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1. Introduction

Levine [11] introduced the idea of semi-open setd aemi-continuity in topological
space and Mashhour et al. [3] introduced the canafepre-open sets and pre continuity
in a topological space. Maheshwari and Prasad [da#bduced semi-open sets in
bitopological spaces. Jelic [8] generalized thaidépre-open sets and pre continuity in
bitopological space.

The study of tri-topological space was firstiated by Kovar [9]. Palaniammal [15]
studied tri topological space and introduced senai pre-open sets in tri topological
space and he also introduced fuzzy tri topologspaice. Hameed and Moh. Abid [10]
gives the definition of 123 open set in tri topdtad spaces. We [17] studied properties
of tri semi-open sets and tri pre-open sets intdgological space. Mukundan [5]
introduced the concept on topological structures ¥aur topologies, quad topology) and
defined new types of open (closed) set. We havgift®duced semi and pre-open sets
in quad topological spaces.

In 1965, Zadeh [7] introduced the conceptfufzy sets. In 1968 Change [4]
introduced the concept of fuzzy topological spackandil [1] introduced fuzzy
bitopological spaces in 1991, Fuzzy semi-open aedsfuzzy semi continuous mappings
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in fuzzy topological spaces was studied by Azad [Bin [2] defined the concept of pre-
open sets in fuzzy topological space. Thakur antyiya[16] introduced semi-open sets,

semi continuity in fuzzy bitopological spaces. SathpKumar [13] defined (’{i ,ri)

fuzzy pre-open set and characterized a fuzzy pa&e \wre continuous mappings on a
fuzzy bitopological space. We have [12] introddoedy tri semi-open sets and fuzzy tri
pre-open sets, fuzzy tri continuous function, furzgemicontinuous function and fuzzy
tri pre-continuous functions and their basic prtipser

In this paper, we introduce fuzzy g-seipeo sets, fuzzy g-pre-open sets, fuzzy g-
continuity, fuzzy g-semi-continuity and fuzzy g-grentinuity and their fundamental
properties in fuzzy g-topological space.

2. Preliminaries
Definition 2.1. [12] Consider two fuzzy tri topological spa¢eé, 7 ,7_,7,),

(Y,r'l,r '2 ,T5). A fuzzy function f : | * 517 is called a fuzzy tri continuous function

if X is fuzzy tri open inX , for every tri open sek, in Y.

Definition 2.2. [12] Let(X,7 ,7 ,7,)be a fuzzy tri topological space then a fuzzy stibse

X,of Xis said to be fuzzy tri semi-open set xf, < cl (int)(A)and complement of

fuzzy tri semi-open set is fuzzy tri semi-closetieTcollection of all fuzzy tri semi-open
sets of X is denoted bytri — FSO(X)

Definition 2.3. [12] Let(X,rl,r2 ,T;)be a fuzzy tri topological space then a fuzzy subse

X, of X is said to be fuzzy tri pre-open set j¥, stri—int(tri—cl)(ﬁ)and

complement of fuzzy tri pre-open set is fuzzy teéqglosed. The collection of all fuzzy tri
semi-open sets oK is denoted byri — FPO(X) .

Definition 2.4. [5] Let X be a nonempty set anq,rz,r3 and 7, are general topologies

on X .Then a subsetA of space X is said to be quad-open(g-open) set if
A=<t Ur Ur,Ur,and its complement is said to be g-closed andXetith four

topologies called g-topological spacéX, T.,T,,7, Ty)

Definition 2.5. [5] Let (X,7,7 ,7,,7,) be a quad topological space and kt] X

. The intersection of all g-closed sets containinig Aalled the g-closure of A & denoted
by g-clA.We will denote the g-interior (resp. g-closure)anfy subset ,say of A by
g-int A (g-clA),where g-_clAis the union of all g-open sets contained in A, and
g - clAis the intersection of all g-closed sets contairfing
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3. Fuzzy g-semi-open sets and fuzzy g-pre-open setsin fuzzy g-topological space
Definition 3.1. Let X be a nonempty se{ 7,, 3 and 7, are fuzzy topologies on X.
Then a fuzzy subsely; of space X is said to be fuzzy g-opemif < 1, Ut, U3 U T,
and its complement is said to be fuzzy qg-closed set X with four fuzzy topologies
called fuzzy g-topological spac€s, t,, t,, T3, T4)-

Definition 3.2. Let (X,rl,r2 ,75,T,)be a fuzzy quad topological space andyjek X
The intersection of all fuzzy g-closed sets contajty, is called the fuzzy g-closure of
X, and denoted byFqcl(x,). We will denote the fuzzy g-interior (resp. fuzgy
closure) of any fuzzy subset, say of, by fuzzyFqgint(yx,)(Fqcl (x,)).where
Fqint(),) is the union of all fuzzy g-open sets containedyin and Fqcl(,)is the

intersection of all fuzzy g-closed sets containjxg.

Definition 3.3. Let (X,rl,r2 ,T;,T,)be a fuzzy g-topological space then a fuzzy subset
x, of X is said to be fuzzy q-semi-open set if
X2 < Fqcl(Fqint x;).

Complement of fuzzy g-semi-open set is called fupsemi-closed set. The collection of
all fuzzy g-semi-open sets ¥fare denoted bydSO(X)

Example 3.4. LetX = {a, b, ¢, d} be a non-empty fuzzy set.

Consider four fuzzy topologies on X
7, ={1X,0X, x(y},
7, ={1X,0X, X(am}}»
T3 = {iX, 0Xx, )({C,d}},

7, = {1X,0X, X(a.c.3}-

Fuzzy open sets in fuzzy g-topological spaces ai@nwf all four fuzzy topologies.
Fuzzy g-open sets of

X={1X0Xx@p  Xaay Xcap  Xaca))
Fuzzy g-semi-open sets ¥fare denoted by

FqSO(X) = {1X,0X, X(ay X(a.ap Xic,ay X{aca)}-
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Definition 3.5. Let(X,7 ,7 ,7;,7,) be a fuzzy g-topological space then a fuzzy subset

X, of Xis said to be fuzzy g-pre-open sexif < Fqint(Fqcl x;). Complement of

fuzzy g-pre-open set is called fuzzy g-pre-closetd Bhe collection of all fuzzy g-pre-
open sets oK is denoted by §PO(X).

Example 3.6. Let X= {a,b,c,d} be a non-empty fuzzy set.
Consider four fuzzy topologies on X

T, = {iX, 6X,)({a}},

Ty = {iX, OX, X{a,d}}:

T3 = {iX, GX, X{b,d}}l

Ty = {iX, 6X, X{a,c,d}}-
Fuzzy open sets in fuzzy g-topological space arenuof all four fuzzy topologies.
Then fuzzy g-open sets of

X ={1X,0X, X(a} Xta.ap Xib,ap Xiacd}):
Fuzzy g-pre-open sets ¥fdenoted by
FqS0(X) = {1X,0X, X(ap X(a.ay Xb,ap X{acd)}

Definition 3.7. Let(X,rl,r2 ,T;,T,) be afuzzy g-topological space. The intersection o

all fuzzy g-semi-closed sets ¥fcontaining a fuzzy subsgf, of Xis called fuzzy g-semi
closure ofy; and is denoted bydgint(y;).

Definition 3.8. Let (X,rl,r2 ,T,,T,)be a fuzzy g-topological space. The intersection of

all fuzzy g-pre-closed sets &f containing a fuzzy subset, of X is called fuzzy g-pre
closure ofy; and is denoted bygpint(y;).

Definition 3.9. Let (X,Tl,r2 ,T,,T,) be afuzzy g-topological space. The intersection o

all fuzzy g-semi-closed sets ¥fcontaining a fuzzy subsgf, of X is called fuzzy g-semi
closure of y; and is denoted bydscl ().

Definition 3.10. Let (X,Tl,r2 ,T;,T,)be afuzzy g-topological space. The intersection of

all fuzzy g-pre closed sets Kfcontaining a fuzzy subsgj of X is called fuzzy g-pre
closure ofy; and is denoted bygpcl(y;) .

Theorem 3.11. y, is fuzzy g-semi open if and onlyjfi=Fqgsint (x;).
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Theorem 3.12. Fgsint(x, V xs > Fqsint(x;) V Fgsint(xs).

Theorem 3.13. y; is a fuzzy g-semi closed set if and onlyjf=Fgscl (x;).

Theorem 3.14. Let y; andys be two fuzzy subsets c(f)(,rl,r2 T3.0,) and)(m < lx

a) x; is fuzzy g-pre closed if and onlyyf, =Fgpcl (x;)

b) If y; < xs, thenFgpcl (x3) < Fqpcl(xs)
C) X < Fapcl(xs) if and only ifxyAxs + 0y for every fuzzy g-pre-open set

f (xa) containingf (x(x)-

Theorem 3.15. Let y, be a fuzzy subset c(f)(,rl,r2 ,T3,T,), if there exist a fuzzy g-
pre-open sets such thafy; < xs < Fqcl(x,), theny, is fuzzy g-pre-open.

Theorem 3.16. In a fuzzy g-topological spaéé(,rl,r2 ,T;,T,) the union of any two

fuzzy g-semi-open sets is always a fuzzy g-semiree.
Proof: Lety, andys be any two fuzzy g-semi-open setsirNow

X2V xs < Fqcl(Fqint x;) V Fqcl(Fqint xg)
= xaVxs < Facl(Fqint (x3 V xs))

Hence,(x; V xs fuzzy g-semi-open sets.

Remark 3.17. The intersection of any two fuzzy q-semi-open sey not be fuzzy g-
semi-open sets as show in the following example

Example 3.18. Let X = {a, b, ¢, d} be a non-empty fuzzy set.

Consider four fuzzy topologies on X
T, = {iX, f)X,)({a}},
7, = {1X,0X, x(aa3}
T3 = {iX, 6X, )({C,d}},

Ty = {iX, 6X: X{a,C.d}}'

Fuzzy open sets in fuzzy g-topological spaces aienuof all four fuzzy topologies.
Then Fuzzy g-open sets of
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FqS0(X) = {1X,0X, X(ay X(a.a} Xic,ap X{aca)}-

Fuzzy g-semi-open set of is denoted by

FqSO(X) = {1X,0X, X(ay X(a.ap Xic,ay X{aca)}-
Here

Xia,ay N Xieay = Xqay > FqSO(X).

Theorem 3.19. If y; is fuzzy g-open sets thep, is fuzzy g-semi-open set.
Proof: Let y, is a fuzzy g-open set.
Therefore y; = Fqint(x;)

Now y; < Fqcl(x;) = Fqcl(Fqint(x;)) hencey, is fuzzy g-semi-open set.

Theorem 3.20. Let y, andys be two fuzzy subsets &fsuch thatys < x1 < Fqcl(xs).
If xs is afuzzy g-semi-open set thgnis also fuzzy g-semi-open set.

Proof: Givenyg is fuzzy g-semi-open set.

So, we haveys < Fqcl(Fqint(xs)) < Fqcl(Fqint()(l)).

Thus Fqcl(xs) < Fqcl(Fqint(x;)) hencey, is also fuzzy g-semi-open set.

4. Fuzzy g-semi-continuity and fuzzy g-pre-continuity in fuzzy g-topological space
Definition 4.1. A fuzzy function f from a fuzzy g-topological spgce, 7,7 _,75,7,)

into another fuzzy g-topological spa€¥, ', T ,T5T ", )is called fuzzy g-semi-

continuous iff ~(x,) is fuzzy g-semi-open set Kfor each fuzzy q-open sgj in Y.

Example4.2. Let X = {a, b, ¢, d} be a non-empty fuzzy set.

Consider four fuzzy topologies on X
T, = {iX, f)X,)({a}},
Ty = {iX, 0X, )({a_d}},
T3 = {iX, 6X, )({C,d}},

74 = {1X,0X, X(a.c.a3}

Fuzzy open sets in fuzzy g-topological spaces ai@nwf all four fuzzy topologies.
Then fuzzy g-open sets of

X ={1X,0X, X(ay X(aap Xic,ap X{aca)}

Fuzzy g-semi-open set ¥f is denoted by
FqSO(X) = X = {1X,0X, X(a} X{a.a)p Xic,a} X(acd}}-
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LetY = {1,2,3,4} be a non-empty fuzzy set.

Consider four fuzzy topologies on Y
T = {iY, 0y, )({1,4}}, Ty = {iY, ()Y,)({4}},

Té = {iY, 6Y,)({1’2}}, T:} = {iY, 6Y, )({1_2’4}}.

Fuzzy g-open sets of

Y = {1y, 6Y;X{4}1X{1,2}1X{1,4}'X{1,2,4}}-

Fuzzy g-semi-open set ¥fis

FqSo(Y) = {iY, OY;)({4}.)({1,2}.)({1,4}.)({1,2,4}}-

Consider the fuzzy functiof: I* — IY is defined as
W) =xp T (az) =xea T (ae) = Xaay

f_l()({1,2,4}) = X{a,c,d}tf_l(ﬁY) =0y, f_l(iy) = (ix)

Since the inverse image of each fuzzy g-open sétimderf is fuzzy g-semi-open set in
X. Hencef is fuzzy g-semi-continuous function.

Definition 4.2. A fuzzy function f defined from a fuzzy g-topologic space
(X,7.,7,,7,,1,) into another fuzzy g-topological spackY,”’ 7' ,T5,T")is

called fuzzy g-pre-continuous functionfif1(y;) is fuzzy g-pre-open set i for each
fuzzy g-open set; inY.

Example4.3. LetX = {a, b, ¢, d} be a non-empty fuzzy set.
Consider four fuzzy topologies on X
T, = {iX, OX, )({a}}, T, = {iX, 6X:X{a,d}}:

T3 = {iX, GXIX{b,d}}' Ty = {iX, GX, X{a,b,d}}-

Fuzzy open-sets in fuzzy g-topological spaces ai@nuwof all four fuzzy topologies.
Then fuzzy g-open sets of
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X ={1X,0X, X(ap X{a.a} Xib,ap Xiap.a)}

Fuzzy g-pre-open set &fis denoted by

FqPO(X) = {1X,0X, X(a} X(a,a}p X(b,ap X{ap.d}}-
LetY = {1,2,3,4} be a non-empty fuzzy set.
Consider four fuzzy topologies on Y
11 ={1V,0Y, xay} 12 ={1V,0Y, xa}.
T3 = {iY, ()Y:X{Lz}}: Ty = {iY, 0y, )({1_2,4}}.

Fuzzy g-open sets &f = {1V, 0Y, x4, X(1,2p X (1,4 X{1,2.4} )

Fuzzy g-pre-open set &fis denoted by

FqPO(Y) = {iyz()Y:X{4}')({1,2}z)({1,4}'X{1,2,4}}--

Consider the fuzzy functiorf: I* - I is defined as
f_l()({4}) = X{ap f_l()({Lz}) = X(b,d}, f_l()({1,4}) = X{a,d)

f_l()({l,z,él}) = X{a,b,d}» f_l(()y) = (0y), f_l(iy) = (ix)-

Since the inverse image of each fuzzy g-open séuimderf is fuzzy g-pre-open set K
Hencef is fuzzy g-pre-continuous function.

Theorem 4.4. Let f:(X,1,,7,,73,74) = (Y, 71,75, 75,74) be afuzzy g-pre-continuous
open function .If y; is a fuzzy g-pre-open set ¥f thenf(x;) is a fuzzy g-pre-open set
inY.

Proof: First, lety, be fuzzy g-pre-open set ¥1.There exist a fuzzy g-open ggf in X
such thajy; < xs < Fqcl(xy). Since fis a fuzzy g-open function thg€ys) is a fuzzy
g-open set itY. Since f is a fuzzy g-continuous function, we have

FO) < fxs) < f(Facl(xp)) < Facl(f (xa)-
This show thaf (x;) is fuzzy g-pre-open il.
Let y; be a fuzzy g-pre-open X.There exist a fuzzy g-pre-open sgf such that
Xs < xa < Fqcl(xs).

Sincef is a fuzzy g-continuous function, we have by theoprof first part,f(xs) is a
fuzzy g-pre-open iiX. Thereforef (x;) is a fuzzy g-pre-open M.
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Theorem 4.5. Let f: (X, 14,75, 73, 74) = (Y, 71,75, 73, T4) be a fuzzy g-pre continuous
open function .Ify, is a fuzzy g-pre-open set¥fthen f~1(yx,) is a fuzzy g-pre-open in
X.

Proof: First, lety, be a fuzzy g-pre-open set¥fThere exist a fuzzy g-open sg§ in Y.
Such thafy; < xs < Fqcl(xy)- Sincef is a fuzzy g-open, we have

F7 ) < f7(xs) < 71 (Fgel(xp)) < Facl(f~*(x)).

Sincef is a fuzzy g-pre continuous functiofi,* (ys) is a fuzzy g-pre-open set ¥.By
theorem 3.13f ~1(x,) is a fuzzy g-pre-open set ¥

Theorem 4.6. The following are equivalent for a functigin(X, 7,, 75, T3, 74) =
(Y, 11,72, 73,74)

a) f is a fuzzy g-pre continuous function;

b) The inverse image of each fuzzy g-closed s#tisffuzzy g-pre closed iX;

) Faqpcl(f~*(x1)) < f~Y(Fqpcl((x,)) for every subseg, of Y.
d) f(Fqpcl(xs)) < Fqcl(f (xs)) for every subsegs of X.

Theorem 4.7. If f: (X, 14,75, 73,74) = (Y, 71,73, 75,74) @nd

n

I I I I n n n
g:(Y,11,75,73,74) = (Z,71,75,73, 74

be two fuzzy g-semi continuous function then

n

fog: (X,1y,72,73,74) = (Z, 71,75, 735,74

may not be fuzzy g-semi continuous function .
Theorem 4.8. Every fuzzy g-continuous function is a fuzzy g-semmtinuous function.

Theorem 4.9. Let f: (X, 14,75, T3,74) — (Y, 71,73, T5,74) be bijective. Then the
following conditions are equivalent:

i) f is afuzzy g-semi-open continuous function.

i) fisa fuzzy g-semi closed continuous function and

i) f~lis afuzzy g-semi continuous function.

Proof: (i)—(ii) Supposey; is a fuzzy g-closed set ¥. Theniy — y, is a

Fuzzy g-open set iX. Now by (i) f(1x — x,) is a fuzzy g-semi-open setYh Now
since =1 is fuzzy bijective function sp(1x — x;) =Y — f(x2). Hencef(x,) is a
fuzzy g-semi closed set M. Thereforef is a fuzzy g-semi closed continuous function.
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(ii) > (iii) Let fis a fuzzy g-semi closed map apgdbe a fuzzy g-closed set ¥f. Since
f~1is bijective so(f~1)"1x, which is a fuzzy g-semi-closed setMnHencef~1is a
fuzzy g-semi continuous function.

(iii) > (i) Let x, be a fuzzy g-open set 1. Since 1 is a fuzzy g-semi continuous
function so (f 1)1y, = f(x,) is a fuzzy g-semi open setYn Hencef is fuzzy g-
semi-open continuous function.

Theorem 4.10. Let X andY are two fuzzy g-topological spaces. Then
f: (X, 14,75, 73,74) = (Y, 71,73, T3, T4) IS fuzzy g-semi-continuous function if one of the
followings holds:

i) f~Y(Fgsint ;) < Fqsint(f~1(x,), for every fuzzy g-open sgt in.

i)y Fgscl(f~1(xp)) < f~*(Fgsint(x,)), for every fuzzy g-open sgj inY.
Proof: Let y; be any fuzzyg-open set ir¥ and if condition (i) is satisfied then

fY(Fgsint x;) < Fgsint(f 1 (x2).
We get f~1(x2) < Fagsint(f~1(xa).

Thereforef ~1(x,) is a fuzzy g-semi-open set.Hencef is a fuzzy g-semi-continuous
function. Similarly we can prove (ii).

Theorem 4.11. A functionf: (X, 74, 7,,73,T4) = (Y, 71, 75,75, T4) IS called fuzzy g-semi
open continuous function if and only if

f(Fqsint()(,l)) < Fqsint(f()(,l)),

for every quad open sgj in X.
Proof: Suppose thdtis a quad semi open continuous function.

SinceFgsint(f (x2) < xa 50 f(Fasint(f (x2) < f (x)-

By hypothesigigsint(f(x;)) is a fuzzy g-semi-open set afdsint(f(x;)) is largest
fuzzy g-semi-open set containedfify;) sof (Fgsint(x;)) < Fgsint(f(xa))-
Conversely, supposg, is a fuzzy g-open set X.Sof(Fgsint(x,)) < Fgsint(f (x2)).

Now sincey, = Fsint(x;) sof(x1) < Fgsint(f(x1))
Thereforef ( ;) is a fuzzy g-semi-open setYrandf is a fuzzy g-semi-open continuous

function.

Theorem 4.12. A functionf: (X, 71,72, 73,74) = (Y, 71, 75,73, T4) is called fuzzy g-semi
closed continuous function if and onlyfi{Fgscl(x;)) < Fgscl(f (x;)) for every fuzzy
g-closed sek, in X.
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Proof: Suppose thdtis a fuzzy g-semi closed continuous function. Since

xa < Fgscl(x;) sof(xy) < f(Fqscl()(l)). By hypothesisf(Fqscl()(l)), is a fuzzy
g-semi closed set arﬁ(Fqscl(x,l)) is smallest fuzzy g-semi closed set contairfi(g,)

SOf(Fqscl()(l)) < Fqscl(f()(l)).
Conversely, supposg, is a fuzzy g-closed set ¥ Sof(Fgscl(x2)) < Fgscl(f(xa))

Sincey, = Fascl(xz) soFgscl(f(x2)) < f(xa)-
Thereforef (x,) is a fuzzy g-semi closed setYrandf is fuzzy g-semi closed continuous

function.
Theorem 4.13. Every fuzzy g-semi continuous function is fuzzyaptinuous function.

5. Conclusion

In this paper the idea of fuzzy g-semi-open setzzyf g-pre-open sets, fuzzy q-
continuous function, fuzzy g-semi continuous fumatiand fuzzy q-pre continuous
function in fuzzy g-topological spaces were introeld and studied.
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