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1. Introduction

In 1976, Jungck proved some common fixed pointrms for commuting maps which
generalize the Banach contraction principle. Furthese results were generalized and
extended in various ways by several authors. Omother hand Sessa [5] introduced the
concept of weak commutativity and proved a comnigedf point theorem for weakly
commuting maps. In 1986, Jungck [1] introduceddbiecept of compatible maps which
is more general than that of weakly commuting maps1993, Jungck and Cho [7]
introduced the concept of compatible mappings pét{A) by generalizing the weakly
uniformly contraction maps. Afterward®athak and Khan [10] introduced the
concepts of A-compatibility and S-compatibility ksplitting the definition of
compatible mappings of type (A). In 2007, Pathalale{8] renamed A-
compatibility and S-compatibility as compatible mams of type (A-1) and
compatible mappings of type (A-2) respectively.

The purpose of this paper is to prove a commordfp@nt theorem for four self maps in
a metric space using compatible mappings of typé&)(A
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2. Definitionsand preliminaries
Definition 2.1. [1] Two self maps S and T of a metric space (X,d) aid 0 be

compatible mappings ifim d(STx,, TSx) =0 whenever<Xx, > is a sequence in X

such thatlim Sx, =lim Tx, =t for somet 1 X .

n— oo n-o

Definition 2.2. [7] Two self maps S and T of a metric space (X,d) aid s be
compatible mappings of type (A) fm d(STx,, TTx,) =0 and lim d(TSx,, SS,) =0

whenever< x, > is a sequence in X such than Sx, =lim Tx, =t , for somet I X .

n— oo n-o

Definition 2.3. [8] Two self maps S and T of a metric space (X,d) aid 0 be
compatible mappings of type(A-1) im d(TSx,, SSx,) = Owhenever{ x} is a sequence
n- oo

in X such thatlim S, =lim Tx, =t , for some [J X .

n- o n- o

Definition 2.4. [9] Suppose P, Q, S and T are self maps of a metric
spacg X,d)such that S(X) 0 Q(X)and T(X) O P(X). Then for any arbitrary

X, O X ,we have S, 0S(X)0Q(X)so that there is a x X such that

S, = Qx,and for thisc, there is a pointx, J X such thatTx, = Px, and so on.

Repeating this process to obtain a sequence,>in X such that

Yon = X, = QX,and y, = PX,, ,=TX,,. for n=0. We shall call this

sequence x, > an “associated sequencexgfrelative to the four self maps
P,Q,SandT.

Lemma 2.5. Let P, Q, S and T be self mappings from a metracg(X,d)into
itself satisfying

S(X) 0 Q(X) and T(X) O P(X) (2.5.1)

andd(SX,Ty)<a d(Qy, Ty)[1+d(Px, )]

L+ d(PQy)] + £d(Px,Qy) (2.5.2)

forall x,yin X wherea,B=0,a0+[<1.

Further if X is complete , then foranyXX and for any of its associated
sequencfx } relative to four self maps, the sequence
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{¥n} = {96 TX, S, TXg 00 Xy T
Proof: From (2.4) and (2.5.2) , we have
d(yZn’ y2n+1) = d(S(m ’TX2h+1)

..... Jconverges to some point in X.

(kg T )L+ A (PX5, X))
sa + d P ' 2n+1
[L+d(PX,y, QY] AP Qnv)

d(Yons Yo )2+ A (Va1 Y )l
- A
a [1+d(y2n_l,y2n)] +IB (yZn—l y )

=ad(Y,, Yoned) + Bd(Y,,_ 1 Y 2) impliesthat

(1—0')d (yZn ) y2n+1) s :Bd (y2n—1’ Ya ) so tha

d(Yzn» Yansa) S(l-—ir)d(ym-l’ym) =hd(y,_,Y ), Whereh :%.

That is,d §,, Yones KN Gy Vo |-

(2.5.3)
Similarly, we can prove that (Va1 Yone2) S hd (Yo, Y 3s o) - (2.5.4)
Hence, from (2.5.3) and (2.5.4), we get
d(Ya: Youa) SN (Yo, Vo) S PP (Y, Vo) < oS D G ) (2.5.5)

Now for any positive integer p, we ha

d(Yns Yo p) < A(Vs Youa) + A Vs Yow2) ¥ oot A Gy Yo )
<H'A(Yo, V) A (Yo, Yo) + et NP7 7 )
=(h"+h™ +......... +h"Pd Y, )

:hn(1+h+h2+ ....... + hp_l)j @0 |y1)

n
<

1 hd(yo,yl) -0 as n- o ,since h-

Thus the sequendgy,} is a Cauchy sequence in X. Since X is a completgimspace,
the sequencd y,} converges to some point z in X.
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Remark 2.6. The converse of the above Lemma is not true. iBh#t P,Q,S and T are
self maps of a metric spa¥,d) satisfying (2.5.1) , (2.5.2) and even if for aryin X

and for any of its associated sequence convefges the metric spa¢X,d) need not
be complete.

Example 2.7. Let X = (O, 2] withd(x,y) =|x—y | for X,y X . Define the self maps
S, T,P and Q on X by

1—xif0<xs1 2-3xif O<xsE
X=Tx= 1 1 2 andPx=Qx = 1 2
- if5<xsl 3x—1if§<xsl

Then S(X) =T(X) = Blj WhiIeP(X)=Q(X)=B ,2}

ClearlyS(X)OQ(X)and T (X)OP(X). It is also easy to see that the sequence
Xy, X, X, TX;, ... Xy, TX 5, 1, ....CONVEIGES te%. Also the inequality (2.5.2) can

easily be verified for appropriate values®ff = 0,a + < 1. Note that (X, d) is

not complete.
Now we generalize the result of P.C.Lohani and Badlshah [6] in the
following form.

3. Main result
We now state our main theorem as follows.

Theorem 3.1. Let P,Q,S and T are self maps of a metric spdcd) satisfying

S(X) 0 Q(X) and T(X) O P(X) (3.1.1)
d(Qy, Ty)[1+d(Px, )]
d(XTy)<a edon Bd(Px,Qy) (3.1.2)

for all x,y in X wherea, = 0,a+p<1.

P and Q are continuous and (3.1.3)
the pairs (S,P) and (T,Q) are compatible mappaiggpe (A-1) on X. (3.1.4)
Further if there is poink, 0 X and an associated sequefigg} « relative to
four self maps P, Q, S and T such that the sequence

SXoi TX, K5, TX .. Xy, TX 4, 4 ..CONVErges to some poial] X, (3.1.5)
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then z is a unique common fixed point of S,P,Q &nd
Proof: By (3.1.5), we have
X, = Z,Q%y,y = Z,TXy,,, — zand PX,,, , - zasn - o

(3.1.6)

Suppose the pair (S,P) is compatible mappingspaf(-1).
Then we havdim PSx,, =lim S, (3.1.7)

n- o n- oo
Since P is continuousPx,,, PSX,, - Pzasn - o (3.1.8)
Now from (3.1.7) and (3.1.8), we g&Bx,, — Pzasn — «. (3.1.9)
Suppose the pair (T,Q) is compatible mappings o {-1).
Then we havdim QTX,,,, =lim TTx,,,, . (3.1.10)

n- o n - o
Since Q is continuousQQX,,,,QTX,,,, — Qzasn - o. (3.1.11)
Now from (3.1.10) and (3.1.11), we gETX,,,, — Qzasn - . (3.1.12)

We shall now prove thitz=Qz=S=Tz=1z.
To provePz =Qz, put X = SX,,and y =TX,,, in (3.1.2), we get

d(QMXn.1 T, )1+ A (PSK;,, S5X5)]
d(S(Zn '-]_rX2n+1) sa [1 + d (PS(Zn ’ QTX2n+1)] + ﬁd(PS(Zn ! QTX2n+1)'

Letting N —» o and using (3.1.8), (3.1.9), (3.1.10), (3.1.11J $8.1.12) in the above
inequality, we get

d(Qz,Qz)[1+d(Pz,Pz)]
d(Pz,Q2)<a [L+d(P2,Q2)] + [4d(Pz,Qz)

= £d(Pz,Qz) so tha
(1-£4)d(Pz,Qz)< 0.
Sincef =20, a + B <1,we haved(Pz, Qz) = Owhich impliesPz=Qz.
To provesz =Qz, put x=zand y =TX,,,, in (3.1.2), we get
d(QTX2n+l’-|_rX2n+1)[1+ d (PZ’ &)] + ,Bd(PZ QTX2 )
1 n+1/*

[1+d(Pz,QTx,,,)]
Letting n —» o and using (3.1.11) and (3.1.12) in the above iakiywe get

d(Qz,Qz)[1+d(Pz,S2)]
L+d(Pzqz PoFeQ)

d(& T ) s a

d(,Q2)<a

which implies
d(&,Qz) <0, sincePz=Qz.
Henced(Sz,Qz) =0 which impliessz =Qz.
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ThereforePz=S=Qz.

To provez =Tz, put Xx=zand y = zin (3.1.2), we get
d(Qz,Tz)[1+d(Pz,S2)]

d(&,T2)<a 1+ d(Pz.Q2)] + £d(Pz,Qz)

—u d(S,T2)[1

+d(S, ) N
Wrd(Pzpz] - PUPzP2), sincebz=Qz=S.

d(Sz,Tz) < ad(Sz,Tz) so that
(l-a)d(s,T2)< 0.
Sincea 20,0 + S <1, we haval(Sz,Tz) = Owhich impliesSz = Tz.
Therefore&z =Pz=Qz=Tz.
Finally to provelz =z, put X = X,,and y = zin (3.1.2), we get
d(Q2 T+ d (P, Sl , gy py )
[1+d(Px,,, Q%)
Letting N — coand using (3.1.6) in the above inequality, we get
d(Tz,Tz)[1+d(z,2)] + Bd(2,T2)
[1+d(z 2)]
= fd(z,Tz) so that
(1-p)d(z,Tz)< 0.
Sincea 20, a + S <1, we haved(zTz) = Owhich impliesTz= z.
Thereforé&sz = Pz=Qz =Tz = z, showing thatzis a common fixed point of P,Q,S and

T.
Uniqueness: Let z and w be two common fixed points of P,Q,S &andhen we
havez=S=Pz=Qz=Tzandw=S~v=Pw=Qw=Tw.
Putx=zandy=win (3.1.2) , we get
d(w,w)[1+d(z,2z)] + Bd(zw)
[1+d(z,w)]
= pd(z,w)
<d(z,w), a contradictio
Thus we haveld(z, w) = Owhich implies thaz = w.
Hence z is a unique common fixed point of S,P,Q&nd

d(S,,, T2)<a

d(zT2)<a

d(zw)<a
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Remark 3.2. From the example (2.7), clearly the pairs (S,R) @,T) are compatible

mappings of type(A-1) and P,Q are continuous. Alswe take X, :%+il for n=1
n )

then the sequen@x,, TX;,SX,,TX,.....5X,, IX,, ;..converges te%DX .Moreover, the

rational inequality holds for the values af, 5= 0,0 + 5 < 1.t may be noted thatE

1,

is the uniqgue common fixed point of P, Q, Sand T.

10.

11

12.
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