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Abstract. In this paper we introduce a new definition callée completem-points
projection on some projected vertices of a graghthen we prove that the complete
points projection on some projected verticek©f-snake is graceful.
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1. Introduction
A functionf is called agraceful labelingof a graphG with m edges iff is an injection

from the vertex set o6 to the set{ 01 2..., m} such that, when each edggs
assigned the labek (x) - f (y)|, the resulting edge labels are distinct.

Rosa [6] introduced such labeling in 1967 and naihexs a £ -valuation of
graph while Golomb [5] independently introducedtsiabeling and called it as graceful
labeling. Acharya [1] has constructed certain iitdirfamilies of graceful graphs from a
given graceful graph while Rosa [7] and Golomb Iglve discussed gracefulness of
complete bipartite graphs and Eulerian graphs. ISE{ahas proved that the splitting
graph (the graph obtained by duplicating the vestiof a given graph altogether) @©f
admits graceful labeling fon = 1, 2(mod4) .A kC,, -shakeis a connected graph with
blocks, each of the block is isomorphic to the ey€l, such that the block-cut-vertex
graph is a path. Following Chartrand, Lesniak P4j,a block-cut-vertex graph of a graph
G we mean the graph whose vertices are the blockscatdertices ofG where two
vertices are adjacent if and only if one vertexaiblock and the other is a cut-vertex
belonging to the block. We also callka,,-snake as a cyclic snake. This graph was first

introduced by Barrientos [3] and he proves tkaj} -snakes are graceful and later it was
discussed by Badr [2] as generalization of the ephof triangular snake introduced by
Rosa [6]. AKC,,-snake containd =nk edges andN =(n-1)k+1 vertices. Among

these verticesk —1 vertices have degree 4 and the other verticesegfeg 2. Let
Up,Up, ... U1 be the consecutive cut-vertices@fLet d; be the distance betweerand
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Us+1in G fori<i<k -2 the string (dl,dz,...dk_z) of integers characterizes the graph

in the class of-cyclic snakes. For example we can construct tfiereint 3¢, -snake
from a 2c,-snake, the first is with string- 1 (Figure 1.2dahe second is with string- 2
(Figure 1.3).
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Figure 1.1. 2C4-snake with a cut vertex
Figure 1.2. 3C,-snake with string- 1
Figure 1.3. 3C,-snake with string- 2

In this paper, we consid&C, -snake with string- 2.

2. Gracefulness of some super graphs of KC, -Snake

Definition 2.1. The complete npoints projection (m=1) on some projected vertices (
sayl ) of a graphH(p,q) is the Super grapts(N,M) of H(p,q) by addingm isolated
vertices N,) to the vertices set ofH(p,q) and adding complete bipartite edges
(ml edgeg between the setsA&B, whereA is the set of newly addech isolated

vertices N,) andB is the set of the -projected vertices of the grapt(p,q). So the
number of vertices of the super gra@his N = p+m and the number of edges of the

super grapl@ isM = q+ ml .

Definition 2.2. The adjoint verticesof kc,-snake is the set of union of cut vertices and
two non-adjacent vertices of cut vertices ki, -snake The disjoint verticesof kc,-
snake is the set of union of adjacent verticesubfvertices ofkC, -snake So there are

k +1adjoint vertices and2k disjoint vertices. In Figure 1.3v;,v,,v3& v, are the
adjoint vertices andiy,u,,uz,us,Us & ug are the disjoint vertices @, -snake.

Example 2.1. Let H(p,q)e the graptKs (see Figure 2.1) and let any two vertices of
H(p,q) be the projected vertices (say & vz ). Suppose the chosen null grapiNi¢see

Figure 2.2), that ism=3. Then the complete 3-points projection on the euigd
verticesvy & vz of H(p,q) from Ns will be visible as in Figure 2.3.
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Gracefulness of Some Super Graphs of{8Gake

Theorem 2.1. The completem-points projectionim=1) on the adjoint vertices dtC, -

shake is graceful.
Proof: Let H be thekc,-snake withk blocks, so the number of verticestbfis 3k +1

and the number of edges ldfs 4k. Let G be the Super graph &f such thatG is the
completem-points projection on the adjoint verticesiu, -snake. LetN =m+3k +1 be

the number of vertices @& and M = (m+ 4)k+m be the number of edges Gf [Refer

Figure 2.4]. To prové& is graceful it is enough to prove that tfleedges ofs having the
edge values &®,M-1M-2..321}. Name the k+1 adjoint vertices by
Viva,. . Viea)s 2k disjoint vertices byjup, Uy, . . . Ug,Ugar, . - - Ug} @nd them

isolated vertices bfwy,w;, . . .,wy,} as described in Figure 2.4.

Figure 24:

Define: f (vj)=mk+m+4k+1-i, 1<i<k+1
f(uj))=mk+m-1+i, 1<i<k
f (U +j)=mk+m+2k-1+i, I1<i<k
f(w)=(k+D(@{ -2, I1<ism
From the above vertex labeling, the sts(w) /1<i<m}, {f(u) /1<i<k }and
{f(uk+i) / l<ic< k} form a monotonically increasing sequence and tl® s
{f(«)/1<i< k+1} form a monotonically decreasing sequence.
Observe thamax{{ f(w) / 1<ism}U{f(u) /1<i<k} U{f(u) /1<i<k}}
< min{f(y)/1<i< k+1}
Therefore the labels of all vertices®fare distinct.
* Let A denote the set ahk + m edges

{\N_LVl,V\ﬁ_Vz,. <o WAV +1, WoVE, WoVo oo WOV 1, -« o s WiV, WiV, .. Wka+1} of G.
* Let a, denote the set @k edges{viuy, vy, Volly, .. . ViU, UgVic+1 | O G.

* Letagdenote the set @k edges{viuy 11, Uy +1V2, Vol 42, - - VicUic, UVic+1 ) OFG.
We give below the edge values in the se#sA,& A; and we denote these sets

respectively byAl' , AQ' & A3,' .
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A={M,M-1M=-2 ..., 4k+1
Ao ={ak, ak-1, ... 2k+1}

Ag ={2k, 2k-1, ..., 3 21}
Observe that the values in the sg{s A, & Ag are all distinct and

AL' U A2' U Ao,'={M,M -1,M -2..,,321}. HenceG is graceful.

Theorem 2.2. The completen-points projection(m=1) on the disjoint vertices dCy, -

snake is graceful.
Proof: Let H be thekC,-snake withk blocks, so the number of verticestbfs 3k +1 and

the number of edges df is4k. Let G be the super graph &1 such thatG is the
completem-points projection on the disjoint vertices kC4-snake. LetN =m+3k +1
be the number of vertices & and M = 2mk+4k be the number of edges Gf [Refer
Figure 2.5]. To provés is graceful it is enough to prove that tieedges o G having
the edge values agm,M -1M -2,..,321}. Name the k+1adjoint vertices by
Mo, . . Vi), 2K disjoint vertices byl uy,up, . . . Uy, Ugsr, . . . Uy} @nd them

isolated vertices bjw;,w,, . . ., Wy} as described in Figure 2.5.

Figure 25:

Define
f(vj)=mk-1+i, 1<i<k+1
f(u)=2mk+4k+1-i, 1<i<k
f(ug+i)=mk+ 2k+1-i, 1<i<k
f(w)=k(i-1), 1<ism
From the above vertex labeling, the sftis(w) /1<i<m} and{f(«)/1<i< k+1}
form a monotonically increasing sequence and thes de(y)/1<i<k} and
{f(uk+i) /1s<i< k} form a monotonically decreasing sequence. Obgbate

max{{ f(w) / 1<ism}U{f(v) / 1si sk+1}} < mif{ fU) / 1<i <k} U{ FUeai) / 1< <k}}
Therefore the labels of all vertices@fare distinct.
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» Let A denote the setahk edges
{Wlul,v\iuz,... WU , Wolk, Wollo . .. Woll , . -« , Wiy, Wirip . - - Wmuk} of G.
* Let Ay denote the set a2k edgeivlul,ulvz,vzuz, vkuk,ukvk+1} of G.
* Let Ag denote the set ahk edgeﬂ(;V\iLkﬂ,\/\iukJ,z,... Wy , Wolle 49, Woll 42, - -
coeWolop v Wi +1, Wik 425+ - - Wmu2k}ofG.

* Let A4 denote the set d2k edges{vluk+1,uk+1v2,v2uk+2,... vku2k,u2kvk+l} of G.
We give below the edge values in the s@{sA,, A;& A,and we denote these sets

respectively bys', Ay, A; & A,

A ={M,M-1LM=-2 ..., mk+4k+1
A ={mk+4k, mk+4k-1, ..., mk+2k+1}
A, ={mk+2k, mk+2k-1 ..., 2k+1}
A ={2k, 2k-1 ...,3 21}

Observe that the values in the s@§s Ay, Ag& A, are all distinct and
Al’ U A2' U A3'U A4' ={M,M -1M -2,...,321}. HenceG is graceful.

Examples 2.2.

1. The complete 4-points projection on the adjeertices of2C, -snake.
[Refer Figure 2.6]

2. The complete 3-points projection on the disjoitices of4C,-snake.
[Refer Figure 2.7]

3 ; - ;
/ 1‘2\.<I?\\.
20\‘/19 ./18 Y
o o 20 19 18 17
Figure 26: Figure 2.7:

3. Conclusion
In Theorems 2.1 and 2.2 we have shown that the letenp-points projection(m = 1)

on the adjoint vertices okC4-snake and the complete-points projection(m=1) on
the disjoint vertices okC,4 -snake are graceful.

Remark. ‘The completen-points projection’ can be used as a powerful opmrdb get
larger graphs from a given graph. In obtainingdbenpletem-points projection from a
given graph, the super graph can be extended ittfiaite size and length.
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