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With this concept we study the notion @fconnected sets and strongly-connected
sets. We give some properties of such concepts sdthe f'-separation axioms and
compact spaces. Finally, we construct a new topodbgpace on a connected graph.

Keywords: B -separated setf, -connected sets
AMS Mathematics Subject Classification (2010): 54B05, 54B10, 54C10, 54D18, 90D42

1. Introduction

Connectedness [1] is a well-known notion in topgloflumerous authors studied
connectedness. In [Z-spaces and external disconnectednessare studiade€@edness

in [4-6] are used to expand some topological spdnd43], authors proved that neither
first countable nor &ch-complete spaces are maximal Tychonoff connebtady other
topologists defined and studied connectedness topdibgical spaces [3, 12]. It is
important to study some types of connectednessgitabspaces. A point with integer
coordinates is called a digital point. The problefrfinding a topology for the digital
plane and the digital 3-space is of importanceriage processing and more generally in
all situations where spatial relations are modeleé computer. In all these applications
it is essential to have a data structure on thepeden which shares as many as possible
features with the real topological situation. Cartedness and compactness are powerful
tools in topology but they have many dissimilargadies. The concept of Hausdorff
spaces is almost an integral part of compactnesestigations into the properties of cut
points of topological spaces which are connectedipact and Hausdorff date back to
the 1920s. Connectedness together with compaciwigsshe assumption of Hausdorff
has been studied in [15] from the view point of patnts. In [7], authors studied some
types of connected topological spaces. Recentlgritabni [9] introduced and studied a
new class of sets calldl -closed sets in topological spaces. Since thesettencepts
have used to define and investigate many topolbgicgerties. The aim of this paper is
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to studyp” -connectedness. Also digital spaces are examméki context of these new
concepts. However, our main interest shall be aigipaces that are also topological
spaces.

2. Preliminaries

Throughout the present paper, the spé€e 7) and (Y, o) always mean topological
spaces on which no separation axioms are assunhegkexplicitly stated.

Here we present some of the definitions, whichused in our study.

Definition 2.1. A subsetA of a topological space¥ , ) is called a

() generalized closed (briefly-closed) [8] if Cl(A) <U wheneverAcUandU
is open in(X, 7).

(i) £ -closed [9] isCI(Int(A)) cU whenevedcU andU is g-open in(X, 7).
The Complements of the above mentioned closedasettheir respective open sets. We
denote the collection of all g-closed (regpclosed) sets b (X) (resp.f C(X)). We
seGC(X,x) = {U : xeUeGC(X)} (resp. fC(X,x) ={U: xeUefC(X)}. Thef
closure of a sdt denoted byfgCl(4), is the intersection of allf-closed sets
containingl. C1(A) is the smallesf -closed set containidg The -interior of a se#d
denoted by Int(A), is the union of allf -open sets containedA4rf Int(A) is the
largestf -open set containedAn The family of all5 -open (respf -closed) sets in a
spaceX will be denoted byf 0(X) (resp.f C(X)) .

Proposition 2.1. [9] (i) The union of any family off -open sets is A -open set.
(ii) The intersection of an open angfa-open set is # -open set.

Lemma 2.1. [9] The S -closure of a subsetofX, denoted byJ CI(A4), is the set of allx
OX such thabnA=¢ for everp e 0(X, x), whergf 0(X,x)={U : xeUef 0(X, 7)}.

Definition 2.2. The £-boundary of a sel of a spaceX is defined by -bd(A)
=4 CL(A)NS Cl(X-A).

Definition 2.3. A spaceX is said to bef -connected if¥ cannot be expressed as the
union of two disjoint nonempty -open sets df.

Lemma 2.2. Letd be a subset of a topological spfic&henAdef 0(X) if and only
if 4 Cl(A) is S -clopen inX (i.e.,f -open ang -closed).

Definition 2.4. [11] A subsetNcX is called af -neighborhood (brieflyd -nbd) of a
pointx e Xif there exists a(f -open set/cN such thateUcN.

3. B - Separateness and B’ -connectedness

Definition 3.1. Two subsetsi andB in a space are said to b@ -separated if and only

if Ang ClL(B) = gandB CI(A) NnB = ¢.From the fact thaif Cl(4A) cCl(A), for every
subsetdofX, every separated set f5-separated. But the converse may not be true as
shown in the following example.
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Example 3.1. LetX = {a,b,c,d} with a topologyr = {X, ¢ {b}, {c,d}, {b,c,d}}.
The subsetéc}, {a,d} aref -separated but not separated.

Remark 3.1. Each twof -separated sets are always disjoint, sineBcAN/f CI(B) =
¢. The converse may not be true in general.

Example 3.2. In Example 3.150(X) = {X, @ {b}, {c}, {d}, {b, c}, {b, d}, {c, d}, {a, b,
c}, {a, b, d},{b, c, d}}. The subset$b, c}, {a, d} are disjoint but noﬂ* -separated.

Theorem 3.1. LetA andB be nonempty sets in a spacd he following statements hold:

(i) If A andB aref -separated and, cAandB, B, then4,andB, are so.

(i) If ANB = ¢such that each of andB are bothj -closed ff -open), ther
andB aref -separated.

(iii)If each of A andB are bothf -closed ff-open) and it = A~ (X- B) and
G = BN (X-A), thenH andG aref -separated.
Proof: (i) Sinced; cA, then B CI(A))cfB CI(A). Then BnBCl(A) = ¢ implies
B, G Cl(A) = gandB; NG Cl(A)) = ¢. SimilarlyA, NG Cl(B;) = ¢. Henced, and
B, areff -separated.
(i) SinceA = FCl(A) andB = fCl(B)andAnB = ¢, thenfCI(A) "B = ¢ and
L Cl(B)NA = ¢. Henced andB areff -separated. Il andB are -open, then their
complements arg -closed.
(i) If A and Baref-open, thenX-A and X-B are f-closed. SincEcX-B,
LCI(H)cfCl(X—B) = X-B and so SCI(H)NB = ¢ Thus GnECL(H) =
¢.Similarly, HnG CI(G) = ¢.HenceH andG aref -Separated.

Theorem 3.2. The setsA andB of a space are/ -separated if and only if there exist
andV in f0(X) such thatlcU, BcV andAnV = ¢, BAU = ¢.

Proof: Let A andB be f -separated sets. Sét= X — f Cl(4) andU = X — S CI(B).
TherU, Ve 0(X) such thatdcU, BV andAnV = ¢, BNU = ¢. On the other hand,
letU, Ve 0(X) such thatdicU, BV andAnV = ¢, BNU = ¢. SinceX-V andX-U
are [ -closed, then fCl(A)cX-VcX-B and fCI(B)cX-UcX-A. Thus
BCL(A)NB = gandf CI(B)NA = ¢.

Definition 3.2. A point xeXis called g5 -limit point of a setAcX if everyf -open set
UcX containingx contains a point of other thanw.

Theorem 3.3. Let A andB be nonempty disjoint subsets of a spfe@dE = AUB.
ThenA andB arep -separated if and only if each4&ndB is " -closed p~ -open) inE.
Proof: Let A andB arep” -separated sets. By Definition 3.A,contains no -limit
points oB. ThenB contains alp” -limit points of B which are inAUB andB is B~ -closed
in AUB. ThereforeB is B~ -closed iik. SimilarlyA isp’ -closed inE.

Definition 3.3. A subsetS of a spacé is said to b™ -connected relative t¥ if there is

not exist twoB* -separated subsetsandB relative toXands = AUB. OtherwiseS is
said to b -disconnected.
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By Definition 3.3., one can show that egth-connected set is connected. The converse
may not be true in general as shown in the beloamgies. In other words, each
disconnected B -disconnected.

Example 3.3. Any space with indiscrete topology is connected mait 3 -connected
sincep” -open sets establish a discrete topology.

Example 3.4. LetX = {a,b, c,d} with a topology = {X, ¢, {a}, {b}, {a,b}, {a,b,c}}.
The subsef{a, b, c}is connected but n¢ -connected.

Theorem 3.4. Let A andB be subsets in a spakesuch thatAcB<p CI(A). If A isp -
connected, theB is ﬁ*-connected.

Proof: If B is B'-disconnected, then there exist tpieseparated subseisandV relative
to X such thaB = UuV.Then eithetAcUorAcV. Without loss of generality, letcU.

As AcUCB,p’ CIB(A)c[S Clg (U)B CI(V). AIsoB Clg(A)=Brp’ Cl(A) = Bop CI(U).This
implies tB = B'CI(U). SoU andV are nof3 -separated an8 isp -connected.

Theorem 3.5. If E is B~ -connected, thgNCI(E) isp” - connected.

Proof: By contradiction, suppose th@tCI(E) is p’-disconnected. Then there are two
nonemptyp’ -separated seGandH in X such thap CI(E) = GUH.

SinceE = (GNE)U(HNE) andB CI(GNE)cB CI(G) andp CI(HNE)cB CI(H) andGNH=

o, then 'CI(GNE)) nH = ¢. Hence § CI(GNE)) n(HNE)= ¢. Similarly (3 CI(HNE))
N(GNE)= ¢. ThereforeEis B~ -disconnected.

Lemma 3.1. Let AcBUC such thaA be a nonemptﬁ*-connected set in a spaXandB,
C arep’ -separated. Then only one of the following cowndisi holds:

(HAcBandAnC = ¢,(ii)AcCandAnB = ¢.

Proof: SinceAnC = ¢, thenAcB. Also, ifAnB = ¢, thenAcC. SinceAcBNC, then
bothAnB = ¢ andAnC = ¢cannot hold simultaneously.

Similarly, suppose that~B=pand AnC=¢, then, by Theorem 3.5.(iAnB andANC are
B -separated such thad = (AnB) U (ANC) which contradicts with the p -
connectedness @f Hence one of the conditions (i) and (ii) mushibéd.

Definition 3.4. [10], [11] A functionf: X — Y is said to be:

(i) B~ -continuous if the inverse image of each opelirsétis B° -open inX.
(i) B -open if the image of each open seXiis B~ -open inY.

(iii) B~ -closed if the image of each closed set ing isclosed inY.

Lemma 3.2. Letf : X > Y be ap’-continuous function. Thef C1(f~1(B))<f~*(CI(B)),
for eachBcY.

Proof: Let A be subset ofX,t). Let B = f(A) be subset of. ThenCl(B) is closed
inY.Since f isB -continuousf~*(CI(B)) is B -closed inX andAcf~1(f(A))=f~*(CI(B))
that isf~1(CI(B)) is B~ -closed subset dfcontaining\. By Definition of p -closed sets
impliesf’-Cl(A)<f~*( CI(B)). HenceB CI(f~*(B))f ~1(CI(B)).
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Theorem 3.6. For aﬁ*-continuous functiorf: X > Y, if K is B*-connected ik, then
f(K) is connected iiY
Proof: Suppose tha(K) is disconnected th There exist two separated sBtandQ of Y
such thaf(K) = PUQ. SetA = Knf~1(P) andB = Knf~1(Q). Sincé(K)nP=¢, then
KNf~1(P)#d and saA=¢. SimilarlyB=, SincNQ = ¢, thenAnB = Knf~1(PNQ) =
dand soA~B = ¢. Since f is p’-continuous, then by Lemma 3.2,
BCI(f~1(Q))c=f 1 (C1(Q))andB<f~1(Q), thenB CI(B)) <f~1(CI(Q)).
Since PNCI(Q) = ¢, then ANf~(CI(Q))c=f 1 (P)Nf~1(CI(Q)) = ¢ and then
ANB CI(B) = ¢. ThusA andB arep’ -separated.

Corollary 3.1. For a[}* -continuous functiof: X - Y, if K is disconnected iX, then
f(K) is B’- disconnected in Y.
Proof: Obvious.

Theorem 3.7. For a bijectivgd’ -closedf : X — Y, if K is £ -connected i, thenf =1 (K)
is connected iX.
Proof: The proof is similar to that of Theorem 3.6. Thues amit it.

Definition 3.5. A functionf : X — Yis said to be:

(i) B -Irresolute if for each pointeX and eactp” -open seV of Ycontaining(x),
there exists @ -open setl of X containingx such that(U) cV.

(i) P -Irresolute [10] iff =1 (V) ep O(X) for everyVep O(Y).

(i) M-B" -open iff(V)ep O(Y) for everyVep 0(X).

(iv) M-B" -closed iff(V)cp C(Y) for everyVep C(X).

(v) Stronglyp  -irresolute iff = (V) ep 0(X) for every open séfin Y.

(vi) StronglyM-p" -open iff(V)ep O(Y) for every open séfin X.

(vii) StronglyM-p" -closed iff(V)ep C(Y) for every closed safin X.

Lemma3.3. Afunctionf : X — Yis gf -irresolute if and only

ifCL(f~1(B))=f1 (B (CL(B))=f~1(CL(B)), for eachBcY.

Proof: Follows from the Definition 3.5.

Theorem 3.8. Let f : (X,7) - (Y,o)be af -irresolute function. I is # -connected
in X, thenf (K) is f -connected iry.
Proof: By using Definition 3.20.and Lemma 3.3, it is direonsequence of Theorem 3.6.

3.1. Strongly B’-connectednessin compact spaces

Definition 3.1.1. A spaceX is strongly -connected if and only if it is not a disjoint
union of countably many but more than gfieclosed set i.e. if; are nonempty disjoint
closed setsdf, thenX=E; U E, U .... Otherwisé is said to be strongl§ -disconnected.
Note the similarity between Definition 4.1.and thdts -connectedness. K is £ -
connected, anfl;andE, are any two nonempty disjoint closed sefs, dhenX=E; U E,.

Lemma 3.1.1. For any surjectivg -irresolute functionf : X — Y. The imagef(X) is
strongly# -connected iX is stronglys -connected.
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Proof: Supposef (X) is stronglys -disconnected, by Definition 4.1. it is a disjointion
of countably many but more than offe-closed sets. Sincgis 4 -irresolute, then the
inverse image off -closed sets are stjfl -closedX is also a disjoint union ¢f -closed
sets. Thereforef(X) is stronglys -connected.

Theorem 3.1.1. A spaceX is strongly -connected if there exists a constant surjective
[ -irresolute functiofi : X — D, whereD denote to a discrete space( of

Proof: Let X be stronglyf-connected andf : X - D be a surjectivg -irresolute
function, then by Lemma 3.1.1£(X) is strongly/-connected. The only strong)§ -
connected subset of are the one-point spaces. Herfice constant. Conversely, suppose
X is a disjoint union of countably many but morernthene £ -closed setsX¥ = U;E;.
Then definef:X - D by taking f(x) = iwhenevercE,. This fis a surjective -
irresolute and not constant. S strongly/ -connected. Strongly -connectedness is a
stronger notion off -connectedness. In other words, givgf-eonnected space, we can
make it stronglys -connected by adding some conditions. But what itimmg should be
added is the difficulty. Our starting pointfisconnected spaces, thy -@ontinuum may
be useful. The concept of-continuum is defined on A-connected set.

Definition 3.1.2. A compactf -connected set is callegfacontinuum.

Definition 3.1.3. A spaceX is called:

() A T,if for eachx, yeX, x=y, there exist two disjoingi-open sets/ andV such
thatxeU, ygU, andxeV, yeV.

(i) fT.iffor eachx, yeX, x=y, there exist two disjoing -open set$/ andV such that
xelU, yeVandUnV = 4.

(iii) A -normal for any pair of disjoinf -closed sets; and F,, there exist disjoir -
opensetd andV such thaf, cU andF, cV such thatyU n\V = 4.

Lemma 3.1.2. If A is anyf -continuum in g8 T, spaceX andB is anyf -open set such
thatA NB #¢#£A N (X- B), then every componentéA NS CI(B))nf — bd(B)=¢.
Proof: It is obvious by Definitions 2.2., 3.1.2.and 3.1.3.

Theorem 3.1.2. LetX be a compagf T,-space.ThenX is 4 -connected if and only iX
is strongly/ -connected.

Proof: It is clear that ifX is strongly f#-connected, therX is 4 -connected. Now,
supposethak is a compaci T, S -connected space and it is stronglydisconnected,
therX is aunion of a countably many but more than ositit 5 -closed sets. Theh =
U K;, wherekK;are ff -closed disjoint sets. Since a compAd,-space i -normal, then
X, by Definition 3.1.3., is & -normal space. So there exispfaopen setd/ such that
K,cU angf Cl(U)K; = ¢. Let X; be acomponent off CI(U) which intersectsk,.
Then X, is compact angf -connected. Now by Lemma 3.12.,nf -bd(U)=di.e. X,
contains a poinpef -bd(U) such thatpeU andpgK,. HenceX,; nK; #gfor some
i > 2. LetK,, be the firstk; for i > 2 which intersect¥;, and letV be af -open set
satisfying K,,, cV,ang3 CL(V) nK, = ¢.Then letX, be a component ok; NG CI(V)
which contains a point &,,,. Again we haveX, g —bd(V)=¢, andX, contains some
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pointpef —bd (V) such thatpeV, peK,UK,. HenceX, nK;=¢ for somei > n,, and
X, NK; = ¢ fori < n,. Let K3 be the firstK; for i > n,, which intersects,, then by
methods similar to the above we can find a compfctconnectedX; such that
X3cX, cX;, andX; intersects som&; with i > n; but X3 NK; = ¢ for i < ns. In this
manner, we obtain a sequence of sub continuou¥X oX;X,Xs...,such that for
each, X;nK; = ¢ fori <n; andn; - cag — . We know thain; X;=4. Also(n; X;) N

K; = gfor all j, so that(n; X;) n (U; K;) = dor (N; X)nX = 4.But (n; X;)=X, which

contradicts the fact tha; X;#¢. ThereforeX is stronglyf connected.

Theorem 3.1.3. LetX be a locally compact T,-space. IfX is locally £ -connected,
therX is locally stronglys -connected.

Proof: Let 0 be af-openf-nbd of a pointxeX. Then there exists a compaft

nbdV of xlying inside0. LetC be aff -connected component Btontainingx.SinceV is

a f-nbd ofx andX is locally f-connected( is f-nbd of. SinceC isf -closed inV

and/is compact, ther€ is compact. S@ is a compacjs -connectegf -nbd of x lying

inside0By Theorem 3.1.2( is strongly/ -connected.

Theorem 3.1.4. Let X be a locally compact T, -space. IfX is locally f-connected
angd -connected, thenis stronglys -connected.
Proof: This follows from Theorems 3.1.2 and 3.1.3.

Lemma 3.1.3. For a spac& the following statements are equivalent:
(i) Xis af T, -space.
(i) For any pointre X, the singleton seitc} is f -closed.

Corollary 3.1.1. strongly f-connected S T,-space having more than one point
isuncountable.

Proof: By Lemma 3.1.3., a one-point set in/l, -space isf -closed. Thus by
Definition 3.1.1., 88" T; —space cannot have countably many but more thampoint.
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