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Abstract. In this paper, we introduce two notions Rf property in fuzzy topological
spaces by using quasi-coincidence sense and we tblabwll these notions satisfy good
extension property. Also hereditary, productive anofective properties are satisfied by
these notions. We observe that all these conceptpm@served under one-one, onto,
fuzzy open and fuzzy continuous mappings.
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1. Introduction

Chang [5] defined fuzzy topological spaces in 18§8using fuzzy sets introduced by
Zadeh [26] in 1965. Since then extensive work orzyutopological spaces has been
carried out by many researchers like Gouguen [Gn§V[23, 24], Warren [22], Hutton
[10], Lowen [13,14] and others. Separation axiomme amportant parts in fuzzy
topological spaces. Many works [3, 4, 6, 8, 19keparation axioms have been done by
researchers. Among those axioms, fu®gytopological space is one and it has been
already introduced in the literature. There are yraticles on fuzzR, topological space
which are created by many authors like Wuyts anddro[25], Srivastava et al. [20], Al
[1], Hossain and Ali [9] and others.

The purpose of this paper is to further contribistehe development of fuzzy
topological spaces especially on fuzRy topological spaces. In the present paper, we
have introduced two notions of fuzzgtopological space using quasi-coincidence sense
and it is shown that the good extension propersaissfied by our notions. In the next
section of this paper, it is also shown that theetiiégary, productive, and projective
properties hold on our concepts. Finally, we hawseoved that these notions are
preserved under one-one, onto, fuzzy open and ftaagnuous mappings.

2. Preliminaries

In this section, we recall some concepts occuriinghe cited papers whichwill be
needed in the sequel. In the present pXpandY always denotenon empty sets and 1=[0,
1], 11=[0, 1).
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Definition 2.1. [26] A functionu from X into the unit interval is called a fuzzy set iX.
For everyx € X, u(x) € Iis called the grade of membershipdh u. Some authors say
thatu is a fuzzy subset of instead of sayingthat is a fuzzy set irX. The class of all
fuzzy sets fronkinto the closedunit intervadivill be denoted by*.

Definition 2.2. [16] A fuzzy setuin X is called a fuzzy singleton if andonlyuif(x) =
r,0 < r < 1for a certainx € X and u(y) = 0 for all pointsy of X exceptx. The
fuzzy singleton is denoted ky.andxis its support.The class of all fuzzy singletonin
will be denoted bys(X). If u € I* andx, € S(X), then we say that. € uif and only
if r < u(x).

Definition 2.3. [11] A fuzzy singletonx,. is said to be quasi-coincidence withdenoted
by x,.qu if and only ifu(x) + r > 1. If x, is not quasi-coincidence with we write
x-qu and defined ag(x) + r < 1.

Definition 2.4. [5] Let f be a mapping from a s¥tinto a setY andu be a fuzzy subset of
X. Thenf anduinduce a fuzzy subsegtof Y defined by

v(y) =sup{u(x)}ifx € f7[{y}] # ¢x € X
= 0 otherwise.

Definition 2.5. [5] Let f be a mapping from a sitinto a sety andv be a fuzzy subset of
Y. Then the inverse aofwritten asf ~1(v) is a fuzzy subsetof defined by

1) (x) = v(f(x)), forx €X.

Definition 2.6. [5] Let | = [0, 1], X be a non empty set ard be the collection of all
mappings fromX into |, i.e. the class of all fuzzy sets i A fuzzy topology onX is
defined as a family of members of*, satisfying the following conditionsi)(1,0 € t,
(i) If u € tfor each i € A, then n u; € t, where A is an index set.
(i) f u,v € ttheru N v € t.

The pair K, t) is called a fuzzy topological space (in short #sd members df
are called- open fuzzy sets. A fuzzy setis called a-closed fuzzy setifl —v € t.

Definition 2.7. [17] The functionf : (X,t) — (Y,s) is called fuzzy continuous if and
only if for everyv € s,f~1(v) € t, the functiorf is called fuzzy homeomorphic if and
only if fis bijective and bothandf~! are fuzzycontinuous.

Definition 2.8. [15] The functionf : (X,t) = (Y, s) is called fuzzy open if and only if
for every open fuzzy setin (X, t), f (u) is open fuzzy set inv( s).

Definition 2.9. [12] Let {X;, i €A}, be any class of sets and }tenotes the Cartesian
product of these sets,e. X = II;c,X;. Note thatX consists of all pointp =< a;,i €

A >, whereg; € X;. Recall that, for eacy € 4, we define the projectiom; from the
product sei to the coordinate spakg, i.e.m; : X - X; by (<a;i € A >) =
a;,.These projections are used to define the prodpclidgy.
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Definition 2.10. [23] Let {X;,ieA} be a family of nonempty sets. Lét= I,y € X; be

the usual product of;'s and letr;be the projection frorX into X; . Further assume that
eachX;is an fuzzy topological space with fuzzy topolagy Now, the fuzzy topology
generated by{n;(b):b; €t;, i € A} as a sub basis, is called the product fuzzy
topology on X. Clearly if w is a basis element in the product, then there exist
i1,05,03,..., i € A, With x = (x));ea € X such thatw(x) = min{b;(x;): i =
1,2,3, ..., n}.

Definition 2.11. [18] Let f be a real valued function on a topological spatexI:
f(x) > a}is open for every real, thenf is called lower semicontinuous function.

Definition 2.12. [13] Let X be a nonempty set aridbe a topology oiX. Lett = w(T)
be the set of all lower semi continuous functiamsrf (X, T) to | (with usual topology).
Thusw(T) = {u € I*:u—1(a,1] € T} for eachu €l,. It can be shown tha(T) is a
fuzzy topology orX.

Let P be the property of a topological spac¢€ T) and FP be its topological
analogue. TheRP is called a ‘good extension’ &fif and only if the statemenX(T) has
P if and only if (X, w(T)) hasFP holds good for every topological spaee 7).

Theorem 2.13. [2] A bijective mapping from an ftsX( t) to an fts ¥, s) preserves the
value of a fuzzy singleton (fuzzy point).

Note: Preimage of any fuzzy singleton (fuzzy point) undgective mapping preserves
its value.

3. Main results
In this section, we discuss about our notions amdirfgs. Some well-known properties
are discussed here by using our concepts.

Definition 3.1. A fuzzy topological spac€X, t) is called

(a) F Ry (i) if and only if for any paix,., y; € S(X) with x # y, whenever there exists
u € twith x,.qu andy,qu, then there exists@ t such thay,qv andx,gqv.

(b) FRy(ii) if and only if for any pair,, y; € S(X) with x # y, whenever there exists
u € t with x,.qu andy, N u = 0, then there exists& t such thay,qv andx,. n v = 0.

Now, we shall show that our notions satisfy thedyertension property.

Theorem 3.2. Let (X, T) be a topological space. Consider the followingesteents:
(1) (X, T) be aR, topological space.

(2) (X, w(T)) be anFR, (i) space.

(3) (X, w(T)) be anFR,(ii) space.

Then the implications are truét) < (2), (1) & (3).
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Proof of (1) & (2): Let(X, T) be a topological space a(X T) isR,. We have to prove
that (X, w(T)) iSFRy(i). Letx,, y, be fuzzy singletons in X witk # y andu € w(T)

with x,qu andy,.qu. Now,x,qu =2 u(x) +r>1=su(x)>1—-r=>xeu (1 -n1]
andy.qu=>u(y)+r<i=u@y)<l-r=>ye¢ul(l-r1]

Since(X, T) is R, topological space, we have, there exigtE T such thaty € V,
x ¢ V. From the definition of lower semi continuous wavé 1y, 1, € »(T) and
1y(y) =1,1y(x) =0. Thenly(y) + r > 1=y qlyandlyx)+r<1= x,.qly. It
follows that there exists1,, € w(T) such that.ql, and x,g1ly. Hence(X, w(T)) is
FRy(1). Thus(1) = (2) holds.

Converselylet (X, w(T)) be a fuzzy topological space atkl, w(T)) is FRy(i).
We have to prove th&¥, T) is R,. Letx, y be points inX with x = y andU € T with
x € U andy ¢ U. From the definition of lower semi continuous, avely € »(T) and
1;(x)=1,15(y) =0. Thenly(x) + r > 1 =x.qly and1l;(y)+r<1= y,.qly.
Since(X, w(T)) isFR,(i) topological space we have, for any fuzzy singletgnsy, in
X, there existey € w(T) such thay,.qv andx,qv.

Now,yqv=> v(y) + r > 1= v(y) >1-r=>yevi(1l-r1]
and x,qgv=>v(x)+r<i=>vix)<l-r=>xe¢vi(1-r1]
It follows thata v~1(1—1,1] € Tsuchthay € v='(1—r,1] andx & v=(1 -, 1].
Hence,(X, T) isR, topological space. Thy&) = (1) holds. Similarly, we can prove
that(1) & (3).

Now we shall show that our notions satis® tiereditary property.

Theorem3.3. Let (X, t) be a fuzzy topological spacké,c X,t, = {u/A:u € t}, then
(@) (X, t) isFRy(i) = (A,ty) isFRy(i) and
(b) (X, t) iSFRy(ii) = (4,ts) isFRy(ii).
Proof of (b): Let (X, t) be a fuzzy topological space afifj t) is FR,(ii). We have to
prove thai(4,t,) is FR, (ii). Let x,, y; be fuzzy singletons i with x = y and
u € t, with x,.qu andy, nu = 0. Since,A < X these fuzzy singletons are also fuzzy
singletons inX. Sinceu € t,, we can writeu = v/A, wherev € t with x,.qv andy; N
v = 0. Also since(X, t) is FRy(ii) fuzzy topological space, we have, there exists t
such that y,qw and x,Nnw=0. For A< X, we have w/A €t,.
Now,ygqw =w(y) + s > 1,y € X=> w/A(y) + s > 1,y € A € X = y.qw/A
And x, Nnw=0=>wkx)=0x€ X=>W/AX)=0x€A c X=>x.NnW/A) =
0. It follows that there exisw/A € t,4 such thay,q(w/A) and x,. n (w/A) = 0. Hence,
(4,t,) is FR,(ii). Similarly, we can proves].

As our next work we shall show that our ao$ satisfy the productive and projective
properties.

Theorem 3.4. Let (X;,t;), i € A be fuzzy topological spaces akid=II;., € X; and
tbe the product topology on, then
(@) foralli € A, (X;,t;)isFRy(i) if and only if (X, t) isFRy(i) and
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(b) foralli € A, (X, t;) iISFRy(ii) if and only if (X, t) is FRy(ii).
Proof of (a): Let for alli € A, (X;,t;) is FRy(i) space. We have to prove th@ t) is
FRy(i). Let x,., y; be fuzzy singletons iX withx # y andu €t with x,.qu andy; n
u = 0. Then(x;),, (v;)s are fuzzy singletons with; = y; for somei € A and we can
find u; € t; such that(x;),qu;, (;)sqv;. Since(X;, t;) is FRy(i), there existsy; € ¢;
such tha(y;);qv; and(x;),-qv;. Now, (y;)sqv;. But we haver;(x) = x; and m; (y) =
Vi
Now, (¥)squi = vi(yi)) + s > 1,y € X=>v(m(y)) +s> 1
= Wiem)y) + s> 1 = y,q(v; o m;) and
xX)rqui=2vi(x) +1r <1, x € X=2v(m(x) +r<1
= Wiem)x) +r< 1 = x,.q(v;om;)

It follows that there exist§v; o ;) € t; such thaysq(v; °m;),x,q(v; ° m;).
Hence(X, t) isFR,(i).

Conversely, LatX, t) be a fuzzy topological space a@¥ t) is FR,(i). We have

to prove tha(X;,t;), i € A is FRy(i). Here let us consides; be a fixed element iK;.
Let

A = {x €X =TIljen €X;: xj; = a; forsome i # jL.ThenA4; is a subset oX, and
hence(4;, t,,) is a subspace ¥, t). Since(X, t) is FRy(i), SO(4;, t,) is FRy ().
Now, we have 4; is homeomorphic image df;. Hence it is clear that for all € 4,
(X;, t;) isFRy (i) space. Thusgj holds. Similarly, we can prové)

Theorem 3.5. Let (X, t) and [, s) be two fuzzy topological spaces afidY - Y be a
one-one, onto, fuzzy open and fuzzy continuous rtmr(a)(X, t) isFRy(i) =
(Y, s)is FRy(i)

(b)(X, t) is FRy(ii) = (Y, s) is FRy(ii)

Proof of (a): Let (X, t) be a fuzzy topological space a@X t) is F Ry(i). We have to
prove that(Y, s) is FR,(i). Let x,, y. be fuzzy singletons ilY with x" # y " and let
u € s with x, qu and y, qu. Since f is onto then there exist, y € X with f(x) =
x', f(y) = y'andx,, y.are fuzzy singletons iX with x # yasf is one-one. Again
since f is fuzzy continuous amde s, f~1(u) € t. Now,

xqu = u(x)+r>1= u(f(x)) +r>1= (W) +r>1=xqf 1w

andy,qu = u(y) + s < 1= u(f(y')) +s<1=>(FfW)(y)+s<1=
y. f 1(w). Since K, t) is FR, (i) space, there existy €t such thaty.quv andx,.gv.
Now,
Yequ = v(y') +s>1=sup v(y') +s>1= ()W) +s>1, where
f@O) = supvy): &) = ¥}
= ysqf (v) and
X qu = v(x') +r<1= (fW)(x) +r <1, where f(v)(x) = {supv(x): f(x) =

x} = xqf (V)
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Since, fis a fuzzy open mapping. Thef(v) € s as v €t.
It follows that there exist§'(v) € ssuch thaty, qf (v) andx,.qf(v). Hence itis clear
that(Y, s) isFRy(i) space. Similarly, we can provie)(

Theorem 3.6. Let (X, t) and {¥, s) be two fuzzy topological spaces ahdX — Y be a
one-one, onto, fuzzy open and fuzzy continuous Iingpben,

@) (Y, s) is FRy(i) = (X, t) is FRy(i) and

(b) (Y, s) is FRo(ii) = (X, t) is FRy(ii).
Proof of (b): Let (Y, s) be a fuzzy topological space an{ §) is FR, (ii). We have to
prove that(X, t) is FRy(ii). Let x,, ys be fuzzy singletons iX with x = y and let
u € t such thatc,.qu andy, N u = 0. Then there exist fuzzy singletors, v, in Y with
f(x) =x,f(y) =y with x" # y'asf is one-one. Again since f is fuzzy open and t,
f(u) € s. Now,
xrqu=>ulx)+r>1= (f(u))(x') +r>1, Wheref(u)(x') = {sup ux): f(x) =
x'} = u(x)
= xqfandy;nu=0=u)=0= (f(w)(y) =0, where f(w)(y) =
{supu®): fO) = y}=u®
=y Nfw) =0 ) )
Since (Y, s) is FRy(ii) space, there exist® € ssuch thaty,qv and x,nv=20.
Now, viqv=v(y)+s>1=2v([f®) +s>1=2(Ff 1)y +s>1=
v q f~1(v), since fis fuzzy continuoys™!(v) € t asv € s. And
x,Nv=0=2v(x)=0=2v(f(x)=0= (1)) =0= x,n(f 1) =0
It follows that there existg~1(v) € tsuch thay.qf~1(v) andx, N (f‘l(v)) =0.
Hence it is clear thalX, t) is FR,(ii) space. Similarly, we can prove (a).
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