.8/0.3)/4+(0.[1-3-5

8 2/0.4)/6+(0.2/0.7)/8
Table5.2:

Step 8 :S; = {6} using step 6 and step 7 of the proposed ritlgm we have the

following:

End |Possible [Path Length Minimum path [Shortest
node |paths Length Path
6 1-3-4-6 ((0.6/0.2)/7 + (0.2/0.2), (0.6/0.2)/+ (0.2/0.2)/91-3 — 4-6

1-3-5-6  {(0.3/0.2+0.6/0.3)/6+(0.2/0.4)+(0.2/0.4)
10+(0.2/0.5+0.2/0.6)/1

Table5.3:
By the proposed method, the fuzzy shortest path and shortest path length from the
node 1 to each other nodes is given below:
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End |Possible [Path Length Minimum path [Shortest

node |paths Length Path

2 1-2 (0.5/0.2+0.4/0.3)/2+(0.4/0.2)/ (0.5/0.2+0.4/0.3)/2+(1 [1-2
4/0.2)/<

3 1-3 0.3/0.2+0.8/0.3)/1(0.2/0.8)/3 0.3/0.2+0./0.3)/1+(0.2[1-3
0.8)/c

4 1-2-4 (0.5/0.2)/4+(0.4/0.2)/5+(0.5/0.2 (0.6/0.2)/*+ (0.2/0.2)/71-3 - 4

0.4/0.3 )/6 + ( 0.4/0.2)

1-3-4  {(0.6/0.2)/5 + (0.2/0.2),
5 135  [0.3/0.2+0.8/0.3)/4+(0.2/0.4)/6+(0.2/0.7)0.3/0.2+0.8/0.3)/4+( [1-3-5
) 2/0.4)/6 + (0.2/0.7)/

6  [1-3-4-6 [0.6/0.2)/7 + (0.2/0.2), (0.6/0.2)/+ (0.2/0.2)/9[1-3 — 4-6

1-3-5-6  |(0.3/0.2+0.6/0.3)/6+(0.2/0.4)+(0.2/0.4)
10+(0.2/0.5+0.2/0.6)/1

Table5.4:
The Fuzzy Shortest path and the corresponding Ipatith using proposed and existing
distance measures are given below.

End [Possible [Path Length ISimilarity Degree using [Shortest [Shortest path
node paths Hammi [Normalize [Normalized [Propose ath |ength
ng d Exponential |d
Distance Hamming [type Distance
Distance  [Distance

2 1-2 0.5/0.2+0.4/0.3 | _ | | | 1-2 0.5/0.2+0.4/0.3)/2
P+(0.4/0.2)/3 0.4/0.2)/<

B 1-3 0.3/0.2+0.8/0.3)/: | | | | 1-3 0.3/0.2+0.8/0.3)/1-
i (0.2/0.8)/. 0.2/0.8)/<

) 1-2-4 0.5/0.2)/4+(0.4/ 0.83¢ 0.93¢ 0.902 0.89¢ 1-3—4 |(0.6/0.2)/*+(0.2/0.2
.2)/5+(0.5/0.2+0. /7
4/0.3)/6+0.4/0.2)
7

1-3-4 0.6/0.2)/5(0.2/0 1 1 1 1

12)/7

5 1-3-5 0.3/0.2+0.8/0.3)/« | _ | | | 1-3-5 0.3/0.2+0.8/0.3)/4+
H(0.2/0.4)/6-(0.2/ 0.2/0.4)/6-(0.2/0.7
0.7)/¢ /8

6 1-3-4-6 |(0.6/0.2)/7 41 1 1 1 1-3— 4-6 |(0.6/0.2)/7-(0.2/0.2
0.2/0.2)/¢ /9
0.3/0.2+0.6/0.3

1-3-5-6 [6+(0.2/0.4)/+(0. [0.88: 0.97 0.95¢ 0.8¢

[2/0.4)/10+(0.2/(
5+0.2/0.6)/1.

Table5.5:

4. Conclusion

The Shortest path problem is a classical and irapbmetwork optimization problem
appearing in many real life applications. In thiper, we provide a new algorithm for
solving shortest path problem on a network. In pheposed method, we are able to
obtain all non-dominated paths from the specifiedento all other nodes. Here we have
compared the existing distance measures with mpgsed distance measure. From our
comparative study we conclude that the fuzzy sBoppath obtained from a specified
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node to all other nodes, is same in the case gfogexd method and all other existing
methods.
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