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semi-similar fuzzy matrices.
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1. Introduction

In this paper, we deal with interval-valued fuzzgtrices (IVFM) that is, matrices whose
entries are intervals and all the intervals arardabvals of the interval [0, 1]. Recently,
the concept of IVFM a generalization of fuzzy matnias introduced and developed by
Shyamal and Pal [6], by extending the max-min oj@ra on fuzzy algebra F=[0, 1], for
elements aJiF, atb=max{a,b} and a-b=min{a,b} for intervals. 4], Meenakshi and
kaliraja have represented an IVFM as an intervalrimaf its lower and upper limit
fuzzy matrices. The concept of Pseudo-similar fuzmtrices studied by Meenakshi in
[3] is generalized for fuzzy matrices and IVFM 8] pnd [1] respectively.

In section 2, some basic definitions and resuligired are given. In section 3,
we have introduced the concept of k-semi-similéerval-valued fuzzy matrices (IVFM)
as a generalization of semi-similar IVFM and aspactal case of semi-similar fuzzy
matrices [3].

2. Preliminaries
Definition 2.1. [3] AOF, and BIF, are said to be pseudo-similar and denote it by
A L Bif there exist XIF,,, and YOF,,, such thaiA = XBY, B = YAXandXYX= X .

Definition 2.2. [3] AOF, and B1F, are said to be semi-similar and denote itAy B if
there exist XIF,,, and YOF,, such thaid = XBY andB = YAX.

Lemma 2.1. [3]LetAOF, and BIF,. Then the following are equivalent:

@) ALCB

(i) There exist XIFn, , YOF.w such thatA = XBY,B =YAX, XYX= X and
YXY=Y.

(iii) There exist XF,, YOF,y, such that A= XBY,B=ZAX,
XYX=X = XZX.
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Definition 2.3. [4] An IVFM of order mxn is defined as As(axn, Where g=[ay_, ajul.
the if" element of A is an interval representing the mensttip value. All the elements of
an IVFM are intervals and all the intervals areistdsvals of the interval [0, 1].

For A=(g)mxn and B=([)mxr, their sum A+B is defined by,
A+B= A=(g;+ by)=([ (a.+ bj), (8u+ bju)]) (2.1)and their product is defined by,

In particular if 8, =a,, andb, =by, then (2.2) reduces to the standard max-min

composition of fuzzy matrices [IA< B = a, <b, anda, <b,, .

Definition 2.4. [4] For a pair of fuzzy matrices Egfe and F=(f) in Fy, such that
E < F, let us define the interval matrix denoted asHEwhose if' entry is the interval
with lower limit g and upper limitf, that is ([g, f;]). In particular for E=F, IVFM [E, E]
reduces to EIF,. For A=(g)=[aj., au]O(VFM)m, let us define A=(a.) and
Ay=(aju). Clearly A and A, belongs to F, such thatA < A, and from Definition (2.4)

A can be written as A=[A Ay]. For AJ(IVFM) m,, AT denotes the transpose of A.

Lemma 2.2. [4]For A=[A., Au]JO(IVFM)my and B=[B, By]O(IVFM),, the following
hold:

(i) ATz[ALT, AUT]

(ii) AB=[A | B, AyBy]

Definition 2.4. [5] ACF, is said to be right k-pseudo-similar talB, and it is denoted by
ApBif there exist X, YIF, such thath = XBY,B=YAX* XYX = X"and

YXY=Y.

Definition 2.5. [5] ALF, is said to be left k-pseudo-similar ta1B, and it is denoted by
algif there exist X, YIF, such thath= X*BY,B=YAX, XYX* = X*and

YXY=Y.

Remark 2.1.1n particular for k=1, Definitions 2.4 and 2.5 adentical. Hence k-pseudo-
similar is reduced to pseudo-similar fuzzy matriceewever, both right and left k-

pseudo-similarity relations are not symmetric athiscase of pseudo-similarity of fuzzy
matrices.

3. k-semi-similar interval-valued fuzzy matrices (VFM)
Definition 3.1. AO(IVFM), and BI(IVFM), are said to be semi-similar IVFM and it is

|
denoted byA= B if there exist X1 (IVFM)m, and YO (IVEM) yy, such thaA = XBY and
B=YAX.
Remark 3.1.In particular, for fuzzy matrices(2F.,, BOF,, since A=Ay and B=By,
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Definition 3.1 reduces to semi-similar fuzzy magsqDefinition [2.2]). Also we observe

that Al-:B - B:I'-A

Definition 3.2. AO(IVFM),, is said to be right k-semi-similar to[BIVFM), and it is
denoted byA'f-zk) gif there exist X, YI(IVFM), such thaA = XBYandB = YAX*

Definition 3.3. AO(IVFM), is said to be left k-semi-similar to[BIVFM), and it is
denoted byA'f:k) gif there exist X, YI(IVFM), such thatr = X*BY andB = YAX .

Remark 3.2. In particular, for fuzzy matrices [2F,, BOF,, since A=Ay and B=By,
Definition 3.2 and 3.3 to the following:

Definition 3.4. AOF, is said to be right k-semi-similar to(B, and it is denoted by
A% g if there exist X, YIF, such thaA = XBYandB = YAX®

Definition 3.5. A0F, is said to be left k-semi-similar to’B-, and it is denoted byxi B
if there exist X, YIF, such thatA = X *BY andB = YAX )

Remark 3.3.For k=1, A=Ay and B=By Definitions 3.2 and 3.3 reduced to Definition
2.2.

Remark 3.4. 1t is clear that, k-pseudo-similar IVFMk-semi-similar IVFM. But the
converse is not true. This is illustrated in thikofeing:

Example 3.1.Let us conside { (0305 () } andy :{ w ay }
(0505 (0205) ©00) (00)

For A:{ (0305 (0-30-5)} and g :{ (0505) (0-5'0-5)}, A= XBYand B=YAX>.
(0505 (0505) ©0  (00)

Therefore A is right 2-semi-similar IVFM to B, buf “YX # X ?and YXY# Y.Hence A
is not right 2-pseudo similar IVFM to B.

Theorem 3.1.Let A, BO(IVFM) .. Then the following are equivalent.

. 1(k)
() A=8B

(i) g7 A
‘
(i) papT v pppT for some permutation matrix Px[FP,]O(IVFM) , with P= R=Py.

Proof: (i) = (ii): This is direct by taking transpose on bottiesi and by usingA™)" = A
and(AX)" = XTAT.

k
(ii) < (iii): SupposeA=BthenA = XBYand B =YAX*.
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A= XBY = PAP' = PXBYP =(PXP")(PBP")(PYF)(3.1)
B=YAX‘ = PBP' = PYAXP" =(PYP )(PAP )(PX*P") = (PYP )(PAP" )(PXP")*(3.2)
Hencepap' %PBPT-
Conversely, SUPPOS@P' = pRP' .
Pre multiply by p ™ and post multiply byP in Equations 3.1 and 3.2, we get XBY and
B=YAX Hencea= g .
Hence the proof.

Theorem 3.2.Let A, BO(IVFM) .. Then the following are equivalent.
0) AIE-;)B
. . 'f_'f) .
(i) B = A
(iii) paP '(:poT for some permutation matrix Pz[FR ] J(IVFM) . with P= R=Py.
Proof: Proof of the theorem is similar to Theorem 3.1 hadce omitted.
Remark 3.5. In particular, for k=1 Theorems 3.1 and 3.2 redutteghe following
Theorem.
Theorem 3.3.Let AO(IVFM) , and B1(IVFM) . Then the following are equivalent.
|
(i) A=B
(i) AT=B
(i) pAPT ':QBQT for some permutation matrices Pg[P]O(IVFM) , with P= R=PRy
and Q=[Q, Q]O(IVFM),with Q= Q=Qy.

Remark 3.6. In particular, for fuzzy matrices [AF,, BOF, since A=Ay and B=By
then Theorems 3.1 and 3.2 reduces the followingréres.

Theorem 3.4.Let A, BOF,. Then the following are equivalent.
() AsB
(i) BT =A"
(i) pAPT QPBPT for some permutation matrixX_F=,.
Theorem 3.5.Let A, BOF .. Then the following are equivalent.
0) A;B
(i) BTEAT

(i) pApTipoT for some permutation matrix_F=,.
/
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Remark 3.7, In particular, for k=1, for fuzzy matrices(#, BOF,, since A=Ay and
B.=By then Theorem (3.1) and (3.2) reduces the followfaprem.

Theorem 3.6. [3]Let AR, and B1F . Then the following are equivalent.
(i) A=B
(i) A" =BT
(i) PAP" = QBQ' for some permutation matrice§lIPn,and QJF,.

1 (k) 1(k)

Theorem 3.7.Let A, B, CA(IVFM) .. If A = B(AI:)B) and B';k)c(B';k)c) then a = ¢ (
Alg)c) if there exist matrices X, Y, Z and L wiKL = LX .
l
Proof: Sincea 'S g, by Definition [3.2] A= XBY andB = YAX¥ .
Sinceg'< ¢, by Definition 3.2B = LCZ andC = ZBL*.
A= XBY = X(LCZ)Y = (XL)C(ZY) =UCV, where U=XL and V=ZY.
C =ZBL* = Z(YAX*)L* = (ZY) A(X*L*) = (ZY) A(XL)* =VAUX.
Hence the proof.
Remark 3.8.In particular, for k=1 Theorem 3.7 reduces to thiofving theorem.

Theorem 3.8.Let AO(IVFM),,, BO(IVFM), and CI(IVFM),. If A~B and B':cthen
A|=C-

Remark 3.9. In particular, for fuzzy matrices [AF,, BOF, since A=Ay and B=By,
then Theorem 3.7 reduces the following theorem.

Theorem 3.9.Let A, B, OJF . If A~g(A~B) and gic(pic) then atc(aic) if
there exist matrices X, Y, Z and L wihL = LX .

Remark 3.10.In particular, for k=1, Theorem 3.9 reduces théfeing theorem.
Theorem 3.10. [3]Let AOF,, BOF,and @IF,. If A=B B=C thenA=C.
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