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1. Introduction

Levine [10] initiated the investigation of g-closedts in topological spaces. V. Zaitsev
[20] introduced the concept of-closed sets in topological space. Nagaveni[12]
introduced and studied the concept of weakly gadizexd closed sets in topological
spaces. First step in normality was taken by Migil[19] who defined semi normal
spaces. Then Singal and Arya [17] introduced tlssclof almost normal spaces and
proved that a space is normal if and only if ibath a semi-normal space and an almost
normal space. Normality is an important topologigabperty and hence it is of
significance both from intrinsic interest as wedlfaom applications view point to obtain
factorizations of normality in terms of weaker ttqpcal properties. In recent years,
many authors have studied several forms of norngi6,8,13]. On the other hand, the
notions of p-normal spaces, s-normal spaces wéedunced by Paul and Bhattacharyya
[18], Maheshwari and Prasad [11] respectively.2007, ErdalEkici [4] introduced and
studied a class of spaces calfedormal spaces.The purpose of this paper is todote

a new class of normal spaces, namely (1a@)¢-normal spaces and obtain some of its
characteristics. Throughout this paper,1(X1.),(Y, o1, 62) and (Zyyn2) (briefly X,Y
and 2Z) will denote bitopological spaces.

2. Preliminaries

Definition 2.1. [1,9,14] Let A be a subset of X. Then A is calied -open if A= A []
B,, where A [t , B0 1,.The complement of; »-open set[1,13] is;,-closed set. The

17



On (1,2)*-twg-Normal Spaces

family of all T; ~open (respr; ~closed) sets of X is denoted by (1,2)* -O(X) dnesp.
(1,2)* -C(X)).

Definition 2.2. [1,9,14] Let A be a subset of a bitopological spaceThen (i) 1, -
closure of A [1,13] denoted hy , -cl(A) is defined by the intersection of all, -closed
sets containing A.

(i) Ty zinterior of A [1,14]denoted by, , -int (A) is defined by the union of all open sets
contained in A.

Remark 2.1. [1,9,14] Notice that;, -open subsets of X need not necessarily form a
topology.Now, we recall some definitions and resulhich are used in this paper.

Definition 2.3. A subset A of a bitopological space X is saidd¢o b

() (1,2)* -semi open [1,9,14] if B 14, -l (112 -int(A)).

(i) regular (1,2)* -open [14] if A =11, -int (112 -Cl(A)).

(iii) (1,2)* - a-open [1,2] if AT 115 -int (112 -Cl (t12 -iNt (A)).

(iv) (1,2)* -n- open[2] if A is the finite union of regular (1*2open sets.

The complements of all the above mentioned openaget called their respective closed
sets. The family of all (1,2)*-open set [(1,2)* rsieopen, (1,2)* - regular open,(1,24*
open, (1,2)* -r-open Jof X will be denoted by (1,2)* -O(X)(resfL,2)*- SO(X), (1,2)*-
RO(X),(1,2)* -aO(X), (1,2)* - nO(X)].

Definition 2.4. A subset A of a bitopological space X is saith¢o

(i) ati2- o - closed [14]ift; , -cl (A) O U whenever Al U and U (1,2)* -SO(X).

(i) a (1,2)* - generalized closed set [14] ((1,2)g closed set if; ,-cl (A) O U whenever
A0 U and UJ (1,2)* O(X).

(iii) a (1,2) *-nwg- closed set[6] in X ity ¢l (t1, -int(A)) O U whenever Al U and U
0(1,2)* -rO(X).

Definition 2.5. A function f: (X1, t2) —(Y, o1, 62) is said to be

(i) (1,2)*- continuous[9] if (V) is 1, ,-closed in X for every; , - closed set V in Y.

(i) (1,2)* m-continuous [6,9]if (V) is (1,2)* = closed in X for every;, , - closed set
VinY.

(iii) completely (1,2)*- continuous [2]if ¥ (V) is (1,2)* regular open in X for every ,
-opensetVinY.

Definition 2.6. A map f: XY is said to be (1,2)*R -map [15]if{F) is (1,2)*-regular
open in X for every (1,2)*-regular open set F of Y.

Definition 2.7. A Space X is said to be

() (1,2)*-Normal[16] if for any pair of disjoint; -closed sets A and B , there exists
disjoint t;, >open sets U and V such that AU and BLI V.

(i) (1,2)*-S-Normal [13]if for any pair of disjoint; ~closed sets A and B , there exists
1, -semi-open sets U and V such thdtlAJ and BLIV .

(i) (1,2)*-P-Normal [17]if for any pair of disjoint; »-closed sets A and B , there exists
1, -pre-open sets U and V such thatld) and BLJV .
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(iv) Mildly (1,2)*-Normal[15]if for any two disjoint reglarly t; »-closed sets A and B,
there exists two disjoint -open subsets U and V such thdtlAJ and BLIV .
(v) almost (1,2)*-Normal [15]if for any two disjoint; ,-closed subsets A and B of X,
one of which is regularly closed, there exists tligoint t; -open subsets U and V
of X such that AU and BLJV.

3. On (1,2)*- awg- continuity and closed maps

Definition 3.1. A function f: X—Y is said to be

(i) (1,2)* - nwg- continuous(6] if every ¥V) is (1,2)* -nwg-closed in (X,t1, 1) for
every closed setV of Y.

(i) (1,2)* - nwg- irresolute[6] if (V) is (1,2)* - nwg- closed in (X1, T2) for every
(1,2)* -wg -closed set V of Y.

(i) (1,2)*-nwg- closed [7] if for every,; »closed V of X, f(V) is (1,2)*«wwg-closed in
Y.

(iv) M-(1,2)*-nwg-closed[6] if for every (1,2)%wg -closed V of X, f(V) is (1,2)*-
nwg- closedin Y.

(v) almost (1,2)*awg- closed map[6] if for every (1,2)*-regular classet V of X, f(V)
is (1,2)*-nwg-closed in Y.

The complement of the (1,2)%wg-closed map and M-(1,2)twg-closed is (1,2)*-

nwg-open map and M-(1,2)twg-open map respectively.
Now, let us define the following definition:

Definition 3.2. A function f: X—Y is said to be almost (1,2)*rwg- continuous if every
f3(V) is (1,2)* -nwg-closed in X for every (1,2)*-regular closed ¥edf Y.

Proposition 3.1. Let f: X—Y be a map. Then

(i) Every (1,2)*awg-continuous function is almost (1,23tvg-continuous.
(i) Every (1,2)*awg-irresolute function is almost (1,2j)#wg-continuous.
(i) Every (1,2)*awg-irresolute function is (1,2)fwg-continuous.

(iv) Every (1,2)*awg-closed map is almost (1,2)wg-closed.

(v) Every M-(1,2)*nwg-closed map is (1,2)#wg-closed.

(vi) Every M-(1,2)*twg-map is almost (1,2)fwg-closed.

Proof: Follows from the definitions.

Remark 3.1. The converse of the above implications need notrlse as seen in the
following examples.

Example 3.1. Let X=Y= {a,b,c}, 11 = {@X,{b}}, T.={ @ X,{a},{a,b}}, 1,,-0pen

={pX{a}{b}{a, b}}, o={@Y},0={qY {a}}, o.-0pen={pY {a}}.

(&) Letf: X—Y be an identity map. Then f is (1,2)twg-continuous, almost (1,2)*-
nwg-continuous but not (1,2)twg-irresolute.

(b) Letf: X—Y be defined by f(a)=b, f(k=c, f(c)=a. Then fis almost (1,2)%wg-
continuous, but not (1,2)twg-continuous and (1,2)twg-irresolute.

Example 3.2. Let X=Y={a,b,c}, 1;={ ¢, X}, 1.={ @ X,{a}}, T1-0pen = X {a}}, o,
={@Y.{b}}, o.={@Y {a}{a,b}}, 01.-open ={p, X {a}.{b}.{a, b}}.
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(@) Letf: X—Y be an identity map. Then fis (1,2xtvg-closed and almost (1,2)fwg-
closed in X but not M-(1,2)%wg-closed in X.

(b) Letf: X—Y be defined by f(a)=c,f(b)=a,f(c)=b. Then f is a@sh (1,2)*-nwg-closed
but not (1,2)*awg-closed and M-(1,2)%&wg-closed.

Remark 3.2. The above relations are represented diagrammigtasfollows:

(a)
/ (1,2)*-mwg-continuous \\
Almost (1,2)*stwg-continuous | > (1,2)*-nwg-irresolute
(b) ::::::.‘_‘.‘.‘.‘.‘:—:\
«—A—IIIT 00
———b: M-(1,2)*-nwg-closed !

S - -

3.1. (1,2)*- rwg-normal spaces
In this section, we introduce the notion of (1,2)¥g-normal spaces and study some of
its properties.

Definition 3.1.1. A space X is said to be (1,2)wg-Normal if for any two disjoint; »-
closed subsets A and B of X, there exists two disjd,2)*-rwg-open subsets U and V
of X such that AJU and BLIV .

Definition 3.1.2. A space X is said to be Mildly (1,2)twg-Normal if for the pair of
disjoint regularr; -closed subsets A and B of X, there exists a padigoint (1,2)*-
nwg-open subsets U and V of X such thdtl&) and BLIV .

Theorem 3.1.1. Every (1,2)*- normal space is (1,2)wvg-normal.

Proof: Let the space X be a (1,2)*- normal space , thenhi® pair of disjoint; »-closed
sets A and B, there exists disjoint,-open sets U and V such that AU and BLIV.
Since everyt; ~open set is (1,2)%wg-open, the space X is (1,2)twvg-normal.

Remark 3.1.1. The converse of the above need not be true asisette following
example.

Example 3.1.1. Let X={a,b,c,d}, 7; = {9,X,{b,c,d}}, 1. ={¢,X,{c,d},{a,c,d}}, T1-0Open

=o,X, {cd}, {ac,d}{b,c.d}}, ticlosed =p,X,{a,b},{b}.{a}}.Let A={a},
B={b}.Then the space X is (1,2)fwg-normal but not an (1,2)*-normal space.
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Theorem 3.1.2. For a space X, the following are equivalent.
1. Xis (1,2)*-nwg-normal
2. For every pair of disjoint; »open sets U and V whose union is X, there exists
(1,2)*nwg -closed sets A and B such thatlAJ ,BLIV and ALIB = X.
3. For everyr ~closed set F and evety-open set G containing F , there exists a
(1,2)*- mwg-open set U such that[B U LI (1,2)*rwg-cl(U) LIG.
Proof: (1)= (2):Let U and V be a pair of disjoinf -open sets such that X =[0V.
Then (X-U) n (X=V) = ¢ . Since X is (1,2)*awg-normal, there exists disjoint (1,2)*
nwg-open sets Uand 4 such that X—-UL1U; and X-V [JV..
Let A = X-U,, B = X-V,. Then A and B are (1,2)%wg-closed sets such thatlAU , B
LV and ALIB = X.
(2) = (3): Let F be a; rclosed set and G betaropen set containing F. Then X — F
and G arer; -open sets whose union is X. Then by (2), therstexil,2)*-nwg-closed
sets W and W, such that WL X—F and WL G and W L W,=X. Then F_L1X-W,, X-G
LIX-W, and (X-W) N (X-W,) = ¢. Let U = X-W, and V = X-W . Then U and V are
disjoint (1,2)*nwg-open sets such that FU [1(1,2)*-rwg-cl(U) L X-V LI G.
(3)=(1): Let A and B be any two disjoint -closed subsets of X. Then[AX-B.
Put G= X-B. Then G is the ,open set containing A. By part (3), there exis{d,2)*-
nwg-open sets U and V such that AU L1(1,2)*-rwg-cl(U) L1 G. It follows that BLI1X —
(1,2)*-nwg-cl(U). Let V = X — (1,2)*awg-cl(U).Then V is a (1,2)%wg-open set and U
NV = ¢. Therefore, X is (1,2)%wg-normal.

Theorem 3.1.3. The following are equivalent for a space X.

1. Xis Mildly (1,2)*- nwg-normal.

2. For every pair of regular open sets U and V, whasen is X, there exists (1,2)*-
nwg-closed sets A and B such thatJAJ and BL1V and ALIB = X.

3. Forany (1,2)*-closed set A and every (1,2)*-reguwpen set B containing A, there
exists (1,2)*awg-open set U such thatlAU L1 (1,2)*-rwg-cl(U)0B.

Proof: (1)= (2):Let U and V be a pair of disjoint regular (¥;®pen sets such that X =

ULIV. Then X-U and X-V are disjoint regular (1,2)* grdar closed sets. Since X is

mildly (1,2)*- mwg-normal, there exists disjoint (1,2)pwg-open sets Uand V; such that

X-U U; and X-VL V. Let A= X-U, and B= X-\{. Then A and B are (1,2)twg-

closed sets such thattAU and BL1V and ALI B=X.

(2) = (3): Let A be a (1,2)* regular closed set in X d@dbe an (1,2)*- regular open set

of X containing A. Then X-A and B are (1,2)*-regulapen sets of X whose union is X.

Then by (2), there exists (1,2)twg-closed sets \Wand W such that WLIX-A and W,

LB, Wi [JW, = X. Then ALIX-W;, X—B [IX-W, and (X-W) N (X-W,) =¢ . Let U

= X-W; and V= X-W. Then U and V are disjoint (1,2)#wg- open sets such thatlAU

[1X-V LIB implies AL1U L1 (1,2)*rwg-cl(U) L1X-V LIB.

(3) =(1): Let A and B be any two disjoint (1,2)*-reguldlosed set of X.Then Al X-B.

Put G = X-B. Then G is an (1,2)*- regular openamitaining A. By (3), there exists a

(1,2)*-nwg-open set U in X such thatlAU [ (1,2)*-nwg-cl(U) LI (X-B).It follows that

B LI X-(1,2)*-nwg-cl(U). Let V=X-(1,2)*nwg-cl(U). Then V is an (1,2)%wg-open set

and Un V= ¢ . Hence the space X is Mildly (1,2)*-normal.
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Theorem 3.1.4. If f: X — Y is an M-(1,2)*awg-open, (1,2)*-continuous and (1,2)*-
nwg-irresolute function from a (1,2)*wg-normal space X onto a space Y, then Y is
(1,2)*-rnwg-normal.

Proof: Let A be ac; »-closed subset of Y and B be @p-open set containing A. Then by
(1,2)*- continuity of f, f{(A) is 1, ~closed in X and(B) is ant; -open in X such that
f1(A) Uf(B). As X is (1,2)*awg-normal, by theorem 3.6, there exists a (172)4-
open set U in X such that'fA) LU [ (1,2)*awg-cl(U) LIf(B).

Then f(f(A)) LIf(U) LIf((1,2)*awg-cl(U)) LIf(f™(B)). Since fis M-(1,2)*awg - open
and (1,2)*awg - irresolute surjection, we obtain A f(U) [I1(1,2)*rwg-cl(f(U)) LIB.
Again by theoren3.1.2, the space Y is (1,2)twg-normal.

Lemma3.1.1. A function f: X — Y is an M-(1,2)*awg-closed map if and only if for
each subset A in Y and for each (1,2)%g-open set U in X containing'tA), there
exists a (1,2)*&wg-open set V containing A such thai(¥ ) JU.

Proof: Suppose that f is M-(1,2)twg-closed. Let A be a subset of Y and 1Y1,2)*-
awgO(X) containing T(A). Put V = Y—f(X-U), then V is a (1,2)fwg-open set of Y
such that AL]V and f(V ) LJU.Now on the other hand, let F be any (1,2)g-closed
set of X and let A=Y—f(F). Then U =X-F is (1,2p~vg-open set in X. Now, by
hypothesis, there exists a (1,2)g-open set V containing A = Y—f(F) and(¥) OX—F.
Therefore, f(FYOY-V. Also,f*(V) OU=X-F implies that EX—f*(V).

The f(FOf(X—f*(V)) = Y-V. Hence f(F) = Y=V and f(F) is (1,2)twg-closed in Y. This
shows that f is M-(1,2)%wg-closed.

Theorem 3.1.5. If f: X — Y is an M-(1,2)*awg-closed ,(1,2)*-continuous function from
a (1,2)*wg-normal space X onto a space Y , then Y is (1@)g-normal.

Proof: Let F, and K be disjointo; ~closed sets of Y. Since f is (1,2)*- continuous
function, f'(F,) and f'(F,) aret, ~closed sets in X. Since X is (1,2)twg-normal, there
exist disjoint (1,2)*awg-open sets U and V such that(f,) JU and f'(F,) OV. By
lemma 3.9, there exist (1,2)wg-open sets A and B of X such thatlFA, F,LIB,
f(A) LU and f'(B) LJV. Also, A and B are disjoint and hence Y is (1;2)g-
normal .

Theorem 3.1.6. If :X—>Y is an M-(1,2)*awg-open, (1,2)*- R-map and (1,2}wg-
irresolute surjection from a mildly (1,2)#wg-normal space X onto a space Y, then Y is
mildly (1,2)*-rwg-normal.

Proof: Let A be a (1,2)*regular closed set and B be &)firegular open set in Y
containing A. Since f is an R-mapi(A) is a (1,2)*regular closed set contained in the
(1,2)*-regular open set'(B).Since X is Mildly (1,2)*-normal, there exists(#,2)*-twg-
open set V such that'fA) LIV L (1,2)*rwg-cl(V) LIf(B) implies that ALIf(V) LI
(1,2)*-mwg-cl(V). Since f is an M-(1,2)%wg-open surjection, Y is mildly (1,2)twg-
normal.

Theorem 3.1.6. If f: X—>Y is as (1,2)*awg-irresolute ,almost (1,2)*-closed injection
and Y is (1,2)*awg-normal, then X is mildly (1,2)%wg-normal.

Proof: Let A and B be disjoint regular (1,2)*-closed se¥. Since f is an almost (1,2)*-
closed injection, f(A) and f(B) are disjoint ~closed sets in Y. Since Y is (1,2)twg-
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normal, there exists (1,2)twg-open sets U and V in Y such that f(R)U and f(B) L1V

and UNV =¢ .Since fis (1,2)*wg-irresolute,f(U),f*(V) are (1,2)*awg-open sets in
X such that AJf(U) , BOfY(V) and f'(U) N (V)= ¢ . Hence X is mildly (1,2)*%wg-
normal.

Theorem 3.1.7. If f. X—>Y is a completely (1,2)*- continuous, M-(1,2)%wg-open
surjection and X is mildly (1,2)*-normal, then Y (i,2)*-twg-normal.

Proof: Let A and B be disjoint; »-closed subsets of Y . Since f is completely (1,2)*
continuous, 1(A) and f/(B) are disjoint regular closed subsets of X. SiXcis mildly
(1,2)*-rwg-normal, then there exists disjoint (1,2)fg-open sets U and V in X such
that f/(A) JU and f(B) V. Since f is an M-(1,2)%wg-open surjection ,f(U) and
f(V) are disjoint (1,2)*awg-open sets in Y. It follows that Y is (1,2)%wg-normal.

3.2. Almost (1,2)*-tWG-nor mal spaces
Definition 3.2.1. A space X is said to be almost (1,29« -normal if for eachy -closed

set A and each (1,2)*-regular closed set B such #a B=¢, there exists disjoint
(1,2)*-nwg-open sets U and V such that AJ and BLIV.

Example 3.2.1. Let X={a,b,c},;u;={ ¢ X{b}}, w==¢ .X,{a}{a,b},{a,c}}, 11 -0pen={¢
X.{a}{b}, {a,b}.{a,c}}, m.-closed ={¢ ,X{b,c},{a,c}{c}{b}}. Here we can find for

disjoint 1, , -closed set {b}and (1,2)*-regular closed set {a,¢l,2)*-nwg-open sets
contained {b} and {a,c}. Hence the space X is alt{@s2)*-twg-normal .

Theorem 3.2.1. For a space X, the following are equivalent.

1) Xis almost (1,2 )*=wg-normal

2) For every pair of sets U and V one of whicltjg-open set and the other is (1,2)*-
regular open , whose union is X, there exists figg-closed sets G and H such
that GLIU, HUJV and GLI H=X.

3) For everyr; rclosed set A and every (1,2)*- regular open sebBtaining A, there
is a (1,2)*wwg-open set V such thatlAV LI (1,2)*rwg-cl(V) LIB.

Proof: (1)=(2)

Let U be anr; -open set and V be (1,2)*- regular open set suahXkULI V. Then X—

U is 1y rclosed and X-V is (1,2)*-regular closed. SincesXalmost (1,2)*wg-normal,

there exists (1,2)%wg-open sets Uand \; such that X—UW]1U; and X-VLI1V,.

Let G = X-U, and H= X-\{. Then G and H are (1,2)twg-closed sets such that QU ,

HLV and GLIH=X.

(2)=(3) and (3= (1) are obvious.

Some char acterizations of (1,2)*-rwg-nor mal spaces

Theorem 3.2.2. If f: X — Y is a (1,2)*- continuous surjection, M-(1,2)¥wg-closed map
and X is (1,2)*awg- normal, then Y is (1,2)fwg-normal.

Proof: Let M; and M, be any disjoint; »-closed sets of Y . Since f is (1,2)*-continuous,
(M) and f'(M,) are disjointr, - closed sets of X. Since X is (1,2)Wg-normal, there
exist disjoint (1,2)*awg-open sets Y U, of X such thatt(M;) OJU; fori =1, 2.PutVy
=Y-f(X-U;).Since f is M-(1,2)*awg-closed, f(X-(i=1,2) is (1,2)*awg-closed in Y
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implies V is (1,2)*awg-open in Y, MUV, and (V) LJU; for i = 1,2. Since LNU, =
¢ and f is surjective, we haveM V, =¢ . This shows that Y is (1,2)twg-normal.

Corollary 3.2.1. If f: X — Y is a (1,2)*-closediwg-irresolute injection and Y is (1,2)*-
nwg-normal, then X is (1,2)%wg-normal .
Proof: Obvious.

Theorem 3.2.3. If f: X >Y is an almost (1,2)%wg-continuous, (1,2)*-rc-preserving or
(1,2)*-almost closed injection and Y is (1,2)*-miichormal (or) (1,2)*-normal, then X is
Mildly (1,2)*-nwg-normal.

Proof: Let A and B be any disjoint regular (1,2)*-closextssof X. Since f is (1,2)*-rc-
preserving, f(A) and f(B) are disjoint regular (;2losed sets of Y. By the mild (1,2)*-
normality of Y, there exists disjoint; -open sets U and V such that f(A)U and f(B)
V. Now, put G=6; rint (61 cl(U)), H= 61 »int (61 cl(V)).Then G and H are disjoint
regular (1,2)*-open sets such that f(A)G and f(B) LIH. Since f is almost (1,2)#wg-
continuous, 1(G) and f(H) are disjoint (1,2)*nwg-open sets containing A and B
respectively. Hence X is Mildly (1,2)%wg- normal.

Lemma 3.2.1. A function f: X — Y is almost (1,2)*&xwg-closed if and only if for each
subset B of Y and each Ul (1,2)*RO(X) containing T(B), there exists a (1,2)twg-
open set V of Y such that BIV and f*(v) U.

Proof: Suppose that f is almost (1,2)tvg-closed map. Let A be a subset of Y andlU
(1,2)*-RO(X) containing T(B). Put V = Y—f(X-U), then V is a (1,2)#wg-open set of Y
such that BLIV and f(V ) LJU.Now on the other hand, let F be any (1,2)*regula
closed set of X and let B=Y—f(F). Then U =X-F is2)t-regular open set in X. Now, by
hypothesis, there exists a (1,2)g-open set V containing B = Y—f(F) and(¥) OX—F.
Therefore, f(FYOY-V. Also,f*(V) O U=X-F implies that EIX—f(V).

Then f(FOf(X—f*(V)) = Y-V. Hence f(F) = Y-V and f(F) is (1,2)twg-closed in Y.
This shows that f is almost (1,2)twg-closed.

6. Conclusion

Here, a study made on the analysis of (172)t-normal spaces and obtained their
characterizations. This shows that there is a éusmope for further research by using
(1,2)*-nwg-closed sets.
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