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Abstract. Let 𝑘, 𝑥, 𝑦, and 𝑧 be non-negative integers. Consider the Exponential Diophantine 

equation (3k - 1)x + (3k)y = z2. This is a non-linear Diophantine equation in four variables 

𝑘, 𝑥, 𝑦 and 𝑧. This paper investigates the Exponential Diophantine equation (3k - 1)x + (3k)y 

= z2 for all the non-negative integer solutions. This paper uses Catalan’s Conjecture known 

as Mihailescue’s theorem as a special tool in addition to the factorization methods, modular 

arithmetic and elementary mathematical concepts in the construction of the proofs. 

Moreover in some special cases it agrees with results obtained by the previous papers also. 

Some important consequences are drawn through the observation of the solutions to the 

problem.  
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Non-linear equation; Congruence; Modular arithmetic  

AMS Mathematics Subject Classification (2020): 11D61, 11D72 

1. Introduction 

Eugene Charles Catalan conjectured a theorem known as Catalan’s Conjecture [2] (or 

Mihailescu’s theorem [3]) in 1844. It was proved by Mihailescu in 2002. Let 𝑎, 𝑏, 𝑥, 𝑦, 𝑧 

be non-negative integers. The Exponential Diophantine 𝑎𝑥 + 𝑏𝑦 = 𝑧2 is studied by so 

many mathematicians [ 2, 3, 4, 5 , 6, 7, 8, 9,10,11,12,13,14, 15, 16,17, 18,19,20, 21]. 
Suvarnamani [4] studied the Diophantine equation  2𝑥 + 𝑝𝑦 = 𝑧2 where p is a prime 

number. Banyat Sroysang [7] presented that the Diophantine equation 2𝑥 + 3𝑦 = 𝑧2 has 

exactly three nonnegative integer solutions (3,0,3), (0,1,2) and (4,2,5). Simtrakankul [10] 

solved the Diophantine equation  (2k − 1)
x
+ (2k)

y
= z2  with k as even positive whole 

number. Hoque [11] studied the Diophantine equation  Mpq
x + (Mpq + 1)

y
= z2 , where 

Mpq is a Mersenne prime. Rehmawati, Sugandha, Trippena and Prabhavo [12] solved the 

Non linear Diophantine Equation (7k − 1)
x
+ (7k)

y
= z2 with k is the positive even 

whole number. In 2021 Gayo and Bacani [14] investigated for the non-negative integer 

solutions of Diophantine EquationMp
x + (Mq + 1)

y
= z2. In the same year Sandhya [13] 
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investigated for the non-negative integer solutions of the exponential Diophantine 

equation px + (p + 1)y = z2, p is a prime number. In 2023, Kulprapa Srimud and Suton 

Tadee [15] investigated for the nonnegative integer solutions of the Exponential 

Diophantine equation 3x + by = z2, where b is a positive integer such that 𝑏 ≡ 5𝑚𝑜𝑑20 

or 𝑏 ≡ 5𝑚𝑜𝑑30.There is an open problem in the remaining cases as stated in their 

conclusion part [15]. In 2023, Rao [16] proved that the exponential Diophantine equation 

23𝑥 + 233𝑦 = 𝑧2  has a unique solution (1,1,16).In 2018, Rao [17] proved that the 

Diophantine equation 3𝑥 + 7𝑦 = 𝑧2 has exactly two non-negative integer solutions (1,0,2) 

and (2,1,4).In 2025, Suton Tadee [18] proved that the Diophantine equation  7𝑥 +
147𝑦 = 𝑧2 has exactly two non-negative integer solutions (2, 1, 14) and (5, 2, 196).In 

2019, Burshtien [19] proved that the Diophantine equation  8𝑥 + 9𝑦 = 𝑧2 has no 

solutions in positive integers 𝑥, 𝑦, 𝑧. In 2024, Biswas [20]  investigated the Diophantine 

equation 3x + 63y = z2  and found that it has exactly two solutions (1,0,2), (0,1,8). In 

2022, Rao [21] investigated the Diophantine equation 23x − 19y = z2 and proved that it 

has exactly two solutions(0,0,0), (1,1,2). 
In this paper the exponential Diophantine equation (3k − 1)x + (3k)y = z2, where k is 

a nonnegative integer, is solved for non-negative integer solutions by using Catalan’s 

Conjecture [2] and modular arithmetic and some elementary methods. 

 

2. Preliminaries  

Catalan’s conjecture [2] plays an important role in solving Exponential Diophantine 

equations. This conjecture was proved by Preda Mihailescu [3] in 2002. 

 

Lemma 2.1. (Catalan’s Conjecture [2] or Mihailescu’s Theorem [3]):  

The quadruple (𝑎, 𝑥, 𝑏, 𝑦) = (3,2,2,3) is the only integer solution for the Diophantine 

equation 𝑎𝑥 − 𝑏𝑦 = 1, where a, x, b, y are integers with 𝑚𝑖𝑛{𝑎, 𝑥, 𝑏, 𝑦} > 1.                                          

     

Lemma 2.2. The exponential Diophantine equation 1 + (3𝑘)𝑦 = 𝑧2 has an integer 

solution (𝑘, 𝑦, 𝑧) = (1, 1, 2) , where k is a non-negative integer.  

Proof:  Let 𝑥, 𝑦, 𝑧, 𝑘 be non-negative integers such that  

1 + (3𝑘)𝑦 = 𝑧2                          (1) 

The proof is presented in proof by three cases. 

 

Case-1 Put  𝑦 = 0 in (1), we get  

𝑧2 = 2 
This is not solvable for integer solution. 

 

Case-2 Put 𝑦 = 1 in (1), we get 

1 + (3𝑘)1 = 𝑧2, 

 3𝑘 = (𝑧 − 1)(𝑧 + 1) 
So that, 

  3𝑘−𝑢 = (𝑧 + 1), 
where 3𝑢 = (𝑧 − 1). 
Thus 

2𝑧 = 3𝑘−𝑢 + 3𝑢 = 3𝑢(3𝑘−2𝑢 + 1). 
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Hence, 

 3𝑢 = 1 and (3𝑘−2𝑢 + 1) = 2𝑧. 

From 3𝑢 = 1 , we get 𝑢 = 0. 

Thus from 3𝑢 = (𝑧 − 1), we get  𝑧 = 2. 

Therefore (𝑘, 𝑦, 𝑧) = (1, 1, 2) is an integer solution of the Diophantine equation (1). 

 

Case-3 when  𝑦 > 1.  

From (1)  

𝑧2 − (3𝑘)𝑦 = 1 

This has no integer solution by lemma 2.1 (Catalan’s Conjecture).    

 

Lemma 2.3. The exponential Diophantine equation  (3𝑘 − 1)𝑥 + 1 = 𝑧2  has integer 

solutions (𝑘, 𝑥, 𝑧) = (1,3,3)  and (𝑘, 𝑥, 𝑧) = (2𝑛, 1, 3𝑛 ) for any non-negative integer n. 

 

Proof: Let 𝑘, 𝑥, 𝑧, 𝑘 be non-negative integers such that 

(3𝑘 − 1)𝑥 + 1 = 𝑧2                 (2) 

Consider the proof by three cases. 

Case-1: When 𝑥 = 0 equation (2) gives 𝑧2 = 2 which is not solvable for integer solution. 

 

Case-2: When 𝑥 = 1 , from (2) we get (3𝑘 − 1)1 + 1 = 𝑧2  

 Then 3𝑘 = 𝑧2 which gives  3𝑛 = 𝑧 when 𝑘 = 2𝑛 where n is a non-negative integer. 

Therefore (𝑘, 𝑥, 𝑧) = (2𝑛, 1, 3𝑛 ) is a solution for any non-negative integer n. 

 

Case-3: when 𝑥 > 1 , from (2) we can write  𝑧2 − (3𝑘 − 1)
𝑥
= 1 . 

Using Catalan’s conjecture the solution is 𝑧 = 𝑥 = 3 𝑎𝑛𝑑 3𝑘 − 1 = 2, then  3𝑘 = 3 , so 

that 𝑘 = 1. 

Therefore (𝑘, 𝑥, 𝑧) = (1, 3, 3 ) is a solution of (2).      

 

Lemma 2.4. Let 𝑥, 𝑦, 𝑧, 𝑘 be non-negative integers. Then the value of  𝑧 is always an odd 

integer in the solution of the Exponential Diophantine equation (3𝑘 − 1)𝑥 + (3𝑘)𝑦 = 𝑧2. 

 

Proof: Let 𝑥, 𝑦, 𝑧, 𝑘 be non-negative integers. 

Consider 

 (3𝑘 − 1)𝑥 + (3𝑘)𝑦 = 𝑧2. 

Case-1: When k is an even integer,  

3𝑘 ≡ 1 𝑚𝑜𝑑 4  
3𝑘𝑦 ≡ 1 𝑚𝑜𝑑 4  

But, for 𝑥 ≥ 1, 

(3𝑘 − 1)
𝑥
≡ 0 𝑚𝑜𝑑 4  

Hence,  

𝑧2. = (3𝑘 − 1)𝑥 + (3𝑘)𝑦 ≡ 1 𝑚𝑜𝑑 4 

Therefore 𝑧 is an odd integer. 

 

Case-2: When k is an odd integer, 
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3𝑘 ≡ 3 𝑚𝑜𝑑 4 

3𝑘𝑦 ≡ 3𝑦 𝑚𝑜𝑑 4  

3𝑘𝑦 ≡ 3𝑦 𝑚𝑜𝑑 4 ≡ {
3 𝑚𝑜𝑑 4, 𝑤ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑖𝑛𝑡𝑒𝑔𝑒𝑟
1 𝑚𝑜𝑑 4, 𝑤ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟

 

 

When 𝑥 ≥ 1 

 (3𝑘 − 1)
𝑥
≡ 2𝑥  𝑚𝑜𝑑 4 ≡ {

2 𝑚𝑜𝑑 4                   𝑤ℎ𝑒𝑛 𝑥 = 1  
0 𝑚𝑜𝑑 4,                   𝑤ℎ𝑒𝑛 𝑥 > 1

 

3𝑘𝑦 ≡ 3𝑦 𝑚𝑜𝑑 4 ≡ {
3 𝑚𝑜𝑑 4, 𝑤ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑖𝑛𝑒𝑔𝑒𝑟
1 𝑚𝑜𝑑 4, 𝑤ℎ𝑒𝑛 𝑦 𝑖𝑠 𝑒𝑣𝑒𝑛 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 

 

 

  

𝑧2. = (3𝑘 − 1)𝑥 + (3𝑘)𝑦 ≡

{
 

 
1 𝑚𝑜𝑑 4, 𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑜𝑑𝑑
3 𝑚𝑜𝑑 4, 𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑒𝑣𝑒𝑛
3 𝑚𝑜𝑑 4,       𝑤ℎ𝑒𝑛 𝑥 > 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑜𝑑𝑑

1 𝑚𝑜𝑑 4,        𝑤ℎ𝑒𝑛 𝑥 > 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑒𝑣𝑒𝑛

 

 

     𝑧2. ≡

{
 

 
1 𝑚𝑜𝑑 4,                                   𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑜𝑑𝑑
3 𝑚𝑜𝑑 4, 𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒  𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑒𝑣𝑒𝑛
3 𝑚𝑜𝑑 4,      𝑖𝑚𝑝𝑜𝑠𝑠𝑖𝑏𝑙𝑒      𝑤ℎ𝑒𝑛 𝑥 > 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑜𝑑𝑑

1 𝑚𝑜𝑑 4,                              𝑤ℎ𝑒𝑛 𝑥 > 1 𝑎𝑛𝑑 𝑦 𝑖𝑠 𝑒𝑣𝑒𝑛

 

Hence 𝑧2. ≡ 1 𝑚𝑜𝑑 4  
Therefore  𝑧 is an odd positive integer only.                                                  (3) 

    

Thus we may search for the solutions in two cases only. 

 

3. Main result 

Theorem 3.1. Let 𝑥, 𝑦, 𝑧, 𝑘 be non-negative integers. The Exponential Diophantine 

equation (3𝑘 − 1)𝑥 + (3𝑘)𝑦 = 𝑧2  has the following non-negative integer solutions. 

1. The quadruple (𝑘, 𝑥, 𝑦, 𝑧) = (0, 𝑐1, 𝑐2, 1) is a solution, where  𝑐1, 𝑐2 are non-

negative integers. 

2. (𝑘, 𝑥, 𝑦, 𝑧) = (1, 0, 1, 2) , (1, 3,0,3), (1,4,2,5). 
3. (𝑘, 𝑥, 𝑦, 𝑧) = (2𝑛, 1,0, 3𝑛) , where n is a non- negative integer. 

Proof: Let k be a non-negative integer and x, y, z be non-negative integers such that 

(𝑘, 𝑥, 𝑦, 𝑧) be an integer solution of the exponential Diophantine equation 

  (3𝑘 − 1)𝑥 + (3𝑘)𝑦 = 𝑧2          (4) 

Case-1: when 𝑦 = 0 , equation (4) becomes equation (2)  

  (3𝑘 − 1)𝑥 + 1 = 𝑧2 

By lemma 2.3 (2) has integer solutions, for any non-negative integer n  

(𝑘, 𝑥, 𝑧) = (1,3,3) and (𝑘, 𝑥, 𝑧) = (2𝑛, 1, 3𝑛 ) 
Therefore  (𝑘, 𝑥, 𝑦, 𝑧) = (1,3,0,3) and (𝑘, 𝑥, 𝑦, 𝑧) = (2𝑛, 1,0, 3𝑛 ) are solutions of (4) for 

any non-negative integer n. 

 

Case-2: When  𝑦 ≥ 1, 𝑘 ≥ 0 
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Subcase-2.1 when x = 0 , (4) becomes  

1 + (3𝑘)𝑦 = 𝑧2 

By lemma 2.2 it has an integer solution  (𝑘, 𝑦, 𝑧) = (1, 1, 2) , where k is a non-negative 

integer. 

So that (4) has an integer solution (𝑘, 𝑥, 𝑦, 𝑧) = (1, 0,1, 2). 
 

Subcase-2.2 When 𝑥 ≥ 1. 

Now there are two cases namely x is even and x is odd. 

 

Subcase-2.2.1: Suppose that 𝑥 is an even number. 

 For some integer m, 𝑥 = 2𝑚. 

Using the following factorization in (4)  

(3𝑘)
𝑦
= 𝑧2 −   (3𝑘 − 1)

2𝑚
 

= [𝑧 − (3𝑘 − 1)
𝑚
][𝑧 + (3𝑘 − 1)

𝑚
] 

= 3𝛽+𝛼                                      (5) 

Here, 𝛼 𝑎𝑛𝑑 𝛽 are chosen such that 𝛼 >  𝛽, such that 

[𝑧 − (3𝑘 − 1)
𝑚
] = 3𝛽 , [𝑧 + (3𝑘 − 1)

𝑚
] = 3𝛼.                (6) 

From (5) we get, 

3𝑘𝑦 = 3𝛽+𝛼 

𝑘𝑦 = 𝛽 + 𝛼.                                                   (7) 

From (6) we get, 

  3𝛼 − 3𝛽 = 2(3𝑘 − 1)
𝑚

 

 3𝛽(3𝛼−𝛽 − 1) = 2(3𝑘 − 1)
𝑚

                                               (8) 

Applying the factorization method for (8), we get (9) and (10) 

(3𝛼−𝛽 − 1) = 2 

 3𝛽 = (3𝑘 − 1)
𝑚
 
}                                                                (9)   

or  
(3𝛼−𝛽 − 1) =  3𝛽 

2 = (3𝑘 − 1)
𝑚
 
}                 (10) 

 

Subcase-2.2.1.1 From (9) , 
t 𝛼 − 𝛽 = 1 and 𝛽 = 𝑚 = 0. 

Therefore  𝛼 = 1, 𝛽 = 0 , 𝑚 = 0  

From (7), 

𝑘𝑦 = 𝛽 + 𝛼 = 1,  

This gives 𝑘 = 𝑦 = 1 only.  

From (6),  

𝑧 = 2. 

Therefore (𝑘, 𝑥, 𝑦, 𝑧) = (1,0,1,2) is an integer solution of (4). 

 

Subcase-2.2.1.2: From (10), 

2 = (3𝑘 − 1)
𝑚
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As a result 𝑚 = 𝑘 = 1, So that  𝑥 = 2.  

Put 𝑥 = 2 in (4) we get 22 + 3𝑦 = 𝑧2. 

Also from (10),  

 (3𝛼−𝛽 − 1) =  3𝛽 

Then by the factorization method, we get 

(3𝛼−𝛽 − 1) = 1 and  3𝛽 = 1. 

Thus 𝛽 = 0 and(3𝛼 − 1) = 1, Then 

(3𝛼) = 2 
This is not solvable for the integer solution. 

 

Using another factorization in (4) 

So using  [𝑧 − (3𝑘 − 1)
𝑚
] = 3𝛽 in (5)  

We get, 

[𝑧 + (3𝑘 − 1)
𝑚
] = 3𝑘𝑦−𝛽 

Adding these two  

2𝑧 = 3𝛽 + 3𝑘𝑦−𝛽 

As 𝛽 = 0, it reduces to 2𝑧 = 1 + 3𝑘𝑦 

By lemma 2.4 𝑧 is an odd integer 

For some integer a 

𝑧 = 2𝑎 + 1 

2 𝑧 = 2(2𝑎 + 1) = 1 + 3𝑘𝑦 

2(2𝑎 + 1) − 1 = 3𝑘𝑦 

                                                       (4𝑎 + 1) = 3𝑘𝑦     (11) 

 From (11) we get 𝑎 = 0 , 2 

 

Put 𝑎 = 0 in (11), we get 

1 = 3𝑘𝑦 

Hence we get  𝑘𝑦 = 0 , and hence either 𝑘 = 0 or 𝑦 = 0 

For 𝑘 = 0,  
(𝑘, 𝑥, 𝑦, 𝑧) = (0,2𝑚, 𝑐, 1), this is a solution, for any values of the non-negative 

integers 𝑚, 𝑐.                           (12) 

 

For 𝑦 = 0, 𝑥 = 2𝑚,  in (1) it becomes 

 (3𝑘 − 1)2𝑚 + 1 = 𝑧2 

This has no solution by lemma 2.1. 

 

Put 𝑎 = 2  we get  𝑧 = 5 , 𝑘𝑦 = 2 ,  

i.e. (𝑘, 𝑥, 𝑦, 𝑧) = (1,2𝑚, 2,5)  or (𝑘, 𝑥, 𝑦, 𝑧) = (2,2𝑚, 1,5) 
When 𝑘 = 1 , 𝑦 = 2 , 𝑥 = 2𝑚, in (4) we get,  

2𝑥 + 32 = 52 

Solving this we get 𝑥 = 4. 

Therefore we get (𝑘, 𝑥, 𝑦, 𝑧) = (1,4,2,5) is a solution.              (13) 

 

For 𝑘 = 2 , 𝑦 = 1 and 𝑥 = 2𝑚, in (4) we get 
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82𝑚 + 9 = 25 

26𝑚 = 24   

6𝑚 = 4,  

Therefore m is not an integer and hence 𝑥 = 2𝑚 is not an integer.  

Therefore there is no integer solution for 𝑘 = 2 , 𝑦 = 1       

 

Subcase-2.2.2: Suppose that 𝑥 is an odd positive number.  

Then, 𝑥 = 2𝑚 + 1, for some integer m. 

From (4), 

  (3𝑘 − 1)2𝑚+1 + (3𝑘)𝑦 = 𝑧2.                         (14) 

 

Subcase-2.2.2.1 Select two non-negative integers a, b such that 3𝑘 − 1 = 𝑎2 + 𝑏. 

Then from (14), 

 (3𝑘)𝑦 = 𝑧2 −   (3𝑘 − 1)
2𝑚
(3𝑘 − 1) = 𝑧2 −   (3𝑘 − 1)

2𝑚
(𝑎2 + 𝑏) 

(3𝑘)
𝑦
+ 𝑏(3𝑘 − 1)

2𝑚
= 𝑧2 −   (3𝑘 − 1)

2𝑚
(𝑎2) 

= [𝑧 − 𝑎(3𝑘 − 1)
𝑚
][𝑧 + 𝑎(3𝑘 − 1)

𝑚
]     (15) 

Let [𝑧 − 𝑎(3𝑘 − 1)
𝑚
] = (3𝑘 − 1)

𝑢
 for some non-negative integer  𝑢.                 (16) 

From (15) and (16),  

[𝑧 + 𝑎(3𝑘 − 1)
𝑚
] = [(3𝑘)

𝑦
+ 𝑏(3𝑘 − 1)

2𝑚
] (3𝑘 − 1)

−𝑢
 

= [(3𝑘)
𝑦
(3𝑘 − 1)

−𝑢
+ 𝑏(3𝑘 − 1)

2𝑚−𝑢
]     17) 

Subtracting (16) from (17) we get  

2𝑎(3𝑘 − 1)
𝑚
= [(3𝑘)

𝑦
(3𝑘 − 1)

−𝑢
+ 𝑏(3𝑘 − 1)

2𝑚−𝑢
] − (3𝑘 − 1)

𝑢
 

= (3𝑘 − 1)
𝑢
[3𝑘𝑦(3𝑘 − 1)

−2𝑢
+ 𝑏(3𝑘 − 1)

2𝑚−2𝑢
− 1] 

Then we must have  

(3𝑘 − 1)
𝑚
= (3𝑘 − 1)

𝑢

2𝑎 = [3𝑘𝑦(3𝑘 − 1)
−2𝑢

+ 𝑏(3𝑘 − 1)
2𝑚−2𝑢

− 1]
}    (18) 

Hence  
𝑚 = 𝑢

2𝑎 = [3𝑘𝑦(3𝑘 − 1)
−2𝑚

+ 𝑏 − 1]}            (19) 

Thus 2𝑎 = [3𝑘𝑦(3𝑘 − 1)
−2𝑚

+ 𝑏 − 1]  

Then  (2𝑎 − 𝑏 + 1)(3𝑘 − 1)
2𝑚

= [3𝑘𝑦]      (20) 

 

When k is an even integer, 

3𝑘𝑦 ≡ 1 𝑚𝑜𝑑 4  and (3𝑘 − 1)
2𝑚

≡ 0 𝑚𝑜𝑑 4 

Then from (20) we get 0 ≡ 1 𝑚𝑜𝑑 4 which is impossible, so no solution. 

 

When k is an odd integer and  𝑚 > 1, 

 (3𝑘 − 1)
2𝑚

≡ 0 𝑚𝑜𝑑 4 and  3𝑘𝑦 ≡ 3 𝑚𝑜𝑑 4 
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Then from (20) we get 0 ≡ 3 𝑚𝑜𝑑 4 which is impossible, so no solution. 

 

Thus, for 𝑘 > 1 𝑎𝑛𝑑 𝑥 > 1, 𝑦 > 1, there is no integer solution for (4) in this case. 

 

Subcase-2.2.2.2 

Select two integers a, b such that 3𝑘 − 1 = 𝑎2 − 𝑏. 

Then from (12), 

(3𝑘)𝑦 = 𝑧2 −   (3𝑘 − 1)
2𝑚
(3𝑘 − 1) = 𝑧2 −   (3𝑘 − 1)

2𝑚
(𝑎2 − 𝑏). 

(3𝑘)
𝑦
− 𝑏(3𝑘 − 1)

2𝑚
= 𝑧2 −   (3𝑘 − 1)

2𝑚
(𝑎2) 

= [𝑧 − 𝑎(3𝑘 − 1)
𝑚
][𝑧 + 𝑎(3𝑘 − 1)

𝑚
]  

(21) 

Let [𝑧 − 𝑎(3𝑘 − 1)
𝑚
] = (3𝑘 − 1)

𝑢
         (22) 

Let [𝑧 + 𝑎(3𝑘 − 1)
𝑚
] = (3𝑘 − 1)

𝑣
        (23) 

where 𝑢 , 𝑣 are non-negative integers such that 𝑢 ≤  𝑣. 

Adding and subtracting (22) and (23), we get 

 2𝑧 = (3𝑘 − 1)
𝑢
+ (3𝑘 − 1)

𝑣
= (3𝑘 − 1)

𝑢
[(3𝑘 − 1)

𝑣−𝑢
+ 1]    (24) 

 2𝑎(3𝑘 − 1)
𝑚
= (3𝑘 − 1)

𝑣
− (3𝑘 − 1)

𝑢
= (3𝑘 − 1)

𝑢
[(3𝑘 − 1)

𝑣−𝑢
− 1]       (25)  

From (24), 
2 = (3𝑘 − 1)

𝑢

𝑧 = [(3𝑘 − 1)
𝑣−𝑢

+ 1]
}             (26)   

Or   
𝑧 = (3𝑘 − 1)

𝑢

2 = [(3𝑘 − 1)
𝑣−𝑢

+ 1]
          (27) 

From (26), we get 𝑘 = 1, 𝑢 = 1 so that 𝑧 = 2𝑣−1 + 1.  

From (25), we get 2𝑎2𝑚 = 2[2𝑣−1 − 1] then we must have 𝑚 = 0, 𝑣 = 2, 𝑎 = 1 and 

then 𝑥 = 1, 𝑧 = 3 

Using 𝑘 = 1, 𝑥 = 1, 𝑧 = 3 in (14), we get 

 2 + 3𝑦 = 9.  

This has no integer solution. 

Thus there is no solution in this case.  

 

Suppose (27) holds 

Then   2 = [(3𝑘 − 1)
𝑣−𝑢

+ 1] which holds for 𝑢 = 𝑣  and using 𝑧 = (3𝑘 − 1)
𝑢

 in (25), 

we get 

[−𝑎(3𝑘 − 1)
𝑚
] = 0, this implies 𝑘 = 0 only. 

Thus for 𝑘 = 0, we get (𝑘, 𝑥, 𝑦, 𝑧) = (0,2𝑚 + 1, 𝑐2, 1) is a solution of (4), for any values 

of the non-negative integers 𝑚, 𝑐2.       (28) 

From (12), (29) the quadruple (𝑘, 𝑥, 𝑦, 𝑧) = (0, 𝑐1, 𝑐2, 1) is a solution of (4), where  𝑐1, 𝑐2 

are non-negative integers.      

 

4. Open problem 
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In 2013, Chotchaisthit [6] investigated for the solutions of the Diophantine equation 𝑝𝑥 +
(𝑝 + 1)𝑦 = 𝑧2, where 𝑥, 𝑦, 𝑧 are nonnegative integers and 𝑝 is a Mersenne prime. But there 

the case when 𝑝 is not a Mersenne prime number is still an open problem. Hence the title 

of this paper is an open problem. 

 

5. Conclusion 

In this work the Exponential Diophantine equation (3k − 1)x + (3k)y = z2 is investigated 

for the non-negative integer solutions and it takes the following integer solutions and some 

interesting observations agreeing the previous works are provided at the end.  

1. The quadruple (𝑘, 𝑥, 𝑦, 𝑧) = (0, 𝑐1, 𝑐2, 1) is a solution, where  𝑐1, 𝑐2 are non-
negative integers. 

2. (𝑘, 𝑥, 𝑦, 𝑧) = (1, 0, 1, 2) , (1, 3,0,3), (1,4,2,5). 
3. (𝑘, 𝑥, 𝑦, 𝑧) = (2𝑛, 1,0, 3𝑛) , where n is a non- negative integer. 

 

It is observed that k had never taken the odd positive integers such that 𝑘 > 1 in the 

solutions of (4).  

So when k is an odd positive integer and k>1, the Exponential Diophantine equation (4) 

has no solutions.  

 

For 𝑘 = 0, the equation (4) has infinitely many integer solutions. 

For 𝑘 = 1,the solutions found for (4) agree with (Suvarnamani, 2011) [4] and with 

(Sroysang, 2013) [7]. 

 

For 𝑘 = 2, (1,0,3) is the unique nonnegative integer solution for (4), so there is no solution 

to (4) in positive integers 𝑥, 𝑦, 𝑧 .This conclusion agrees with Burshtien [19]. 

 For each even positive integer value of k, the Diophantine equation (4) has the unique 

solution in nonnegative integers 𝑥, 𝑦, 𝑧 and hence (4) has no solutions in positive integers 

𝑥, 𝑦, 𝑧. 

 

This paper finds the solutions in the particular case when 𝑘 = 2𝑛 in (4) which act as part 

of solutions for the open problem suggested by Kulprapa Srimud and Suton Tadee [15] in 

their Conclusion part given at the end. 

 

Conflicts of Interest: This is a single-authored paper. There is no conflict of interest. 

 

Author’s Contribution: This is author’s sole contribution. 

 

Acknowledgements. The author is greatful to the referees for their suggestions. 

 REFERENCES 

1. L.E. Dickson, First course in the theory of equation, Wiley, 1922.  

2. E.Catalan, Note extraite d'une lettre adressée à l'éditeur par Mr. E. Catalan, Répétiteur 

à l'école polytechnique de Paris, 1844. 

3. P.Mihailescu, Primary cyclotomic units and a proof of Catalans conjecture, Journal 



Chikkavarapu Gnanendra Rao 

46 

 

 

Für Die Reine und Angewandte Mathematik (Crelles Journal), 2004 (2004) 167-195. 

https://doi.org/10.1515/crll.2004.048 

4. A.Suvarnamani, Solutions of the Diophantine equation 2x + py = z2, International 

Journal of Mathematical Science Applications, 1 (2011) 1415-1419. 

5. B. Sroysang, On the Diophantine equation 31x + 32y = z2, International Journal of 

Pure and Applied Mathematics, 81 (2012) 609-612. 

6. S. Chotchaisthit, On the Diophantine equation px + (p + 1)y = z2, where p is a 

Mersenne prime, International Journal of Pure and Applied Mathematics, 88 (2013) 

169-612. 

7. B. Sroysang, More on the Diophantine Equation 2x + 3y = z2, International Journal 

of Pure and Applied Mathematics, 84 (2013) 133–137. 

https://doi.org/10.12732/ijpam.v84i2.11. 

8. B. Sroysang, More on the Diophantine Equation 7x + 8y = z2, International Journal 

of Pure and Applied Mathematics, 84 (2013) 111–114. 

http://dx.doi.org/10.12732/ijpam.v84i1.8 

9. N.M.Zahari, S.H.Sapar, & K.A.Mohd Atan, On the Diophantine equation, AIP 

Conference Proceedings, 1522 (2013) 959–966. https://doi.org/10.1063/1.4801234 

10. C.Simtrakankul, S. Chotchaisthit, On the Diophantine Equation(2k − 1)
x
+ (2k)

y
=

z2, International Journal of Pure and Applied Mathematics, 94 (2014) 65-69.         

http://dx.doi.org/10.12732/ijpam.v94i1.7 

11. A.Hoque, On the Exponential Diophantine EquationMpq
x + (Mpq + 1)

y
= z2, 

European Journal of Pure and Applied Mathematics, 9 (2016) 240-243. 

https://www.ejpam.com/index.php/ejpam/article/view/2333  

12. R. Rahmawati,A. Sugandha, A. Tripena,  and  A. Prabowo, The Solution for the Non 

linear Diophantine Equation (7k − 1)
x
+ (7k)

y
= z2 with k is the positive even whole 

number. Journal of Physics: Conference Series, 1179 (2019). 

 https://doi.org/10.1088/1742-6596/1179/1/012001 

13. P. Sandhya, Exploration of Solutions for an Exponential Diophantine Equation px +

(p + 1)y = z2, Turkish Journal of Computer and Mathematics Education, 12 (2021) 

659–662. https://doi.org/10.17762/turcomat.v12i1s.1957 

14. W. S. Gayo Jr, and J. B. Bacani, On the Diophantine Equation  Mpx + (Mq +  1)y =

z2. European Journal of Pure and Applied Mathematics, 14 (2021) 396-403. 

https://doi.org/10.29020/nybg.ejpam.v14i2.3948  

15. K. Srimud, and S.Tadee, On the Diophantine Equation 3x + by = z2, International 

Journal of Mathematics and Computer Science, 18 (2023) 137-142. 

16. Chikkavarapu Gnanendra Rao, More on the Exponential Diophantine Equation23𝑥 +

233𝑦 = 𝑧2, Annals of Pure and Applied Mathematics, 28 (2023) 55-62. 

http://dx.doi.org/10.22457/apam.v28n2a04922  

17. Chikkavarapu Gnanendra Rao, On the Diophantine equation 3𝑥 + 7𝑦 = 𝑧2, EPRA 

https://doi.org/10.1515/crll.2004.048
https://doi.org/10.12732/ijpam.v84i2.11
http://dx.doi.org/10.12732/ijpam.v84i1.8
https://doi.org/10.1063/1.4801234
http://dx.doi.org/10.12732/ijpam.v94i1.7
https://www.ejpam.com/index.php/ejpam/article/view/2333
https://doi.org/10.1088/1742-6596/1179/1/012001
https://doi.org/10.17762/turcomat.v12i1s.1957
https://doi.org/10.29020/nybg.ejpam.v14i2.3948
http://dx.doi.org/10.22457/apam.v28n2a04922


On Exploring the Exponential Diophantine Equation (3𝑘 − 1)𝑥 + (3𝑘)𝑦 = 𝑧2 with 𝑘 is 

a Nonnegative Integer 

47 

 

 

International Journal of Research and Development, 3 (2018) 93-95. 

18. Suton Tadee, The Diophantine Equation 7𝑥 + 147𝑦 = 𝑧2, Annals of Pure and Applied 

Mathematics, 32 (2025) 1-5.  

19. N. Burshtien, On Solutions of the Diophantine Equation  8𝑥 + 9𝑦 = 𝑧2  when 𝑥, 𝑦, 𝑧 

are positive integers, Annals of Pure and Applied Mathematics, 20 (2019) 79-83. 

http://dx.doi.org/10.22457/apam.641v20n2a6  

20. D. Biswas, A note on the Diophantine equation 3x + 63y = z2, Journal of Physical 

Sciences, 29 (2024) 23-27. https://ir.vidyasagar.ac.in/jspui/handle/123456789/7531  

21. Chikkavarapu Gnanendra Rao, On the Exponential Diophantine equation 23x −

19y = z2, Journal of Physical Sciences, 27 (2022) 1-4. 

https://ir.vidyasagar.ac.in/handle/123456789/6863  

http://dx.doi.org/10.22457/apam.641v20n2a6
https://ir.vidyasagar.ac.in/jspui/handle/123456789/7531
https://ir.vidyasagar.ac.in/handle/123456789/6863

