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1. Introduction

The concept of fuzzy set was introduced by Zadeh [8] in 1965. A satisfactory theory of
2-norm on a linear space has been introduced and developed by Gahler in [3]. The
concept of fuzzy norm and a-norm were introduced by Bag and Samanta and the notions
of convergence and Cauchy sequence were also discussed in [1]. Jialuzhang [4] has
defined fuzzy linear space in a different way. Bag and Samanta [2] defined fuzzy
bounded linear operator and fuzzy bounded linear functional on the fuzzy dual space.
Somasundaram and Beaula [6] defined the notion of 2-fuzzy 2-normed linear space. They
also established the famous closed graph theorem and Riesz theorem in 2-fuzzy 2-normed
linear space. Beaula and Gifta [7] defined 2-fuzzy normed linear space and proved some
standard results. They also defined 2-fuzzy dua space and proved it is complete 2-fuzzy
normed linear space. In section 2, we recall some preliminary concepts and in section 3,
we define 2-fuzzy continuity and boundedness and a theorem is established related to
these concepts. In section 4, the Uniform Boundedness theorem is established and in
section 5, we introduce second fuzzy dual for the 2-fuzzy normed linear space. Banach
Alaoglu theorem is developed in this space.

2. Preliminaries

For the sake of completeness, we reproduce the following definitions due to Saadati[5],
Bag and Samanta[1], Zhang [4] and Somasundaram [6].
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Uniform Boundedness Principle on 2-Fuzzy Normed Linear Spaces

Definition 2.1. [5] Let X be alinear space over K (field of real or complex numbers). A
fuzzy subset N of X x R (R, the set of real numbers) is said to be afuzzy norm on X if
and only if foral x,ul0 X and c O K.

(N,) Foral t O Rwitht<0, N(x, t) =0.

(N2) Foral t 0 Rwitht>0, N(x,t) = 1if and only if x =0.

(N3) For all t D Rwitht >0, N(cx, t) = N(X tj if c#0.

'Icl

(Ng) Foradl s, t OR, x, ul X, N(x+u, s+t) = min{ N(x, ), N(u, t)}.

(Ns) N(x, Dlis anon decreasing function of R and lim N(x, t) = 1.
The pair (X, N) will be referred to as afuzzy normed linear space.

Theorem 2.1. Let (X, N) be afuzzy normed linear space. Assume further that

(Ne)N(x, t) > O for dl t > 0 implies x = 0. Define ||x|l« = inf{ t : N(x, t) =a},a(0, 1).
Then {|[dl, : aO (0, 1)} is an ascending family of norms on X (or) a-norms on X
corresponding to the fuzzy norm on X.

Definition 2.2. [4] Let X be any non-empty set and F(X) be the set of al fuzzy setson X.
For U, V O F(X) and k 0K, the field of real numbers, define
U+V={(x+yiOw/(x2)OU,(ywOV} and

KU ={ (kx,%) / (x,2) O U}.

Definition 2.3. [6] A fuzzy linear space X =X x(0,1], over the number field K where the
addition and scalar multiplication operation onX defined by
(2 +(y,m) = (x+y, A Cp),
k(x,A) = (kx,A)

is a fuzzy normed space if to every (x,\)O0X there is associated a nonnegative real
numbers [[(x, A)|| called the fuzzy norm of (x, A) in such away that

(D 1Ix, M| = 0if and only if x = 0 the zero element of X and A (0, 1].

) Ik, M)l = K lIex, Al for @l (x,0)0X and k OK.

(3 1106 A) + (v, Il < e AT+ [ICy, ATl for all (x, A), (y, W) OX .

4 Hx,tg;Lt - |th(X,)Lt)Hf0I’)\tD (0, 1].
Definition 2.4. [6] Let X be a nonempty set and F(X) be the set of al fuzzy setsin X. If
f O FX) then f ={(x, u) | x OX and pO [0, 1]}. Clearly f is a bounded function for

[f(xX)| < 1 for every x OX. Let K be the space of real numbers, then F(X) is alinear space
over the field K where the addition and scalar multiplication are defined by

f+g={(xw+(ym)/xy O Xandpn 0[01] }
={(x+y,p0n) / (x,p) Of and (ym) U g}
kf ={k(x,n)/x0 X and nO [0,1]
={(kf,1) / () Of} wherek OK.

The linear space F(X) is said to be a normed space if to every f O F(X), there is
associated a nonnegative real number |[f|| called the norm of f in such away that
(1) |ifl=0ifandonlyif f=0

198



ThangarajBeaulaand R.Angeline SargunaGifta
If]=0<=>{ x| / (xa) O} =0
<=>x=0,u0[0,1]
<=>f =0
() [l = [kl Nl k OK
For,
[f || = £k, )] / (x,1) Of and k DK}
={IK o]/ (o O}
=[K I
(3) lif+gll < [ifll + ligll for every f, g L F(X)
For,

[ +g ={[|(xm) + ()] / xy OXand pn 0[O, 1]}
={[|(x+y).u On|| / x,y OX and u,n 0[0,1]}
<{ Y On|| 7 (x,u) Of and (y.n) Og}

=[]+l
And so (F(X), ||d)) isanormed linear space.

X, O +

Definition 2.5. [6] A 2-fuzzy set on X isafuzzy set on F(X).

Definition 2.6. Let F(X) be a linear space over the rea field K. A fuzzy subset N of
F(X) x R (the set of real numbers) is called a 2-fuzzy norm on F(X) if and only if,
(N,) for al t O Rwitht< 0, N(f, t) = 0.
(N) for all t D Rwitht >0, N(f, t) = 1if andonly if f = 0.
(N) for all t 0 Rwitht =0, N(Cf,t):N(f,ltJ, if 20, cOK (field).
C

(Ny) for all s, t OR, N(fy + f5, s+ t) = min{N(fy, s), N(f2, t)}.
(Ns) N(f, Dlis anon decreasing function of R with |im N(f,t) =1.
tooo

Then the pair (F(X), N) is said to be a 2-fuzzy normed linear space.

3. 2-Fuzzy continuity
Definition 3.1. Let (F(X), N1) and (F(Y), N,) be 2-fuzzy normed linear spaces. The
mapping T from F(X) to F(Y) is said to be 2-fuzzy continuous at f,O0 F(X) if for given
0>0,e0(0, 1), there exists y = y(g, 8) > 0, r = r(g, d) O (0, 1) such that for every
f O F(X)

Ny(f = fo, y) > 1 —rimplies Ny(T(f) — T(f), &) > 1 -¢.
If T is a 2-fuzzy continuous at each element of F(X), then T is said to be 2-fuzzy
continuous on F(X).

Definition 3.2. Let (F(X), N;) and (F(Y), N,) be 2-fuzzy normed linear spaces. The
mapping T from F(X) to F(Y) is said to be weakly 2-fuzzy continuous at f,(0 F(X) if for
eachd>0andr (0, 1) there exist y> 0 such that for every f 0 F(X)

Ni(f = fo, y) 21 —rimpliesNy(T(f) = T(fo), o) = 1 - .
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Definition 3.3. Let (F(X), Ny) and (F(Y), N,) be two 2-fuzzy normed linear spaces. A
linear mapping T from F(X) to F(Y) is said to be 2-fuzzy bounded if there exist M 0 R*
such that for every f 0 F(X) and for each t > 0,

No(T(f), t) = Ny(f, t/M).

Definition 3.4. A linear mapping T from a 2-fuzzy normed linear spaces (F(X), N,) to a
2-fuzzy normed linear spaces (F(X),N,) is said to be weakly 2-fuzzy bounded if for any
rJ(0,1) there exist MO R* such that for all fOF(X) andt > 0,

Ny(f, /M) = 1-r implies Ny(T(f), t) = 1-r.

Theorem 3.1. Let (F(X), Ny) and (F(Y), N) be 2-fuzzy normed linear spacesand T is a
linear mapping from F(X) to F(Y) then
(i) T isweakly 2-fuzzy continuous on F(X) if T isweakly 2-fuzzy continuous at fo(OF(X)
(i) T isweakly continuousif and only if T isweakly 2-fuzzy bounded.
Proof:
(i) If T isweakly 2-fuzzy continuous then by definition, for given > 0 and rJ(0, 1)
there exist y> 0 such that for every fOF(X),

N1 (f=fo, y)=1-r implies No(T(f)-T(fo),0)=1-r (1)
Let g0 F(X) andreplacef by f + fo—gin (1)

N (f+fo—g—fo, y) = 1-r implies No(T (f+f;—g)-T(fy), 0) = 1-r
So, Ny(f=g, y) = 1-r implies Nx(T(f-g)-T(fo), &) = 1-r
Hence T isweakly 2-fuzzy continuous on F(X).
(i) Suppose T isweakly 2-fuzzy bounded then for any r O (O, 1) thereexis M O R*
such that for every f 0 F(X) andt > 0, Ny(f, /M) = 1-r implies Nx(T(f), t) = 1-r
that is, N,(f —0,t/M) =1-rimpliesN,(T(f)-0,t)=1-r
that is, N,(f —0,t,) 21-rimpliesN,(T(f)—0,t) =1-r wheret,=t/M implies T is

wesakly 2-fuzzy continuousat f = OandsoT isweakly 2-fuzzy continuous on F(X).
Conversely, assumethat T isweakly 2-fuzzy continuous on F(X).
Case (i) Considering T is continuous at f =0 and taking & = 1 we have for every
rd(0,1)there exist y>0 such that for every f 00 F(X),
N,(f -0,y) =1-rimpliesN,(T(f)-0,1) =1-r
thatis, N,(f,y) =1-rimplies N,(T(f),1) =1-r
Case (ii) Supposethat f 20. Takef = ult, t > Othen
Ny(ut, y) = 1-r implies Ny(T(u/t), 1) = 1-r
Ni(u, ty) = 1-r implies Ny(T(u), t) = 1-r
Ni(u, /M) = 1-r implies Nx(T(u), t) = 1-r wherey=1/M
implies T is weakly 2-fuzzy bounded.
Case (iii) If f £#0 and t < 0then Ny(u, t/M) = N(T(u), t) =0 forany M >0
Case(iv)If f =0 andM >0
Ni(u, t/M) = Ny(T(u), t) =1ift >0
Ni(u, t/M) = Ny(T(u), ) =0if t<0
from all the above cases we get
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Ni(u, /M) = 1-r implies Nx(T(u), t) = 1-r,for al u O F(X), r 0 (0, 1) and t > 0 implies T
isweakly 2-fuzzy bounded.

3.1. 2-Fuzzy Banach space
Definition 3.1.1. Every complete 2-fuzzy normed linear space is said to be a 2-fuzzy
Banach space.

Definition 3.1.2. A mapping T from a 2-fuzzy Banach space A to a 2-fuzzy Banach space
B is said to be a 2-fuzzy linear mapping if it satisfies the following conditions

) T(f+qg) =T() +T(g), wheref,gOdA

(i) T(af) = aT(f), whereaO R*, f D A.

Definition 3.1.3. T is said to be bounded with respect to a-norm if there exist a constant
M O [0, 1] suchthat T(f) <M [f| for every f O A. If T isbounded, define

[T = gib{M :[T(f)| < M|f
T = sup{ M : [T (f)| > M|f

., foreveryf DA} (or)

.o foreveryf LA}

Theorem 3.1.1. If B[fo, ro, t] ={f O F(X) / N(f-fo, t) > 1-ro} then
(i) B[fo, ro, t] —foisaclosed ball centered at the origin
(ii)i[B[fO,rO,t] —f,]isaunit closed ball centered at the origin.

r0

Proof:

(l) Let g0|:| B[fo, o, t] - fo then Jo = f- fo wheref [ B[fo, o, t]
N(gO, t) = N(f—fo, t) > 1_r0

implies that god BJO, ro, t],aclosed ball centered at the origin.

(i) Let gL yf, . r, 1 -f,] theng = ri[f —t,] Wheref OB[fofo,]

rO 0

N(g.h = N(rl(f —fo),t]

= N(f =f,,1,t)

>0 (by definition)
which implies %[B[fo’ro’t] —£,] isaunit closed ball centered at the origin.

0

Theorem 3.1.2. (Uniform Boundedness Theorem)
Let (F(X), N,) be a 2-fuzzy Banach space and (F(Y), N,) a 2-fuzzy normed linear space.
If {T;} isanonempty set of continuous linear function from F(X) into F(Y) and {T;(f)} is
a bounded subset of F(Y) for every f in F(Y) with the property that No(Ti(f), tix) = 1- k
then Ny(T;, t) = k is a sequence of valuesin [0, 1], that is{T;} is bounded as a subset of
B(F(X), F(Y)), (the set of al bounded functions from F(X) to F(Y)).
Proof: For t,> O, defineA ={f OF(X): N, (T,(f),t;, ) 21-k}

which is asubspace of F(X), a 2-fuzzy Banach space.
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Let B[O,M,t] ={f OF(X)/N(f,t) >1-M} be a closed ball centered at the origin 0 and
radiusM in (F(X), N).Now, if f OA, then N, (Ti(f), tr)) = 1- k

which impliesT, (f) OB[O,k, t,,] -

Thus A is aclosed subspace of F(X), and F(X) = UAt

t; >0
Since F(X) is a 2-fuzzy Banach space it is complete. By Baires theorem, tho‘ko has a

nonempty interior for any t; | ~and soit contains aclosed ball say B[fo, o, t].

Hence No(Ti(f), t;y) = 1- k for f DK%M and so Nx(Ti(B[fo,ro,t]), trx) = 1- K. Thus
B[f,.r,.t) —f
Nz[r [[ bl Jt} (T (Blfo 1y 1 o))
0
> 1-k (1)

As Blfo.o,t =0 jsaunit closed ball centered at origin let it be B[6,it] and from (1) we
rO

get N,(T,(B[OLt]).t,, ) =1k

By definition|T, (f)|  =sup{t: N,(T;(f),t) 21-a}, for every all (0, 1)
and HTH: sup{t:N(T,t) =1-a}, from (2) we get, Ti(f)Hazt0 as Ny(Ti(f), t)) = 1- k
further [T (f)] = sup{ [T, (7] :[f], <1}

>t,

2

N1(T,,t) = sup{k :HTiHu >1-1}
>k, k0O[0,1]
Hence {T;} isbounded as a subset of B(F(X), F(Y))

equivalently,

3.2. 2-Fuzzy dual space

Definition 3.2.1. Let (F(X), N) be a 2-fuzzy normed linear space. A weak bounded
2-fuzzy linear mapping defined from (F(X), N) to R (the set of real numbers) is said to be
weakly 2-fuzzy functional. The set of all weakly 2-fuzzy functionalsis known as the first
weak 2- fuzzy dual space denoted by (F(X)", N").

Definition 3.2.2. Let (F(X), N) be a 2-fuzzy normed linear spaceand T 0 F(X)" and I

f
and all(0, 1). Then {| [n; :a0(0)} isan ascending family of a- norms on F(X)".

Define N (T.f) = Sup{oc:HTH; >t}, (T,1)#z0

1, (T,1)=0
Then N’ is said to be a 2-fuzzy norm on F(X)" and the weak 2-fuzzy dua space
(F(X)", N") isa 2-fuzzy normed linear space.

be the family of all 2-fuzzy a-norms on F(X). Define " _ Sup{T(f)} for every f 0 F(X)

o
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Definition 3.2.3. The set of al weakly 2-fuzzy functiona from (F(X)", N') to R" is the
dual of (F(X)", N) known as the second weak 2- fuzzy dua of (F(X), N). It is denoted by
F(X)".

Let s 0 F(X)" isamapping from F(X) to R". DefineN" (s, t) = sup{a:|s[ 1t}

!
I,

Theorem 3.2.1. (F(X)"", N”) isa 2-fuzzy normed linear space.
Proof:
()Foradl tOR,t<0,N'(51t) =0

||S||u =sup{t:N"(s,t) <a} =0. Therefore N”(s, t) = 0.
(iiForaltOR,t>0,N(s5,t)=1
||S||a =sup{t:N"(5,t) <a} =1. ThereforeN"( 5, t) = 1.
(i FordltOR,t>0andc#0
N'(c5, ) =N'(s, tc) and |es| =|d]s
N"(cs,t) =sup{a:|d]
=sup{a:|s];; 2 v/c}
= N“(S,t/\d)
Therefore N” (cs,t) =N” (g,t/q)
(iv) Foral s, t OR
N'(s+7,s+t) 2min{N’(5,9),N (7, t)} and|s +T

wherels|” = sup{t: N"(s,t) < o} (Or) |

S

*k
o

T2t

S

sl o,

N (S+T,s+t) =sup{a:HS+fTH: >s+t}
=sup{o, +o:[s +|7] 2s+1}
>supfo, HSHu >s} +supfa, : Hﬂ\a >t}
=N"(5,9+N"(T,1)
So,N"(s+T,s+t)=min{N"(s,5),N" (T, 1)}
(v) N7 (s, [l be the non decreasing function such that lim N™°( s, t)= 1.
By definition, N” (s, t) = sup{a:|s| = twherea0(0,2)and lim.... N"(5,t) = 1.
Therefore (F(X)™, N is 2-fuzzy normed linear space.

Theorem 3.2.2. Let F(X)” be the second weak 2-fuzzy dual of (F(X), N). If every
element of f in (F(X),N) gives rise to a functional say § ; in F(X) defined as
S (T) = T(f)where TO F(X)" then 5; belongs to F(X) is linear for every element f in
F(X).

Proof: Consider (i) S, (T) =S, (T) + 8, (T)and (ii) S« (T) = k 5 (t) where k OR, the
space of real numbers

(i) Spar, (T) =T(F, +1,)
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=T(f) +T(f,)
=5, (M +5,(T)

(i) Ske(T) =T(kf)
=k T(f)
=k $¢(T). Hence s; islinear.

Theorem 3.2.3. (F(X)",N") is a 2-fuzzy normed linear space where N is defined as
N"(s,t) =sup{a:[s] =t} suchthat N™( sy, t) = N'(T, t) for TO F(X)’
Proof: By definition

N" (s, 0 =sup{a:|s ] 2t
=sup{a:|s [ 2t (by[7])
N"(s,,t) =sup{e:|T|, = t},since 5¢(T) = T(f)
=N'(T, t)

Therefore N ( sy, t) = N'(T, t).

Definition 3.2.4. The weak * topology on F(X)" is the weakest topology such that all
SO F(X)" are weakly 2- fuzzy continuous. This topology is generated by the subbasis
element

S(f, To, 1, ) = {T O F(X)" N(T-To, t) > 1-r}={T O F(X)" [N"(S; (T)-, (To,) t)> 1-r}

Theorem 3.2.4. (Banach Alaoglu Theorem)

If F(X) is a 2-fuzzy normed linear space then the fuzzy closed set 3 in F(X)" is a fuzzy
compact hausdorff space in the weak * topology on F(X) .

Proof: If T and U are distinct functionals in @& then there exist f 0 F(X) such that

T(F) # U(f). |If S:M then S(f, T, ¢, t) and S(f, U, ¢, t) are disoint
3
neighborhoods of T and U in weak * topology. Hence 3 is a hausdorff space.
For each f [0 F(X) defineaclosed interval f = [inf f(x),supf(x)} then the product of f,,
xOX

xOX

X f. isaclosed subspace and by classical Tychonoff theorem, it is compact.

fOF(X) %
From the definition of weak * topology on @ it is the same as the topology as a subspace
of F(X). Since x f iscompact it isenough to show that 3" is closed as a subspace of

fOR(X)

X f,. Itisenough to show that if TO" then T 0 ®". We know that
fOR(X)

3" = inf{C : C is a closed subspace containing @ }. If T O F(X) then clearly

TDf X( )fx andso T O @ . Findly let usshow that T islinear in F(X).For any £> 0, let
OF(X

f, g O F(X), since T Og" every subbasic open set containing T intersects " say at H
such that[T(f,) - H(f,)| <&/3, [T(f,) —H(f,)|<e/3 and [T(f, +f,) —H(f, +f,) <e&/3.Since H
islinear, H(f, + f,) — H(fy) — H(f,) = 0 and H(kf) — k H(f) = 0, k 0K, therefore
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|T(f1 + fz) _T(fl) _T(f2)| = |(T(f1 +f2) - H(fl +f2)) - ((T(fl) - H(fl))
_(T(fz) - H(fz))|

< ‘T(fl +f2) - H(fl +f2)‘ + ‘T(fl) - H(fl)‘
+‘T(f2) _H(fz)‘

€ & €&
<—+—-—+—-=¢
3 3 3
implies T(fy + f2) = T(fy) + T(f,), for e> 0 and for any k 0K, the space of real numbers we

have [T(kf) - H(kf)| < %.Now

IT(kF) = KT (B =|(T(kF) = H(kF)) = (KT(F) - KH(P))
< [T(KF) ~ H(kFY] + K| [T(F) ~ H()

implies T(kf) = k T(f). Therefore T islinear.
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