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Abstract. In this paper Location-2-Domination set and theoperties are being studied.
A subset S[1V is Location-2-Dominating set of G if S is 2-Domtiing set of G and
for any two verticesu,v[0V —Ssuch that N(u) n S# N(v) n S,its denoted by

RP(G). Based on this definition the bounds of the Lawa®-domination number for
direct product, Cartesian product and semi-strorgfyct of graphs nameR,oC,,
C.oS,. P, xW, ,C, xS, P,xPy, C,xP, CxCy, have been found.
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1. Introduction
Throughout this paper let us follow the terminologgd notation of Harary [11].
Cockayne and Hedetniemi [7] introduce the concepmnidating set. A subset S of

vertices from V is called a dominating set far if every vertex ofG is either a member
of S or adjacent to a member of S. A dominating afetG is called a minimum
dominating set ifG has no dominating set of smaller cardinality. Taedinality of
minimum dominating set o6 is called the dominating number f& and it is denoted
by y(G)l[6].

Harary and Haynes [5] introduced the conceptsoolbte domination in graphs.
A dominating set S ofG is called double dominating set if every vertex\§ is
adjacent to at least two vertices in S. Given aidating set S for grapls, for each u in
V-S let S(u) denote the set of vertices in S whiach adjacent to u. The set S is called

locating dominating set, if for any two verticeand w in V-S one has S(u) not equal to
S(w) and the minimum cardinality of Location Domiion set is denoted by RD(G)

[7]. The Cartesian produGoH of graphsG and H is the graph with vertex set
V(G)xV(H) and edge set igu,a)(v,b)0E(GoH) if and only if a=b and
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uvOE(G) or u=v andabOE(H) [3]. The direct produ¢s x H of graphsG and
H is the graph with vertex s&f(G)xV(H) and edge set itu,a)(v,b)DE(GxH) if
and only if uwvJE(G) andabJE(H) [14]. The Semi-Strong Product of two graphs

G and H is the graph seH with vertices V(G<H )=V(G)xV(H) and edges E(8H
)={(a,x)(b,y)} if and only if (a,by E(G) and x=y or (a,leE(G) and (x,y¥E(H)}[12].

2. Preliminaries
2.1 Location-2-domination

Definition 2.1.1. [8] A subset S[1V is Location — 2 -Dominating set of G if S'is 2
Dominating set of G and if for any two verticasy[1V — Ssuch that

N(u)n SZN((V)n S.
The minimum cardinality of Location-2-Dominatingdenoted byr; (G) = |S|

2.2. Location-2-domination for ssmplegraphs
Theorem 2.2.1. [9] In Location-2-Domination for any graph the \ef{\} is an pendent

vertex thegy [R X Q only.

Theorem 2.2.2. [8] Location-2-Domination number of a PaRis
n-1
2

+1, nisodd
R (P) =

n .
—+1 n iseven
2

Theorem 2.2.3. [8] Location-2-Domination for any cycg, , for n# 4is

n .
— niseven
D 2

Ry (G)=1

1
——+1 nisodd
2

2.3 Location-2-domination for Cartesian product of graphs
Theorem 2.3.1. [1Q] For any grapk = (P,0S,),

i RZD(PH)+%_1) nisodd
RD(G)=

g(m+1) niseven

Theorem 2.3.2. [10] Location2-Domination for any graptG = (P,cP,) is
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hm niseven, miseither even or odd
RE(G): 2_1 Mz2 n# 2
nm nisodd, misodd

2

Theorem 2.3.3. [10] Location-2-domination for any graph = (C,oC,,) is

m niseven, miseither even or odd
D _ 2
Ry (G)= nm-1

5 nisodd, misodd

2.4. Location-2-domination for direct product of graphs
Theorem 2.4.1.[10] For Graph®, (n#3)andS,, RY(P,xS,)=nm,nm= 1,2,3,..

Theorem 2.4.2. [10] Location -2-Domination forP, andP,, m# 3,

nm n, miseven
—+2
2
nm either nisodd, miseven
ERE i isodd
Rf(anPm)= (or)niseven miso
n(m+1) n,misodd but n<m
2
m(n+1) n,misodd but n>m
2

Theorem 2.4.3. [10] For n,m=5,

RY(C,xC,,) :n—;n, n,miseven,

_(n=DYm
2

R7(C,xC,) = : nisodd miseven,

RY(C,xC,)= n(mz—l); niseven misodd,

RY(C,xC,) = n(rr;—l); n,misodd but n>m,

m(n—1)
2

: n,misodd but n<m.

Ry (C,xCy) =
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3. Location -2-domination of products of graph
3.1. Location -2-domination (Cartesian product) of C oP,, C.oS,

Theorem
am 3.1.1. For any
— niseven, miseither even (or)odd graphP, and
C
D _ m . . n
R (G) = > +1 nisodd miseven G=(C.oP.)
nm+1 we have

5 nisodd, misodd

Proof: Consider path di vertices and Cycle &f vertices. The Vertex set &8 and
C,are{l,2,...m}and{l,2,....,n}respectively. ClearlyG|=nm in which 2nvertices

are degree3and (m-2)n vertices are degree 4 and I&- Set denote Location-2-
Domination of G.

Case(i): Supposenis even andhis either even or odd, in this situatiMG)| =nm even
number of vertices. If5 fix any vertex fromC, and form open path through vertices of
P

1
through P, each time the process of continuation of opeh flam C, to C, done
only by either towards right or left direction ompt alternatively. Finally the collection
of vertices fromC, to C_ through B, to B, forms a cycle of length even withm

continue the open path starts wiy through P,, continue the same process @],

vertices. So by the Theorem: 2.2|.8|,=n—£n, i.e.R’(G) :n_gn.

Case (ii): Supposenis odd, butmis even , in this situatiof/(G)|=nm is even, if5

fix any vertex fromC, and form an open path throud®, continue the open path starts
with C,through P,, continue the same process @l through P, , each time in the
process of continuation open path frdy to C, done only by either towards right or
left direction only not for alternatively. Finaltye collection of vertices fronC, to C,
through P, to P, forms a path of length even withmvertices. So by the Theorem:

2.22|9=""41, ie. RO(G) = +1
2 2
Case(iii): Supposen is odd andmis odd .CIearIjG|=nm odd number of vertices,

From G, let us conside}g =|S| +|S,| where|S| denote the Location-2-Domination for
{c.C,....C,} and|S,| denote the Location-2-Domination fqiC,,C,,...C,_}}, but
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IC.|=|C,|=...=|Cs| =|Cu|=n. And for § ={C, C,...,C} the vertex set ofS are
{Cll,Clz,...,Ch C3uCaCq .. C Gl ,..Cmn} , By the Theorem: 2.2.3 Location -2-

n-1 n+1

Domination for Cycle of Ilength odd s T+1=7' Therefore
+1. . + . .

|C,| =n71,| =13,...,m. Clearly S -set contalnsmT1 times of cycle with odd length.

Therefore|sl|:(m2+1j£n7+1j and S, ={C,C,....C,_} the vertex set ofS, are

{CitCriCa CrCarr€a € g 1uC e m2+--C o n} » NOW collect the vertex from
. . ... n-1 . . o
C, asN(V-S)-S in C. This glvesT vertices inC,. Continuing the same

process for{C,,Cs,....C,.} , i.e. collect the vertex fo,, as N(V -§)-§ from C,
fori=12,..m- -

Clearly S, -set containsmT_1 times ofC,,,i=1,2,..m- 2i.e|S) :KmT_lj(nT_lj
m+1) n+1 m-1)(n-1) nm+1 D nm+1
S = + = . Therefore,R, (G) =|5 = .
S-S ) @251
M niseven
2
Theorem 3.1.2. For graphsP, and S, R (C =
g p n Sm R2 ( nDSm) n+1 m(n_l) .
——+——=" nisodd

2

Proof: Consider the vertex set d6 namely {vij}forlsisn, 1< j<m+1.Clearly
|G|:nm. Let S-set denote Location-2-Dominating set, by obser{ng
dG(v”-):m+1 for i=1n. and 1l<js<m+1 also dg (\4-):4 for

2<isn-1, 2< j<m+ lie. vy, i =1,2,...n is adjacent withy;, 2< j<m+ 1.

ij?

Case (i): Supposen is even andhis either even or odd. Clearlt¢5|:nm has even
number of vertices, in this sense now coll&t set possibly by{v,}, i =1,3,5,..n- :

and {vij}fori=2,4,...,n,2sj5m+1, or {w},i=24,6,..n and {vij}for

1=13,..n—12< j<m+1, this gIVESE times a single vertex angtlmes m vertices

or {vij} for i =1,3,5,..n— 11< j <m+1, this givesgtimes m+1 vertices.
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n(m+1)

i.e.|S|=g+ln=n(m—2+1) therefore R (G) = 5

2

Supposdv,} 0S,i=1,35,..n- : and{v”-} gsSfor i =2,4,..n.2< j<m+1 or some
{vij} OSfor i=2,4,.n.2<j<m+1. Clearly this contradicts the definition of
Location-2-Domination or minimum cardinality &— set or{vil} 0S,i=135,.n-:
and {v”}DSfori=2,4,...n 2<j<m+1, in this situation {v”}, i=13,5,..n -1
1< j<m+1 needs additional vertex, clearly it also contresdtbe minimum cardinality

of S—set.

Case (ii): Supposen is odd, mis either even or odd. Clear|y(G)| =nm gives even
number of vertices, in this sense now coll8ctset possibly by{vil}, i=1,3,5,...n and

. . L +1 . , -
{vij}forl =2,4,.n—-12< jsm+1, this gives nTltlmes a single vertex anerllz—1
times m+1 vertices.

n+1+m(n—1)_

That is,|S|=nT+1+w and thereforeR? (G) = 5 5

Suppose{v,} 0S, i=2,4,..n- . and {vij} OSfori =1,3,...n 2< j<m+1 this gives

- +
|S| =n—21+M contradicts minimum cardinality o5—set or some {vij} 0 Sfor

i=2,4,..n,2< j<m+1, clearly it contradicts the definition of Locati@Domination.
3.2. Location-2-domination (Direct product) of P, xW,, P, xC_,

Theorem 3.2.1. For any GraphB,,n# 2 andW,,, m# 5we have

nm .

— niseven
Ry (G)=

m(n+1) nisodd

Proof: Label the vertices ofG as{vij} JA<i<n,1<j<m, clearly |G| =nmfrom G
dg (V1) = dg (Vo) =m-1, de (vlj)sz (vnj)zs, 2< j< mand dg (vij)=6,
2<i<n-1, 2<j<m. Now labels of Gare partitioned inton different sets namely
U,1<is<n are{v”-} ,1<i<n, 1< j<m respectively. But there is no adjacency from
to v;; for 1<i<n,1< j<mClearlyyis adjacent tay_andu,,,for i =1,2,..n

6
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Case (i): Suppose nis even, then the collection of the détsi=1,3,..n— lor

i =2,4,...nwill have gtimes m vertices i.¢[S| :? thereforeRy (G) :?.

Case (ii): Supposenis odd by based on Theorem 2.2.2, the collectiothefsets,,

i=2,4,..n— Wil havenT_ltimes mvertices  i.elg= (n —21)m therefore
Dy _ (N=1)M . . . .
R (G)= > Suppose if we collect the setsi=1,3,...nthis contradicts the

minimum cardinality.
Result 3.2.1. R} (P, xW,)=m

3n, niseven
Result 3.2.2. R? (P, x\W.) = _
Ry (R, x\Ws) 5(n+1]+n L isodd

Theorem 3.2.2. For GraphsC, andS,,, Ry (C, xS,,) =nm nm=1,2,3,..

Proof: The vertex set ofG are {Vij} ,1<i<n,1<j<m+1 Let S—set denote
Location-2-Dominating set ofG.Clearly by observation ofG dg (v,) =2m, 1<i<n
and dg (vij)zz, I<i<n, 2<j<m+ 1 Now collect the S—set possibly by either
Vj,1<isn, 2<jsm+lor vy, 1<isnand V;,1<i<n,3<j<m+1 ie. leaving

anyone of the same base vertex ofl, 2,... or j =1,2,... clearly thisn times mvertices.
i.e.|§=nm Supposev,S,i=123,..n and v, 0S,1<i<n,2<j<m+Ithen this

contradicts the definition of Location-2-DominatidrhereforeR3 (G) = |S|=nm.

3.3 Location-2-domination (semi-strong product) of P,xP,, C,xP,,, C,xC,,
Theorem 3.3.1. For any graphsP,,n# 3and P,, m# 2,G=R,xPyis

nm niseven, misevenor odd
2 )
m+2 nisodd, miseven
2 b
1 n,misodd n<m
D ()= N(M+ ’ :
R (G) 5
m(n+1) n,misodd m<n
2 1
n(m+1) n,misodd n=m
2 )
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Proof: Label the vertices ofGas {v”-} J<i<nandl<s js<m. Let S—set be the
Location-2-Domination set 0B, then clearlydg (v;)22,i=1,2,.nj= 1,2,.m
Case (i): Supposenis even andm is even or odd, now let us collect the S—set possib
by {vij}i =13,.n-1,j=12,.m or {vij} i=2,4,..,n, j=12,3,..m this gives%q

nm

vertices i.e|S = - RP(G) = ? :

Case (ii): Supposenis odd, mis even in this sense let us collect tBeset possibly by

{v”-}i =1,2,3,..n ,j= 13,.m- andyv,,,Vv,,and this gives?+2 vertices that

is|S| :?+2 thereforeR? (G) =n_;n +2. Suppose the vertices,,V,,, does not belong

to S—set or {vij}i =13,..n-1,j= 1,2,3,.m then this is a contradiction to minimum
cardinality.

Case (iii): Supposen,mis odd butn<m in this case let us collect tH&-set possibly by
{\/ij}i=1,2,3,...n J=13,.m- and this gives ntimes mTﬂ vertices that is

"M*Y  Then the collection {vij}i=1,3,...,n—l

5= n(mz+ b thereforeR? (G) =
j =1,2,3,...mis not a minimum cardinality set.
Case (iv): Similar to the case (iii).

Case (v): suppos@, mis odd butn=m in this case let us collect tHe—set possibly by
{vij}i =1,2,3,..n ,j=13,.m or {vij}i =1,3,..n,j=12,3,..m then this gives
n(m+1)

n(m+1) n(m+1)

and henc&; (G) = 5

vertices that i$| =

Result 3.3.1. RY(P,xP,)=n
Result 3.3.2. R} (P, P,)=2m
Observation 3.3.1. The semi-strong product @, x P, is not equal toP, xC,_|

Theorem 3.3.2. For any graph€,,n>5 andP,,m# 2, G=GxP,
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m m n-4 n,miseven
2] —+1|+—+m ——
ey
n-3 n,misodd
(m+1)+m
2
nisodd miseven
m(n23j+2( +2)

m+1 n-4) nisevenmisodd
3 > +m >

Ry (G)=

Proof: V(G)| =nm= { }|-12 N .j=1,2,.m.Clearlydg(v;) =2 for i=12,.n,
i=142,..m

Case (i): Supposen,m is even, in this case cardinality &- set contains the vertices are
v.,i=1n.j=1,3,..m- Inand Vi) » j=13,..m-1 also v for i=3,5,...n— 3.

ij?

j=1,2,...mClearly this gives 2time{%+1}vertices andgtimes a single vertex.
n-4 . , : _o(m m n-4
Also > times mvertices. That is|S|=2 E+1 +E+m 5 and therefore
n-4
G)=2| —+1|+—+m :
FO={3 gt

Case (ii): Suppose n,mis odd, now the S—set contains the vertices
v.,i=1n.j=13,...mand alsov. for 1=3,5,..nh— 2,j= 1,2,.m Then this gives2

ij?

times (mz 1Jvertlces and Tstlmesmvertlces That igS|=(m+1) + m(_n;Sj and

thereforeRy (G) = (m+1) + m(nT_gJ

Case (iii): Proof is similar to Case (i) and henBg (G) = (m+2) + m[ n- 5 3)

Case (iv): Supposen is evenmis odd, now the S—set contains the vertices
Vj,i=Ln=-1n;j=13,..mand alsoy; for i=3,5,..n- 3;j = 1,2,.mThen this gives

3t|mes£ ;ljvertlces and T4t|mes m vertices. That i§S =3(m+1) + m(n;zélj

thereforeRP (G) = 3(m+1)+m£ ;4j
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Result 3.3.3.R}(C,*xC,)=m,m# 2,3
Result 3.3.4.RP (C,xC,,) =2(m-1)
Result 3.3.5.R} (C, xC,,) =2m

Theorem 3.3.3. For GraphsC,,n# 2,3,4.andC,,, G=GxC,,is

nm n,miseven
2
1) nisevenor odd, misodd
P(G)={n m_j
R>(G) [ .
m( j nisodd, miseven
2

Proof: Let the vertices ofG be{ ,]} i=12,..n ,j=1,2,..m.Let S—denotes Location-
2-Dominating set.

Case (i): Proof is followed by Theorem 3.5 Case (i)

Case (ii): Supposenis odd, mis odd and let us collect th&—set possibly byS
{vij}i =13,..n- 2,j=1,2,3,.m Clearly this givesmT_1 times n vertices,that is

m-1
|S|= ( 5 jand therefor® (G) = n( 5 j

Case (iii): supposen isodd, mis even and let us collect th&-set possibly by

{v”-}i =1,2,3,...n ,j= 1,3,.m- . Clearly this givesnT_1 times mvertices that is

8= ( > ja”d henceRy (G) = m( le. Suppose if anyone the vertex collection as

{vij}i=1,3,...,n— 2n-1,j= 1,2,3,.m then this is once againa contradiction to
minimum cardinality.
Acknowledgement. The authors thank the anonymous referees for theipful
suggestions.
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