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Abstract. The concept of intuitionistic fuzzy sets as modified fuzzy sets introduced by 
Atanassov has been researched in many existing literatures. In this paper, two new 
algebraic properties defined over intuitionistic fuzzy sets were proposed, proved and 
verified by numerical example. We also introduced the concept of complementarity of 
two intuitionistic fuzzy sets and gave a proposition with a proof based on the concept. 
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1. Introduction 
In [1, 2], intuitionistic fuzzy set (IFS) was introduced as an extension or modification of 
fuzzy set earlier proposed in [18]. Intuitionistic fuzzy set attracts much attention due to its 
significant in tackling vagueness or the representation of imperfect knowledge. Volumes 
of research have been carried out involving the fundamentals and theory of IFSs in [3-17, 
19]. In this research article, we review the algebraic properties of IFSs. Two new 
algebraic properties defined on IFSs will be proposed, proved, and exemplified 
numerically. Also, we introduce the concept of complementarity in IFSs with a related 
proposition.  

2. Concept of intuitionistic fuzzy sets 
Definition 1. [18] Let � be a nonempty set. A fuzzy set � drawn from � is defined as         
� � ���, 	
���: � � ��, where	
���: � � �0, 1� is the membership function of the 
fuzzy set �. Fuzzy set is a collection of objects with graded membership i.e. having 
degrees of membership. 
 

Definition 2. [10] Let � be a nonempty set. An intuitionistic fuzzy set � in � is an object 
having the form� � ���, 	
���, �
���: � � ��, where the functions 	
���, �
���: � �
�0, 1�define respectively, the degree of membership and degree of non-membership of the 
element � � � to the set  �, which is a subset of �, and for every element � � �,0 �
	
��� � �
��� � 1. Furthermore, we have �
��� � 1 � 	
��� � �
��� called the 
intuitionistic fuzzy set index or hesitation margin of � in �. �
���  is the degree of non-
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determinacy of � � � to the IFS � and �
��� � �0, 1� i.e.,�
���: � � �0, 1 �and 0 �
�
 � 1  for every � � �. �
��� expresses the lack of knowledge of whether � belongs to 
IFS � or not.  

Note:  
1. Every fuzzy set is intuitionistic fuzzy set, but the reverse is not true. 
2. 	
��� � �
��� � �
��� � 1. 
 
Definition 3. Let �, � be two IFSs in �, we define the following operations; 
 �� � �〈�, �
���, μ
���〉: � � ��,
� � � � �〈�,  ! �"μ
���, μ#���$ , min ��
���, �#����〉: � � ��, 

� ( � � )〈�,  in"μ
���, μ#���$ ,  ! �"�
���, �#���$ 〉: � � �*, 
�⊕ � �{ 〈�,μ
��� � μ#��� � μ
���μ#���,�
����#���〉:� � ��, 
�⊗ � �{ 〈�, μ
 ���μ#���, �
��� �  �#��� � �
����#���〉: �∈�}, 

� � � � )�, min"μ
���, �#���$ , max"�
��� , μ#���$ 〉: � � � *. 
 
Definition 4. Let � be an IFS in �, then  � is called the sub-IFS of � denoted by �⊆A if 
μ#��� � μ
��� and �#��� . �
���.  
 
3. Some algebraic properties of intuitionistic fuzzy sets [2, 14] 
Let �, � and / be IFSs in �, then the following properties are valid;  
Complementary law: (���� � � 
Idempotent laws: �0�� � � �  � �00�� ( � �  � 
Commutative laws: (0) � � � �  � � � (00) � ( � � � (  � �000��⊕ � �  �⊕ � 

�01��⊗ � �  �⊗ � 
Associative laws:(0) �� � �� � / � � � �� � /�(00) �� ( �� ( / � � ( �� ( /� 

�000��⊕��⊕ /� � ��⊕ ��⊕ / �01��⊗��⊗ /� �  ��⊗ ��⊗ / 
Distributive laws:  
�0� � �  � � ( /� � �� � �� ( �� � /��00�� ( � � � /� �  �� ( �� �  �� ( /� 

�000��⊕�� � /� � ��⊕�� � ��⊕ /��01��⊕�� ( /� � ��⊕ �� ( ��⊕ /� 
�1��⊗�� � /� � ��⊗�� � ��⊗ /�  �10��⊗�� ( /� � ��⊗�� ( ��⊗ /� 

De Morgan’s laws:  
�0� �� � ���  �  ��  ( �� 
�00� �� ( ��� � ��  � �� 
�000���⊕ ��� � ��⊗�� 
�01���⊗ ��� � ��⊕�� 
Absorption laws: �0� � ( �� � �� � �   �00� � � �� ( �� � �. 

Note: Distributive laws hold for both right and left distributions. The proofs follow from 
the basic operations.  

4. New algebraic properties of intuitionistic fuzzy sets 
Theorem: Let � and � be two sub-IFSs of / in a nonempty set � s.t. � � ��and � � ��, 
then 

1. ��� � �� ( �� � ��� � ��� ( ��� � �� ( �� 
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2. ��� ( �� � �� ( ��� � ��� � ��� ( �� � �� 

Proof: 
The result follows if LHS equals RHS. Since � � ��and � � ��, then  �� � � � � �
� � � i.e. idempotent. Also, � � �� � � � � � �, for the same reason. Then ��� � �� (
�� � ��� � � ( � � � ( � i.e. commutative (LHS). 

Again, �� ( �� � � ( � � � ( �. Then ��� ( ��� � �� ( ��= ( � ( �� � �� ( �� �
� ( � i.e. idempotent (RHS). The result follows. 

For the second part, we get ��� ( �� � �� ( ��� � �� ( �� � �� ( �� � � � � � � � � 
(LHS). 

Again, ��� � ��� ( �� � �� � �� � �� ( �� � �� � � � � (RHS). The result follows. 

Example 1. 

Let � � ��0.5,0.3�, �0.6,0.2��, � � ��0.3,0.5�, �0.2,0.6�� for � � ��6, �7� and �, � � �. 
Then �� � ��0.3,0.5�, �0.2,0.6�� and �� � ��0.5,0.3�, �0.6,0.2�� 
Case 1: ��� � �� ( �� � ��� � ��� ( ��� � �� ( �� 
�� � �=��0.3,0.5�, �0.2,0.6��, � � �� � ��0.5,0.3�, �0.6,0.2�� 
��� � �� ( �� � ���=��0.3,0.5�, �0.2,0.6�� �LHS) 
�� ( ��=��0.3,0.5�, �0.2,0.6��, � ( � � ��0.3,0.5�, �0.2,0.6�� 
��� ( ��� � �� ( ��=��0.3,0.5�, �0.2,0.6�� �RHS) 
Case 2: ��� ( �� � �� ( ��� � ��� � ��� ( �� � �� 
 �� ( � � ��0.3,0.5�, �0.2,0.6��, � ( �� � ��0.5,0.3�, �0.6,0.2�� 
��� ( �� � �� ( ��� � ��0.5,0.3�, �0.6,0.2�� �LHS) 
�� � �� � ��0.5,0.3�, �0.6,0.2��, � � � � ��0.5,0.3�, �0.6,0.2�� 
��� � ��� ( �� � ��=��0.5,0.3�, �0.6,0.2�� �RHS) 
Note, in both cases, LHS�RHS. 

Definition 5. Two sub-IFSs �, / of � are complementary if � ( / � �0� and �⊕ / � �. 
 
Proposition 1. Let  �, / be two sub-IFSs of A. then �, / are complementary sub-IFSs if 
and only if each α � � can be written as α� 8 � 9  with β � � and γ � / for α, β, 
γ � �0,1�. 
Proof: Suppose first that �, / are complementary sub-IFSs and let α � �. Then �⊕ / �
�, so we can find β � � and γ � / with α� 8 � 9. If we also have α� 8� � 9� with 
β� � �and  9� � /, then we have β�8� � 9� � 9. The left-hand side lies in � and the 
right-hand side lies in /, and so both sides (being equal) must lies in � ( / � �0�. Hence 
both sides are zero, which means β� 8�and 9� � 9, so the expression is unique. 

Conversely, suppose that every α � � can be written uniquely as α� 8 � 9 with β� � 
and γ � /.Then certainly �⊕ / � �. If α is non-zero in � ( /, then in fact α has two 
distinct expressions 8 � 9 with β� � and γ � /, one with 8 � ;, 9 � 0 and the other 
with 8 � 0, 9 � ;. Hence � ( / � �0�, and � and / are complementary. 
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