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1. Introduction

The research of stability problems for functionglations is linked to the renowned
Ulam problem [34] (in 1940), concerning the stapitif group homomorphisms, which
was first elucidated by Hyers [10], in 1941. Thiahdlity problem was more widespread
by quite a lot of creators [2,9,25,27,28]. Othetipent research works related to various
functional equations using direct and fixed poirthods were discussed in (see[1, 3, 5,
6, 11, 14, 15, 21, 22, 27]).

Recently, Murthy et al., [23] introduced and invgate the general solution and
generalized Ulam-Hyers stability of a new form pfdimensional cubic functional
equation

Zh@xjj_.i[iz_i;+6]jzﬂh(2%)=2tj;« o+ P()_i( ST (1.1)

=1

with n=3, in Felbins type spaces using direct and fixedpwiethods.
In this paper, the authors investigate the geizedlUlam-Hyers stability of the above
n-dimensional cubic functional equation (1.1) in Ititmistic fuzzy normed spaces
using direct and fixed point methods.

In Section 2, we present the solution of the fiometl equation (1.1). The
generalized Ulam-Hyers stability using Banach spadagven is Section 3. In Section 4,
the basic notations and preliminaries about Irdnistic Fuzzy Normed Spaces is
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present. Also the stability of (1.1) in Intuitistic Fuzzy Normed Spaces using direct and
fixed point methods are discussed in Section SGara$pectively.

2. General solution of the functional equation (1.1)
In this section, the authors discuss the genehaligo of the functional equation (1.1) by

consideringX andY are real vector spaces.

Theorem 2.1. [23] If f:X - Y satisfies the functional equation (1.1) for all
X, %, X%..., % 0 X and n23 then there exists a functiorB: X® — Y such that
f(x)=B(x x ¥ for all xdOX where B is symmetric for each fixed one variable and

additive for each fixed two variables.
Hereafter, throughout this paper, we define a mappl : X - Y by

x5 =30 2|3 C 0 2
IR ERIAC NI EERY

isli<jk dsi i=1 K k

for all X, %, %,..., % U X.

3. Stability resultsin Banach space
In this section, the generalized Ulam - Hyers ditgtif a n-dimensional cubic functional
equation (1.1) is provided. Throughout this sectiassume X and Y to be a normed
space and a Banach space, respectively.

The proof of the following theorem and corollary danilar lines to that of
Theorem 4.1 and Corollary 4.2 of [23]. Hence th&itie of the proofs are omitted.

Theorem 3.1. Let j=+1. Let h: X . Y be a mapping for which there exist a function
&: X" - [0,0) with the conditions

|Im271|<, (29%,,2x) converges andim —s; {( P ox 2 k= (3.1
such that the functional inequaliftt (x, %, X+, % )| < €( X, %, %+, X) (3.2

for all x,x, X, --,x0 X. Then there exists a unique cubic mappiggx - Y
satisfying the functional equation (1.1) and

Hh(x) C()QH i 23:j—ltimes ,(zi(l_z)zq _3) (Bs

for all xOX . The mappingC(x) is defined byc(x) = "m%ﬁj") (3.4) for all xO X .
Kk - o0

Corollary 3.1. Let h: X - Y be a function and there exits real numbgrand S such
that
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A

HH(xlx2x3>g)Hs /\Zn: % R, s<30rs>3; (3.5)
k=1

n n 3 3
A ®+ , S < ors >
(;ka I"+[] I ﬁ) . .
for all x,%,, %,---, % 0 X. Then there exists a unique cubic funct©nX - Y such that
A
7
- AlIXIE  for all xOX. 3.6
[f0)-Cc(¥]|< 8-2 (3.6)
Al
0|8-2%

3.1. Stability result: intuitionistic fuzzy normed space
In this section, we give some basic definition amudations about intuitionistic fuzzy
metric spaces introduced by J.H. Park [24] and&Rd&ti and J.H. Park [30,31].

Definition 3.1.1. Let gand v be membership and nonmembership degree of an
intuitionistic fuzzy set fromx x(0,+) to [0,1] such thaty, (t) +v (t) <1 for all xO X

and allt>0. The triple(x,pﬂwM)is said to be an intuitionistic fuzzy normed space
(briefly IFN-space) ifX is a vector spacéyl is a continuoug —representable anaw is

a mapping X x(0,+w) - L*satisfying the following conditions: for alk, yo x and
t,s>0,

(IFN1) P, (x0) = Q.; (FN2) P, (x,t)= 1 ifandonlyik= O;

(IFN3) P, (axt) = Pw(x,%l] foralla# 0;(IFN4) R, (x+ y.# 2. M P (x0.p (¥ 9

In this casep, is called an intuitionistic fuzzy norm. Here (1) :(yx(t),vx(t)),

Example 3.1.1. Let(x,|.|) be a normed space. L&(a,b)=(a bmin (g+ b,1))for all

a=(a,a),b=(h, b)O L*and y,vbe membership and non-membership degree of an
intuitionistic fuzzy set defined by

- [t [l i .
P, (x )=V, (0) =] ——, OtOR .Then(X,P,,,T) is an IFN-space.
0 (% 0= (14,00, (1) [H”X” e J (X,P,,.T) p
Definition 3.1.2. A sequenceg x } in an IFN-spacex, pW,T)is called a Cauchy sequence
if, for any £>0and t>0, there existsn,0Nsuch thatp, (x -x.1t)>. (Ny(&),€),
On,m= ny, where N _is the standard negator.
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Definition 3.1.3. The sequenc{%} is said to be convergent to a poiit X
(denoted byx, 0 0. x ) ifP, §-xt) 1 as- o forevery

Definition 3.1.4. An IFN-space(x,Pﬂ’V,T)is said to be complete if every Cauchy

sequence inX is convergent to a poirmt[] X .For further details about IFN space one
can see ([4, 7, 8, 12, 13, 16-20, 24, 29-33, 35-3FHroughout this section, let us
considerx,(z,p,,,M) and (v, P, M) are linear space, Intuitionistic fuzzy normed gpac

and Complete Intuitionistic fuzzy normed space.

Theorem 3.1.1. Let x0{-1,1} be fixed and lets: X" - z be a mapping such that for

someb with 0<(b/2)* <1 P/;'V(E(zk X,0; - q ,r)gL, P/’W(b”g(x,o,.. 0 ;) (3.1.1)
forall x0OX and allr >0b >0, andl[i[T)oPL,v(f(ZKk&,---,ka]) ok r) =1 (3.1.2)
for all x,x,, %+, %0 X and allr >0. Suppose that a functiom: X - v satisfies the
inequality P, (H (%, %, %, %), )2 B, (E( % % %, %), } (3.1.3)
for all x, x,,%,--,% 0 X and allr >0. Then the limit

f (2x) 3.1.4
P C(X- e M- 1. as koo, r>0 (3.1.4)

exists for all X[ X and the mapping: X - Y is a unique cubic mapping satisfying
(2.1) and

P, (h(X- (3, )2, F;,,V(f( X0r-+,0) %*"'j (3.1.5)

where ;= Z[ -9 +6jfor all xOX and allr >0.
2

Proof: First assumer = 1. Replacing(x,, x,, .-+, %) by (x,0,0;--,0 in (4.3), we arrive

P[[Z[ o3 ‘r"*e]r(mﬂ 2, (€(x0.9 )

i=1

for all xOX and allr >0. Using (IFN3) in the above equation, we get

Pﬂ,v(h(zzsx) h(x), j_f P, (€(%0:.0 1) (3.1.6)
wheregzz[' ‘;" +6j for all xOX and allr >0. Replacingx by 2x in (3.1.6), we
obtain _
k+1
Pﬂ,v[h(zzg e x),;f]zr 2, (£(2 %00 317)
for all xdJX and allr >0. Using (3.1.1)(IFN3) in (3.1.7), we arrive
uv 23 f _L uv T K

4
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for all xOX and allr >0. It is easy to verify from (3.1.8), that

h(2“'x) h(2x) r r
PW( (23(|<+1) ) (23k )' 2% @JZE i ({(X,O,m 'O) ’b_k] (2.
holds for allxox and allr > 0. Replacingr by b"r in (3.1.9), we get
h(2'x) h2x) O r
Pﬁ,v[ S+ - o kg 2 FZW (E(X’O’m ’0) ,I') (30)
for all xOX and allr >0. It is easy to see that
h(2*x) Lh2"X)_ M2 %
e h(9 = ZO T (3.1.11)

for all X[ X . From equations (3.1.10) and (3.1.11), we have
h(2" x) Br N KIh27x) W2 X br
Pu,v( 9% —h(X), Z ¥ RJZL‘ Mi—ol{ B (Z 2%+) @ Fg

2. M P, (6(%0:,0) )} 2. P, ((x.0: .9 7)

(3.1.12)
for all xOX and allr >0. ReplacingX by 2"x in (3.1.12) and using (3.1.1)FN3),

we obtain

h(2“™x) h(2"‘x) r
PW{ e Z 23(|+m 2. P, &(x0,-,0 o (3.1.13)
for all xOX and allr >0 and allm,n= 0. Replacingr by b™r in (3.1.13), we get

h 2k+m h 2m m+k-1
PW( ;(k+m X)_ ( it Z S ] P (6(%0:+,0 1) (3.1.14)
for all xOX and allr >0 and allm,n>0. It follows from (3.1.14) that

h(2“™x) h(2"x) ) mkt
P/AV{ 23(k+m) B 23m o’ ZL* P/z,v E(X,O,w 'O) ! ; ﬁ (3.1.15)

for all xdOX and allr>0 and allmn>0. Since0O<b<2 and Zn:(b/z)i <o, this

i=0

implies {h(z:kx)}is a Cauchy sequence (w, P,,, M). Since(Y, P,,, M) is a complete IFN
2

space, this sequence converges to some (@R Y. So one can define the mapping
f(2k X)

C:X - Yhbyp, (C(x) ) -~ 1. as koo, >0 (3.1.15a)

for all Xx[J X. Letting m= O in (3.1.15), we get

Pu,v[h(zz:kx) h(%), J P, | (%00 o (38)1
223i|1

i=0

forall xOX and allr >0. Lettingk — o in (3.1.16), we arrive
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P, (h(X-Q(, =, B,v(f( %0,-,0) ,rf(gT_b)jfor all xOX and allr >0. To prove
C satisfies the (1.1), replacing,---,x,) by (2x,--,2x,) and dividing by2* in
, 1
(3.1.2), we obtalrpw[F H (zk X, 2 )%) ’rjzf B’()y(g( XX X )s) 3k r) (3.1.17)

for all x,---,x, 0X and allr >0_ Now,

Pl 3¢ X% -3 5*62424)zqu+%+@2r32c¢x+@
H ) ( J B

(3.1.18)
for all x,.--,x 00X and all r>0. Using (3.1.15a), (3.1.17), (3.1.2) an@-N2) in

(3.1.18), we arrive

Se(3x |- 5T selex)=% B dxr e d-3(ra 3 e )

i= i =1% k kg i —1

for allx,---,x O X. HenceC satisfies the cubic functional equatlon (1.1). ohder to
prove C(x) is unique, letC'(x) be another cubic functional mapping satisfyindl @)
and (3.1.5). Hence,

P (C(R-C(¥, N2, {W(

C(2x) _ h(2*x) _r] 5 (c:'(zk X)X _r]}
MV ! 2

23k 23k ’2 ’ 23k 23k
, r 2% 1(8-b) r 20 (8-b)
2, Pw(f(zk x0,,0 T] 2, Fl,u(f(x,oa“ 9 g

. K poa_
for all xOXx and allr >0. Since "mL(Sb):

K o0 8b3k

] 3k -
we obtain IimP,;,.,[f(Ko,"' o) %
K -0

and allr >0, henceC(x) = C'(X¥). Thereforec(x) is unique.

j =1 Thus P, (C(x-cC(y, n=1. forall xOX
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For Kk =—1, we can prove the result by a similar method. Thisipletes the proof of the
theorem.

From Theorem 3.1.1, we obtain the following congllaoncerning the stability for the
functional equation (1.1).

Corollary 3.1.1. Suppose that a functiam: X - Y satisfies the inequality

P, (Ar),

HV

P (HOG %), )2, P”‘”(Az)i'r]' 573 (3.1.20)

2o ))

for all all x,---x, 0 X and allr >0, where J,s are constants withh > 0. Then there exists
a unique cubic mapping: X - Y such that

P, (A.r0)
P, () - (3, 0=, {/1 %, r/|8 2* | J(4.21)foraIIxDX and allr >0.

re|8-2°|
o fic )
3.2. Stability results: fixed point method
In this section, the authors present the genethlideam - Hyers stability of the

functional equation (1.1) in IFN - space usingefipoint method.
Now we will recall the fundamental result in fixpdint theory.

Theorem 3.2.1. [21] (The alternative of fixed point) Suppose tHat a complete
generalized metric spacgx,d) and a strictly contractive mapping: X - X with

Lipschitz constani . Then, for each given elemegt) X, either
(B1) d(T"x,T™x)=e O n=0,

or
(B2) there exists a natural numbey such that:

(i) d(T"x, T™x) <o forall n>n, ;
(i) The sequenceT "x) is convergent to a fixed poirng” of T
(iii ) y" is the unique fixed point 6F in the sety ={yOd X :d(T"x, y) < w};
(iv) d(y” y)gﬁ d(y,Ty) for all yoy.
For to prove the stability result we define thddaling: @ is a constant such that
2 if i=0,

f and A is the set such that={g|g: X - Y, g0) =@ |
if i=1
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Theorem 3.2.2. Let h: X - Y be a mapping for which there exist a functiprx" _ z
with the Conditiorzimp/:y (g(akxl'... & )ﬁ), ax r) =1, 0 Xy, x0 X r>¢ (3.2.1)
and satisfying the functional inequality
pﬂ'V(H(Xv..., )g),r) 2. P;’w(f( X, >S) , r) , O %, x0 X, r>C (3.2.2)
If there exists_ = L (i) such that the functiog w(xX) = {(go ’Oj ’has the property

PW( w:‘X) rj— P, (@(9,r), OxOX,r>0. (3.2.3)

Then there exists unique cubic functionx — v satisfying the functional equation (1.1)
L

andp (h()-Q3, 1)z, ,,V[w 3, [ ] ] O X r>0, (3.2.4)

Proof: Let d be a general metric oA, such that
d(g,h) = inf{ KO(,) IR, (9(X= N} )= B, (¢ (3 K}, D X pt})
It is easy to see thaia,d) is complete. Definer:a - A by YQ(X)——Q(Q& for all

xOX. By [21], we see thaty is strictly contractive mapping orA with Lipschitz
constantL. It follows from (3.1.6) that

Pﬂ,v(h(zx) h(x), j - PL(E(%0:+,0,0),0 X0 X,r>0 (3.2.5)
Replacing r by r/ in (3.2.5), we arrive
P,J,V(h(zx) h(x), j P,(&(x0:.,0,%), 0 xOX,r>cC (3.2.6)

With the help of (3.2.3), when=1, it follows from (3.2.6), that
Pw(h(zx) h(%), ] P (w(X.w), 0 xd X, r>0

= d(Yhh<1=1=L". (3.2.7)
Replacingx by X in (3.2.5), we obtain

2

X X lr
Pﬂ,v(h(ﬁ—ZSf(Ej,rjzf B,V(E(—Z,o,---,(ﬂ ?j O xd X,r>C (3.2.8)

With the help of (3.2.3), whem =0, it follows from (3.2.8), that

Pﬂyv[h(x)—Zsf{gj,rlzﬁ P (X, 1), O x3X,r>0

= d(hYhs< L= L= 1. (3.2.9)
Then from (3.2.7) and (3.2.9), we can conckcu@lq Yh) < 1M <o,

Now from the fixed point alternative in both casiédollows that there exists a fixed
point C of Y in A such that
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. h( &
C(x O @M ko, OxJ X (3.2.10)

3k 7

Replacing(x,--+, %,) by (31k><11"',3rk>ﬁ) in (3.2.2), we arrive

Pﬂ,v(?ikH(ak&,---,ak%),r]zf B(e(dx AX &) O x 00 Xr>C

By proceeding the same procedure in the Theoreni,3wle can prove the function,
C: X = Y is cubic and it satisfies the functional equaiibri). SinceC is unique fixed
point of Y in the seB ={hJA | d(h, C) <o} ,such that

P, (h(¥=-Q® N2 P, (¢(3 K), O X3 Xr>0 (3.2.11)
Again using the fixed point alternative, we obtain

1 Ll—i
d(hC)s=-d(nYh=  hgs——.

Hence, we hava(h(x)_ R, Nz, By(‘//( g(l'i_'l_]g r] 03 X r>0. (3.2.12)

This completes the proof of the theorem. From Téeo8.2.2, we obtain the following
corollary concerning the stability for the functadmequation (1.1).

Corollary 3.2.1. Suppose that a functiam: X - Y satisfies the inequality
P, (&),

n S%£3;
P (H(% %) )2, [‘% ’r]' (3.2.13)

1, pﬁ'{y(f(lj)ﬁ+iz:‘>{‘sj,r} s;t%;

for all x,---x,0 X and allr >0, whereg, s are constants witla >0. Then there exists a
unique cubic mappin@: X - Y such that

P/jyv s(ij r!f],
| 7]

2 (3.2.14)
Pu,v (h(X)_ q )9, r) ZL' B,V £ )?, %(B——?JJ

2n5
P ex=, 1
AE =2

for all x(OX and allr >0.

Proof: The proof follows by replacing

L=2> fori = 0and L= 22 fori= 1,

L=2%% for s>3,i= Oand L= 2° for s< 3j= 1

L=2%" for s>%,i =0and L= 3™ for s<§ ji=
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Theorem 3.2.2, we desired our results.
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