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Abstract. This paper aims to further develop neutrosophic set theory as an extension of
classical set theory, focusing on integrating the concept of indeterminacy and constructing
mathematical frameworks. It introduces the neutrosophic number (a + bI), a foundation
for structures like neutrosophic algebra, sets, and operations. Previous works explored
essential concepts such as neutrosophic subsets, operations, Cartesian products, functions,
equivalence sets, and cardinality. The current study advances neutrosophic power sets and
n"-neutrosophic power sets, building on Smarandache's pioneering work. It systematically
examines hyperfunctions, extra hyperfunctions, super hyperfunctions, and extra-super
hyperfunctions. The paper is structured into six sections, addressing key topics like
classical and neutrosophic power sets, cardinality, hyperfunctions, and their extensions.
This research contributes to the theoretical enrichment and future directions for
neutrosophic set theory.
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1. Introduction
In 1965 [15], Zadeh introduced the concept of fuzzy set (FZ) as an extension of set theory
(ST). At a later stage, specifically between 1983 and 1986, Atanassov introduced the
concept of an intuitionistic fuzzy set (IFS) by introducing a non-degree membership
function [10]. These works opened a new window for researchers to explore the various
branches of mathematics based on set theories in light of the concepts of fuzzy set theory
and intuitionistic fuzzy set theory. For example, but not limited to, the development of
fuzzy matrix theory and applications [14, 19].

In another development, in 1995, Smarandache introduced the concept of the
neutrosophic set to address the concept of indeterminacy. Of course, the concepts of
fuzziness, intuitive fuzziness, and indeterminacy are concepts that arise from the existence
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of the universe around us, as well as from some cognitive issues that we do not have
sufficient knowledge to judge.

In each scenario, this development relies on constructing a mathematical framework
incorporating a codomain function for the degree membership function, encompassing
degrees of falsehood, truth, and indeterminacy, along with operations defined on these
degrees. This methodology forms a distinctive branch of neutrosophic set theory, as
elaborated by various works. For instance, [18,22,23,24]. Another scenario involves
generating a neutrosophic set from a classical set, utilizing the concept of
indeterminacy. The objective of this paper, as well as preceding works, is to further
develop and structure neutrosophic set theory as an extension of classical set theory,
encompassing the concept of indeterminacy inherent to it.

This pivotal approach explored in neutrosophic algebra involves the concept of the
neutrosophic number, denoted by,(a + bI )which has been utilized extensively in
neutrosophic structures, such as neutrosophic linear algebra, groups, rings, and number
theory, for example [4,5,13,16]. This neutrosophic number facilitates the representation
and analysis of neutrosophic integers, real, and complex numbers, enabling the
investigation of their algebraic properties.

The concept of the neutrosophic number inspired us; the idea was to construct a
neutrosophic set theory that generates from classical sets within a comparable framework.

In previous works, we introduced foundational concepts essential to neutrosophic set

theory, including universal neutrosophic sets, empty neutrosophic sets, neutrosophic
subsets, set equality, complements, powers, and their respective properties.
Furthermore, neutrosophic operations—such as union, intersection, difference, symmetric
difference, and their generalizations—have been rigorously defined. Additional
advancements include the neutrosophic Cartesian product, partial order relations, and
corresponding properties [1,6,7,8].

In [2,3], we studied neutrosophic functions and their classifications, compositions,
inverses, and properties. In [9], we conducted a comparative study of hyperfunctions, extra
hyperfunctions, super hyperfunctions, and extra-super hyperfunctions about the nth-
powerset. These explorations, proofs, and analyses aim to enrich the theoretical foundation
of neutrosophic sets across three distinct types.

The present paper focuses on advancing neutrosophic power sets and nth-neutrosophic
power sets in the context of the neutrosophic set theory of three types, extending the
pioneering work of Smarandache [11, 25-29]. This study serves as a continuation of the
previous construction of neutrosophic set theory while broadening its applicability.

The paper is organized into six sections:

1. Section One reviews the classical powerset and nth-powerset for any universal set,
along with their properties under union and intersection. It also introduces the
neutrosophic powerset and nth-neutrosophic powerset for three types of neutrosophic
sets, supported by examples and analysis of their union and intersection properties.

2. Section Two expands on neutrosophic equivalent sets, including theories, examples,
and definitions of neutrosophic finite, countable, infinite, uncountable sets,
cardinality, and transfinite numbers. This section opens avenues for future research in
neutrosophic cardinality and transfinite numbers.
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3. Section Three explores neutrosophic hyperfunctions and their applications to
neutrosophic subsets, extending classical hyperfunctions (as inspired by Marty’s 1934
work on hypergroups) [17].

4. Section Four introduces the concept of extra neutrosophic hyperfunctions, outlining
their properties and role within neutrosophic set theory.

5. Section Five discusses neutrosophic super-hyperfunctions and extra-hyperfunctions,
analyzing their theoretical properties and implications.

6. Section Six presents the neutrosophic super hyperfunction and a neutrosophic extra
hyperfunction, with some properties according to the three types of neutrosophic set
theory.

This paper represents a significant step in developing neutrosophic set theory as a
robust mathematical framework with diverse applications across algebra and set
theory.

2. Materials neutrosophic power-set and nth-neutrosophic power-set for a
neutrosophic set of three types

The section contains two parts. Part one reviews Power-Set and n'"-Power-Set for any given
universal set with union properties and the intersection of a power-indexed family of sets.
Part two is devoted to the neutrosophic Power-Set and n'-neutrosophic Power-Set of
neutrosophic set theory of three types, which includes illustration examples and their
properties under the union of a neutrosophic power indexed family of neutrosophic sets
and their intersection, respectively.

1.2. Power-set and n"-power-set for a set
Definition 1.1.2.[12,20,21,31] A set is a collection of well-defined objects called elements.

Definition 2.1.2.[12,20,21,31] Let H be a universal set. Aset P(H) = {S: S € H} is called
the Power-Set of all subsets of a set H.

Theorem 1.2.2. [12,20,21,31] If H is a finite set of order n, then the order of P(H) is
equal to 2™,
Theorem 2.1.2. [12,20,21,31] Let {A,¢;} be a family of subset of H, then:

1. NgeyP(Ag) =P (NgejAg), and

2. UgesP(4) € P (UgejAg).

Definition 3.1.2. [12,20,21,31] Let H be any set and n be any positive integer, then the set
P, (H). The set of all n-elements of a subset of H with its order n.

Definition 4.1.2. [25-29] (n™" -Power set) Let H be a universe of discourse set, and n €
Z*. Define the n*" -Power set of a set H as follows:
P™M(H) = P(P""' (1)),

= P(P""1(P""%(H))

= P(Pn—lpn—Z (Pn—S (H))
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= p(pr-ipn=2pn=3... p1(PO(H)), where P°(H) = H, and P1(H) = P(H), with
the decreasing order relation of subsets, such as: P°(H) c P*(H) c P?(H)--P" 1 c
P™. If we excluded the empty set from P(H), Then B; (H) = P*(H)\@ defined in a
similar way. The class P™(H) plays a crucial role in real-world problems.

Theorem 3.1.2. [25-29] Let H be a discrete finite set of 2 or more elements, andn > 1
is an integer. Then:P°(H) c PY(H) c P?(H)---P™""1 c P™. For any subset A, we
identify {A} with A.

2.2. Neutrosophic power-set and neutrosophic n'"-power-set for a set

In this subsection, we developed the Power-Set and n""-Power set for a set to Neutrosophic
Power-Set and Neutrosophic n"-Power-Set to study the new concepts related to a
neutrosophic set of three types.

Definition 1.2.2. [6] Let U be a universal set, then:
1. UHI] = {u; + uyl:uy,u, € U} is auniversal neutrosophic set of type-1,
2. UL = {ul u {u}:u € U} is a universal neutrosophic set of type-2, and
3. UL = {(uy + uyD) U {us}:uqy, u, € U} is auniversal neutrosophic set of type-
3, where [ is an indeterminacy

Definition 2.2.2. [6] Let @ be the empty set, then:
1. @Y1 = {uy + upl:uqg,u, € @} = @ is an empty neutrosophic set of type-1
2. @L[I] = {ul U {u}:u € @} = @ is an empty neutrosophic set of type-2, and
3. 0L = {(uy +uyD) U {us}:uq, uy, € @3 = @ is an empty neutrosophic set of
type-3, where I is an indeterminacy.

Definition 3.2.2. [6] Let Hf[I ], i = 1,2,3, be three neutrosophic sets of three types, where
H is any arbitrary classical set, either H is a finite set, then Hl-t[I ], i =1,2,3, are finite
neutrosophic sets, the number of all neutrosophic elements is called the neutrosophic order
and is denoted by z/)(Hf[I ],i= 1,2,3), or H is an infinite set, and consequently, Hf[I ],
i = 1,2,3, have an infinite neutrosophic order.

Definition 4.2.2. [6] Let Hf[I ], i = 1,2,3, be three neutrosophic sets of three types, where
H is any arbitrary classical set. The neutrosophic Power-Set of three types, written
S (HE[1]) and defined by S (Hf[11) = {N{[1]: € Hf[1],i = 1,2,3}.

Definition 5.2.2. (n"™-Neutrosophic Power-Set) Let Hf[I], i =1,2,3, be three
neutrosophic sets of three types, respectively. and n € Z*. Define the nt" - Neutrosophic
Power-Set of sets H} [I] as follows:

S (HE) = S (S7(HE)),
3 (332t ))
=3 (32 (I3 )
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=3 (31gm 2y SU(SO(HEN)), where  SO(HE[I]) = HE[T],  and

= J(H; [I]) with the decreasing order relation of subsets such as: “O(H [1] ) c
SHE[I] € 32 Hf[l])-- It < S*(H{[1]). If we exclude the empty set from S(Hf[1]),
we get 3y, (HE[1]) = SM(HEID)\@![I] defined in a similar way.

Example 1.2.2. Let H:[I] = {a + al}, Hi[I] = {a,al}, and H[I] = {a, a + al} be three
neutrosophic sets of three types generated by H = {a} is a singleton set. Then the O-
neutrosophic order of neutrosophic power sets H[I], H[I], and Hi[Ilare SO (HE[I]) =
{a + al}, I°(HL[I]) = {a,al}, and I°(HL[I]) = {a, a + al}, respectively. Moreover, the
1%t-neutrosophic order of neutrosophic power sets of 30 (HE[1]), S°(HE[I]), and IO (HE[I])

are given by: JY(HII)) = {{aQ;[;l]I}},Sl(Hz[ D= {{ggﬁl]}}, and  J(HI[I]) =

{{a’gt—['}]al}}. While the 2M-neutrosophic order of neutrosophic power of J(HE[I]),
3
{011, {a + al}}
SL(HE[I]), and J1(HE[I]) are represented by: J2(HE[I]) = {{@5[1]}, {{a+ al}}},
oi[1]
(0111, {a, al}} @411, {a,a +ar)
RUGHINE {{@5[1]}, {{a, al}}}, and I2(H[I)) = {{@5[1]}, {{a,a + al}}}. Also, the
@51 @511]

3"-neutrosophic order of neutrosophic power sets of 32 (H[1]), 32 (H5[1]), and 32 (HE[I])
are displayed by:

{0%11],{a + al}}
SPHIID = S(S2HID) =3 ({{@5[1]}, {{a+ al}}})
@41

{05111, {a, al}}
S3(HLD) = S(I2(HE[ID) = 3| {05111}, {{a, al}} ¢ |, and
@511

(011, {a,a + al}}
IP(HS[]) = (P (HIMD) =3 ({{(bé[l]}, {{a,a+ al}}})-
03[1]
To calculate I3 (H{[1]), and 3*(H{[1]). We have the neutrosophic order of 33(H{[I]) =
2* =16 and I*(H{[I]) = 21° = 65536 elements by Theorem 1.2. In this case and
beyond, we see the limitations of manual handling in classifying cases, and the role of the

machine and algorithms comes to solve some of the required problems. If we exclude the
empty set, we get Pj(H) = {a}.

Observation. If Hf[I], i = 1,2,3, is a finite with order n, i.e.,0(H{[I]) = n, then the
order O (S (Hf[l])) =2"
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Theorem 1.2.2. Let {A[I]aej} be a family of neutrosophic subsets of three types of H} [I],
then:
L NaesIA[INa) = I (NaejAllle), and
2. UaE]S(A[I]a) c3 (Uae]A a)
Proof. (1) Let E[I] € Nge;I(Alll,) © Va € J,E[I]
S VYa € J,E[1]
S VYa € J,E[I]
& Va €] E[I]
Hence, naEJS(A[I]a) =3 (naE]A a)-
(2). Let E[I] € Uge; S(A[l) = 3a € J,E[I
=3a €/ E[l
=3a €/ E[l
=3a €/ E[l

S(Ae)

All]q
Alllq
J(ﬂ All]e).

€
c
<N
€
(A[l]e)
[«
aAllla
(UaAllla)-

LR

NniNiN m

]
]
]
]

Q?CZL

Therefore,

UaE]S(A[I]a) c3 (UaE]A[I]a)'
The following illustrates that the equality of the second part in the theorem does not hold
or commute.

Example 2.2.2. Let H{[I] = {; "_I'_ 1111 12 ‘:_ 2211

by H = {1,2}, and its Neutrosophic Power-Set:

( {1+ 13,1+ 213, {2+ 11}, {2 + 21}} )
{(1+13, 2+ 10,2+ 20}, {{1 + 213, {2 + 113, {2 + 21}
{{1+10, {1+ 213, 2+ 13}, {1 + 11}, {1 + 21}, {2 + 213},

SHIUD = {1+ 20, 2 + 103}, {1 + 213, (2 + 213}, {2 + 113, {2 + 21}),

{1+, +2n} {1+ 13,2 + 13}, {1 + 113, {2 + 213},
{14113, {1+ 213}, {2 + 113}, {2 + 213},

\ oil1],

Let A[I]; = {14+ 11} and A[I], = {2 + 21}, then Uye; I(A[I],) = {05111, {1 +

113, {2 + 213} has three neutrosophic elements, while S(Uqe; A[1]o) = (P11, {1 +

113, {2 + 21}, {{1 + 113}, {2 + 2I}}} has four neutrosophic elements.

} be a Neutrosophic Set of type-1 generated

~~

3. Neutrosophic equivalent of sets

Section three discusses the nature of the prime-specific principle's contribution to
neutrosophic equivalent sets of three types. Including relevant theories and examples, with
a definition of neutrosophic finite (or denumerable) set, countable neutrosophic infinite set,
neutrosophic infinite set, uncountable neutrosophic set, neutrosophic cardinality, and
neutrosophic transfinite number. This content represents an expansion of our work in [1-
3,6-8], and opens a new window for future work on the concepts of neutrosophic
cardinality and neutrosophic transfinite number and their relationship to neutrosophic set
theory of the three types.
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Definition 1.3. Let X/ [I] and Y;*[I] be two neutrosophic sets of three types, then X} [I] is
called a neutrosophic equivalent to Yf[I], written X[[I] = Y{[I], if there exists a
neutrosophic function f,:: Xf[I] — Yf[I] which is one-to-one and onto (or bijection). In
this case, Xf[I] and Y;*[I] have the same neutrosophic cardinality. Also, we said that X/ [I]
and Y [I] are equipotent. Otherwise, we said that they are not equivalent (or equipotent),
written XF[1] 2 Y [1].

Theorem 1.3. Let X =Y be two equivalent classical sets, then X[I] = Y}[1].

Proof: Assume that X = Y, then there exists a classical function g : X — Y whichisa
one-to-one and onto. Define a neutrosophic function f£i: Xf[I] — Y;*[I]. According to
definition 1.2 in [2].

fa () = fit (1) + fir (x21)
= fu () + fr ) fr (D)
= g(x1) + g(xx)I, where £ (D) =1, fii (x1) = g(xq), i (x2) = g(x2),
fZ(x) — { fnz(x) = g(x),
" fie (xD) = QO fZ (D) = g(x)]
HORY

fn3 (x1)
fir () + fii () fid (xD)
where £,3(1) =1, £3(x1) = g(xy), 2 (x3) = g(x,). Now, by Theorems 1.2, 2.2, and
3.2, the neutrosophic function £,} is one-to-one, moreover according to Theorems 4.2,5.2,
and 6.2 the neutrosophic function £} is an onto. Therefore X[I] = Y;*[I].

Theorem 2.3. The neutrosophic equivalent relation = is a neutrosophic equivalence
relation.

Proof. (1) = is a neutrosophic reflexive relation, since there exists a one-to-one and onto
neutrosophic identity function idf,, X/ [I] — X}[I] by Theorems 8.2, 9.2, and 10.2 in [2]
(2). = is a neutrosophic symmetric relation. Suppose that Xf[I] = Y*[I], then there exists
a bijection neutrosophic function f,:: Xf[I] — Y{[I] by Theorem 3.2 in [2]. Then there

exists an inverse neutrosophic function £ Y [I1 — XF[I] is a one-to-one and onto
neutrosophic function. Hence, Y [I] = X£[I].

(3). = is a neutrosophic transitive relation. Suppose that Xf[I] = Y[I] and Y}[I] =
XHI.

Since Xf[I1 = Yf[I1 = 3 f;l: X} [I] — Y{[I] which is one-to-one and onto, also,

Since Y [I] = X![I] = 3 g&: Y [I] — ZE[I] which is one-to-one and onto. By theorem
gh o L XEH[I1 — Z![I]is a one-to-one and onto neutrosophic function, therefore X} [I] =
ZEH[1], and consequently, the neutrosophic equivalent relation = is a neutrosophic
equivalence relation.

Example 1.3. Let N = {0,1,2, ...} be the set of natural numbers. Then the neutrosophic
natural numbers of type-1 are given by:
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0, 041, 0+2I, 0+ 3],
N[I] = 1, 1+1, 1421, 1+3]
2, 241 2+21 2+3I,
And N,,., = {2,4,6, ...} be the set of even natural numbers. Then the even neutrosophic
natural number of type-1 is given by:
2+21,2+41,2+6I1,--
N [I] = 4+21,4+41,4+6l,--
el 6+21,64+41,6+6I,-
Let us define g : N — N, sSuch that g(x) = 2x,V x € N, where g is one-to-one and
onto. So, by

Theorem 1.2. Deduce that f,1: N¢[I] — N&,[I] is a one-to-one and onto neutrosophic
function and consequently, N4[I] = N, [1]. If we treat with N{[I]and N&, [I]directly, it
could be defined
fLNY[I] — N&;[I] such that £,1(x) = 2x,V x € N4[I]. In this case, assume that
fao(¥) =fa(y) = 2x =2y

= 2(x1 + x21) = 2(y1 + 1)

= (x1 + x21) = (y1 + y21)

= x =y = f;l isaone-to-one. If x € N, [I], take x = 2, £l (x) =

£l @) = 22 = y. This means that ;! is an onto and Nf [I] = NZ, [1].

Definition 2.3. Let X{[I] be a neutrosophic set of type-1, then X[I] is called a finite
neutrosophic set. If it is a neutrosophic empty set or equivalent to the following
neutrosophic set:
1+1,14+21,--,14+nl
241,24+ 21,---,2 +nl
MEN =< 3+11,3+2I,--,3+nl

n+1Ln+2L-,n+ni)
For some n € Z*. Then the neutrosophic order or cardinality, written by (X [I]) = n.
Otherwise, the neutrosophic set is called an infinite neutrosophic set.

Definition 3.3. Let X:[I] be a neutrosophic set of type-2, then X%[I] is called a finite
neutrosophic set. If it is a neutrosophic empty set or equivalent to the following
neutrosophic set:
1,11

i =1 %
n,nl
For some n € Z*. The neutrosophic order or cardinality, written by Y (Xi[I]) = n.
Otherwise, the neutrosophic set is called an infinite neutrosophic set.
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Example 2.3. Consider X:[I] = {%g} and Y¥[I] = {Z Zﬁ} are two neutrosophic sets of

type-2. Then there exists a one-to-one and onto correspondence between them, £,2(1) =
a fit (A1) = f;(al), f;f (2) = b, and

£2(21) = bl. In this case, two finite neutrosophic sets are equivalent (or equipotent) if and
only if they contain the same neutrosophic cardinality.

Definition 4.3. Let X}[I] be a neutrosophic set of three types, then X [I] is called a
countably infinite neutrosophic set. If there exists a neutrosophic bijection

fLxtn — Z+f[1].ln this case, the neutrosophic transfinite number, written by

XD =X

Definition 5.3. An infinite neutrosophic set that is not countably infinite is called an
uncountable neutrosophic set.

Definition 6.3. A countable neutrosophic set is either a finite neutrosophic set or a
countably infinite neutrosophic set.

4. Neutrosophic hyperfunction and inverse neutrosophic hyperfunction of one
neutrosophic variable

Section four is divided into two parts. In the first part, we explored the concept of the
neutrosophic hyperfunction of a single variable across three types of neutrosophic sets,
providing examples for better understanding. We also delved into neutrosophic
hyperfunctions applied to neutrosophic subsets under various neutrosophic operations,
including unions, intersections, differences, and subsets. This work builds upon classical
hyperfunction, as discussed in our review paper [9]. The term 'Hyper' stems from Marty’s
1934 work on Hypergroups, where he extended the codomain of binary operations from H
to P(H).

1.4. Neutrosophic hyperfunction of one neutrosophic variable

Definition 1.1.4. Let Hf[I] be a neutrosophic set of type-1 generated by H and 3 (H{[I])
be a Neutrosophic Power-Set of H![I]. A Function fil: HE[I] — S (HE[I]) is called a
Neutrosophic HyperFunction of type-1, if for all x € H![I], then there exists a
neutrosophic subset A% [I]s¢; such that £ (x) = A§[I]se;-

Observation. The codomain of neutrosophic hyperfunction includes the empty set. If we
consider 3* (HE[I]) =3 (HE[ID\@4[I]. Then the codomain of a hyperfunction
fit: HE[I] — 3* (HE[I]) does not include the neutrosophic empty set.

Now, we will define the neutrosophic hyperfunction induced by the classical
hyperfunction.

Definition 2.1.4. Let H![I] be a neutrosophic set of type-1 generated by H and I (HE[I])
be a neutrosophic powerset of H{[I]. A Function fii: HE[I] — S (HE[I]) is called a
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neutrosophic hyperfunction generated by a classical hyperfunction g": H — P(H), if it
satisfies the following property:
fa () = fi (Ger + x2D)
= fr Cer) + fr (x21)
= fr (1) + fir Ge) fi (D).
where f (D =1, f (1) = g"(x1), and £ (x3) = g" (x).

1+11,1+ 2],

Example 1.1.4. Let H![I] = {2 + 112+ 2]

neutrosophic powerset

} be a neutrosophic set of type-1. The

{{1+13, {1+ 21}, {2+ 1} {2+ 21}}
{1+ 1, 2+13, 2+ 20} {1 + 203, {2 + 11}, {2 + 21}}
{1+ 1,1 +23, 2+ 13} {{1 + 1, {1+ 213, {2 + 213},
SWHLD = { {1 + 203, 2 + 103}, {(1 + 213, (2 + 213}, {2 + 113, {2 + 213},
{(1+13.(1+2n} {1+ 13,2+ 13}, {{1 + 113, {2 + 213},
(14113, {1+ 20}, {2+ 11}, {2 + 21}
\ oL (1] J
Consider g": H — P(H) such that g"(1) = {2}, and g"(2) = {1,2}. Then the
neutrosophic hyperfunction of type one fil: Hf[I] — S (HE[I]) is given by:
fa(+10) = fi (1) + fr (A1)
= fin (D + faWfa (D)
=g"()+g"WOfr (D
= {2} + {2}
={2}+ {21}
={2+2I}.
fa@+2D) = f () + fy 2D
= fa(D + fa@fu (D
=g"() + g" ()1
={2}+{1,2}1
={2}+ {11,213
={2+1I,2+2I}.
fa@+1D) = f{(2) + fyr (D)
=@+ fr(Ofy (D
={1,2}+ {2}1
={1,2} + {21}
={1+2[,2+2I}.
fa@+2D = fr(2) + fr 2D
=@+ @) fa (D
={1,2}+ {1,2}1
{1,2} + {11, 21}
{1+ 1,1+ 21,2+ 11,2+ 2]}
HE[I).

~~
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According to definition 1.4, we can be defined f;1: HE[I] — I (HE[I]) by the following
choice of 3 (HE[1]).

fa+1D) =2+ 11, ff (1 + 2D = {{1 + 113, {1 + 213},

fR@+1D ={1+2and fif 2+ 21) = {1+ 113, {2 + 11}, {2 + 21}}.

Definition 3.1.4. Let H[I] be a neutrosophic set of type-2 generated by H and I (HE[I])
be a neutrosophic powerset of H[I]. A Function f?: HE[I] — I (HE[I]) is called a
neutrosophic hyperfunction of type-2, if for all x € H3[I], then there exists a neutrosophic
subset A5[I]se such that £;7 (x) = A5[1]s¢;-

Definition 4.1.4. Let H:[I] be a neutrosophic set of type-2 generated by H and 3 (H[I])
be a neutrosophic powerset of H[I]. A Function f2: HE[I] — T (HE[I]) is called a
neutrosophic hyperfunction of type-2 generated by a classical hyperfunction g": H —
P(H), if it satisfies the following property:
2 g" (x), determinate — part
fh (X) = 2 2 2 . .
fi (xI) = fif (x) fi7 (1), indeterminate — part

where f2() = g" (), fit (D) = 1.

Example 2.1.4. Let Hi[I] = {é 1211

{1,2} with its neutrosophic powerset:

} be a neutrosophic set of type-2 generated by H =

{13, (113, (2}, 213}
{13, (a3, (23}, {03, (a3, (203, {13, {23, (283}, {113, {23, {213}
SCHE[) = 1 {an, @3 {284, {{23, 23},
{3, ) {23}, {1, 21},
{13, {11},{2}, {23
\ B5[1]
Consider g": H — P(H) such that g"(1) = {2}, and g"(2) = {1,2}. Then the
neutrosophic hyperfunction of type-2 f;2: HE[I] — J(HE[I]) is given by:
=) =g"(1) =2} QD = LKD) =g"DfF D = {2} =

%21}, f§ (2) = g"(2) ={1,2}, and fZ 2D = ff ) fr (D) = g")fF (D) ={1,2} =
11, 21}.

Definition 5.1.4. Let H5[I] be a neutrosophic set of type-3 generated by H and 3 (H[I])
be a neutrosophic powerset of Hi[I]. A Function f2: HL[I] — T (HE[I]) is called a
neutrosophic hyperfunction of type-3,

Definition 6.1.4. Let H:[I] be a neutrosophic set of type-3 generated by H and 3 (H[I])
be a neutrosophic powerset of Hi[I]. A Function f2: H[I] — I (HL[I]) is called a
Neutrosophic HyperFunction of type-3, if generated by a classical hyperfunction g": H —
P(H) such that
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3 _ fh3(x1)
fi () {ff?<x1)+ff?<x21)

where f7 (x;) = g"(x), f (x21) = fi (1) = g" () 7 (D =1,
h1 + hll'hl + th,"' + h1 + hnl

hz +h11,h2 +h2],"'+h2 +hn1

Example 4.1.4. Let H[I] = be a neutrosophic set

hy + byl by + Ryl -+ by + Ryl
of type one, which is
generated by H = {hq, h,, ..., h,} and I(H[I]) be the neutrosophic powerset of HE[I].
Then the neutrosophic hyperfunction of type-1 fii: HE[I] — S(H![I]) defined by
1o _ (@801, if h & HE[T]
frh) = {Hf (11— {h},if h € H{[I]
Or fil(h) = HE[I] — {h}, for all h € H[I] is a neutrosophic hyperfunction of type one.
Also, if we consider
hy, hyl

hy, hy1,

Hi[I] = ,and f;2: HE[I] — S(HE[I]) such that £,2(h) =

hy, hyl
{(255[1]., if h & Hi[I]
H3[1] — {h},if h € H3[I]
Or fi2(h) = HL[I] — {h}, for all h € HL[I] is a neutrosophic hyperfunction of type two.
The following theorem gives us the main properties of neutrosophic subsets of Hf [I] under
neutrosophic operations, union, intersection, difference, and subset between any two
subsets of H}[I].

Theorem 1.1.4. Let HE[I] be a neutrosophic set of three types generated by a classical set
H and S(Hf[I]) is a power neutrosophic set of them. If fil: HE[I]— S(HE[I]) is a
neutrosophic hyperfunction and A:[1], BF[I] < HE[I]. Then:

1 fr(4il v B{1]) = fu(Ail1]) U fuBi 1],
fi(AIN 0 BEN) < fi(AFN) n fi(BE D)
fi(A5) = fi(B) < fi(Af(1] - Bf[I), and
4. If A{[I] c BE[I], then £, (Af[I]) < fr(BELID).

w ™

Proof. (1). Assume that E[I],¢; € fif(A¢[1] U BE[1]), for some y.

& 3 x € (AL[1] v Bf[1]) such that fiix) = E[I],¢; for somey.

e 3Ix el fikx) = E[I],¢; forsomey V3Ix € BE[I] 3 fii(x) =

E[I],¢/ for somey.

& Elllye; € fu(AST) v Elll,e; € fu(BE1]).

& Elllye; € (f,f(Af 1) u fi(B! [1])). Therefore £/ (AL[I] U BE[I]) = fi(AL[I]) U
fiBELI]. |

(2). Suppose that E[Il,¢; € fit(AS[I] n BE[1]).
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= 3 x € (A{[I] n Bf[I]) 3 fi{(x) = E[I],¢, forall y.
= (3x € A{[I] 3 f{(x) = E[I],¢, forall y)
A(3x € B3 fii(x) = E[I],¢ forall y)
= (Elllye € fa(AfID]) A (Elllye; € fa(BEID])
= E[llye; € (fi(Ai[D] 0 fr(Bf [D])
= fit (AT 0 BEI) < fi(AFT) 0 fi(BELD).
(3). LetElllye; € (fi(45011) - £i(B))
= E[ll,¢; € f£(AL[1), for somey and E[I],¢; € fif(BE[1]), forally
= 3x € A{[I] 3 fi(x) = E[l],¢;, for somey and £} (x) & f;(Bf[I]),forally
= Elll,; € (fiAt - Fi(BEU ))
= f(AHI]) - £L(B) < fi(AL[1] - BELIT).
(4). Suppose that A¢[I] < Bf[I] and E[I]ye ;€ fL(AN.
= 3x € A{[I] 3 fi(x) = E[l],¢, for somey
= 3x € B{[I] 3 fi(x) = E[I],¢;, for somey
= E[lly¢; € fu(B{ (1)
= fu(4f11) < f(Bf 1)

Corollary 2.1.4. Let Hf[I] be a neutrosophic set of three types generated by a classical set
H and S(H{[I]) is a power neutrosophic set of them and A¢[1], Bf[I] € HE[I]. If g":H —
P(H) a classical hyperfunction, then f: HE[I] — S(Hf [1]) is a neutrosophic
HyperFunction that satisfies the following properties:

L fa(AflIV BELD) = ﬁmf)uﬁwm

2. fu(AfII N [ 1) c fu(Ail1 ) nfh(Bt )}

3. fh(At[ ) fh(B) th(At [ ]) and

4. IfA[lI] < []mmﬁmf)cﬁwl)
Proof. By theorem 1.4 and theorem 1.3 in [11].

a+al,a+ bl, a,al,
Example 5.1.4. Let H[I] = {b talb+ bl}’ Hi[Il = {b bl

{(Z"(Z -:_ (;II”Z j_ I;} be the neutrosophic sets of three types generated by H, A4[I] =
{a + al}, BYI] = {b + b1}, A5[I] = {a,al}, B[I] = {b,bI}, A5[I] = {a,a + al}, and
Bi[I] = {b, b + bI}. There are six neutrosophic subsets of H![I], H:[I], and HL[I]
respectively. Consider the classical hyperfunction g": H — P(H) such that
nes _ (la}if heEH

g (h)_{Q),ifheH
Then the neutrosophic hyperfunction generated by g are given by:
fu (ALLID = fr (@ +aD = fr () + fi (al)

= fr (@) + fr @f; (D)

} and H:[I] =
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=g() + gl

= {a} + {a}] = {a} + {al} = {a + al} = AL[]].
fa (B[] = fi (b +bI) = f (b) + £ (bD)

= fr () + fr () fR (D

= g(b) + g(b)I

={a}+{a}l ={a} + {al} = {a + al}.

fr(AL[ID n f(BE[I]) = {a + al}, and A{[I] n BL[I] = @}[1]. So,
fa(AS I 0 BEID) = fH@L1IT) = 04[1]. Thatiis ££(AS[1] n BE(IT) < fE(ALIT) n
fu (B

17). And,
) = ff ({{a,a}) = {fZ(a), f (aD}
= (it (@, fE @7 (D)
={g(a) + g1}
= {{a},{a}1} = {{a} {a1}} = {a, al}.
fR(BS[D) = fi ({{b,b1}) = £ (b), i (bD)}
= {2 ), fEBF (D)
={g(0), gb)fZ (D)}
= {{a} {a}1} = {{a}, {al}} = {a, al}. We get,
fR(ASID 0 £2(BSIT) = {a,al}, and AS[1] 0 BS[I] = @5[1]. hence,
f2(AS 11 0 BE[I]) = fil(9411]) = @5[1]. We note that,
FE(ALTT n BEND) < £L (ALK n £L, (BETT). Moreover, we can define neutrosophic
hyperfunction without deducing from classical hyperfunction, such that
i) = {{a + al},if h € H[I]
fa(h) = OLI1,if h & HE[I]
To get the same result. The next theorem represents the properties of the neutrosophic
family of subsets of H[1].

—

f (A%

Theorem 3.1.4. Consider the neutrosophic hyperfunction f;{: HE[I] — S(HE[1]), then
for any family {A[I],,E]} of the neutrosophic subsets of Hf[I], we have

1. ff{(UpE]A[I]p) = UpE]ff{(A[I]p)' and
2. ff{(an]A[I]p) c npe]ff:(A[I]p)-

Proof. (1) Suppose that E[I],¢; € Upe; frin(All1,) < 3p € | E[I],pe; € fL(A[I],)

e 3p€/,h €HII 3 fii(h) = E[I] e
= 3p€e],h €Uy, 3 fi(h) =Elll,e
& fu(h) = Elllpe; € fi(Upes 4p)-
Hence
fa(Upes Alllp) = Upe; fa(AlIp).
(2). Suppose that E[I1,¢; € fit(Npe;Alll,) = 3h € Npej Alll, 3 fii(h) = E[1] ¢
= 3h,Vp € A[I], 3 fii(h) = E[l],¢;
= EIh,Vp,E[I]pE] € fii(A[I]p)
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= E[llye; € Npe; fiL(AlI],). Therefore,
fu(Npes Allp) € Npey f(ALT,)-

Corollary 4.1.4. Let HE[I] be a neutrosophic set of three types generated by a classical
set H and J(H{ [1]) is a power neutrosophic set of them and {A[I] ¢, } is any family of
neutrosophic subsets of H}[I].

If g": H — P(H) aclassical hyperfunction, then f;\: H [I] — S(HE[I]) is a
neutrosophic hyperfunction that satisfies the following properties:

1. ff{(UpE]A[I]p) = Upe]ffi(A[I]p)' and
2. fa(NpesAlll,) € Npey fr(Al)-
Proof. By theorem 3.4 and theorem 2.3 in [9].

Theorem 5.1.4. Let fii: H [I] — S(H{[11) be a neutrosophic hyperfunction and
AL[I, BEI] < HE[ID, then fif: HE[1] — S(HE[1]) is a one-to-one neutrosophic
hyperfunction if and only if, £;£(A¢[1] n BE[1]) = fL(AL[I]) n £E(BET).

Proof. Let fii: HE[I] — S(HE[1]) be a neutrosophic hyperfunction and A¢[1], Bf[I] <
HE[I] Suppose that f;! is_a one-to-one neutrospphic hyperfl_Jnction. To prove that
(AL 0 BEIT) = fi(ASIT) n £ (BE ).

Let E[I] € fi£(AL[I] n BE[I]) < 3x € (AL n BE[I]) 3 fii(x) = ElI],

< (3x € A[l1] 3 fu() = E1) A (3x € B[] 3 fi(h) = E[1])

< (Bl € fi(ai) A (BL € £i(BEL).)

S E[l] € (f,{(Af[I]) N f,f(Bf[I])). Conversely, suppose that

FL(ALI] 0 BELND) = FE(ASIIA) n £E(BELT]). To show that the neutrosophic
hyperfunction

fil: HE[T] — S(HE[I]) is a one-to-one. Let x,y € HE[I] with x # y such that fif (x) =
f,{(y) = E[I]. Consider A{[I] = x and B{[I] = y, we deduced that _
fa(A5D) 0 fi(BE ) = fu(e) 0 f(y) = ElI # fy(Afl1] 0 B[ID) = fi(@5111).

Definition 7.1.4. Let fii: HF[I] — S(H{[I]) be a neutrosophic hyperfunction and
gL S(HEUI — S2(HE[1]) be a neutrosophic hyper-function. Then, the neutrosophic
composition of the neutrosophic hyperfunction:

gk o fit: HE[1] — S2(HE[1) such that (gh o £i1) () = g™ (fi()), v h € HETI.
Definition 8.1.4. Let H{ [I] be a neutrosophic set of three types, n € Z*, and 3" (H{[I])

is nt" —Neutrosophic power set of a set Hf [I]. Then there exists a sequence of
neutrosophic hyperfunctions f,{j,j =12, ..,n
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fit, HED > S(HELD), £ S(HEL) — S2(HEUD), fily: S2(HEUT) — S2(HED), -
and
fi :SVL(HEIT) — S2(HEIT) such that
(fitn © ftnoy © 0 fity o )OO = (Fity © fitny © o fit ) (fi, ()
= (i, o fney o ) (A, (AL @)

= (i) (Fns (- F, () ) v x € HELL

2.4. Inverse neutrosophic hyperfunction of one variable

Definition 1.2.4. Let H{[I] be a neutrosophic set of three types, and S(H{[1]) be the
power set of H[I]. A function f,{'_lzs(Hf [11) — H{[I] is called the inverse
neutrosophic hyperfunction, if for all E[I] € S(Hf [1]), then there exists an element x €

HE[I] such that f,f_l(E[I]) = x. Also, we can define the inverse neutrosophic
hyperfunction induced by the inverse hyperfunction.

Definition 2.1.4. Let Hf[I] be a universal set, and S(H{ [I]) be the power set of Hf [I]. A

function fhi_l:S(Hf[I]) — HE[I] is called the inverse neutrosophic hyperfunction
induced by the inverse hyperfunction f;*: P(H) — H.

Example 1.2.4. Let H[I] and S(HE[I]) be a neutrosophic set of type one and its
neutrosophic power-set, an example 1.3. Define some of the inverse neutrosophic

hyperfunctions of type-1 f1~": S(HE[I]) — HE[I] which are given by:

Hi[1] — A[1],if A[I] # @5[I]
2+ 21,if A[ll = 0¢[I]
the smallest neutrosphic element of A[l,if A[I] # @¢[I]
1+ 21,if A[l] = ¢4[I]

1_1(,4 1) = the largest neutrosphic element of A[ll,if A[l] # @¢[I]
3w CAUD =00 i A = ot
Forall A[I] € I(HE[I)).

1L 7 = { .Or

2. ) = { or

Theorem 1.2.4. Consider an infinite neutrosophic set Hf[I] of three types generated by
any infinite universal set H, then there exists a denumerable (finite) neutrosophic set A% [I]
such that A4[I] < HE[I].

Proof. Method-1. Let Hf[I] be an infinite neutrosophic set of three types generated by any
infinite universal set H, and :‘;(Hl-t[l]) is a neutrosophic power set of a set Hf[I]. By
Theorem 1.2.3 in [11]. Then there is a denumerable set A ¢ H by Theorems 3.1, 3.2, and
3.3 in [11]. We have A4[I] c H[I],i = 1,2,3. Moreover, A is a denumerable set, which
implies that there exists a bijection mapping or function f.: A +— {1,2,3, ..., n}, for some
n € Z*. According to Theorems 1.2, 2.2, and 3.2 in [14], we have
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h1+h11,h1+h21,"'+h1+hn1 hl'hll
fi A1) o 12 Ful byt holet byl (g ey JhahaL o
hy + Ryl by + Ryl -+ by + byl hy, hyl

hl'hl + hll’hl + th,""l‘ h]_ + hnI

fZLAt[I] — hz,hz'l‘hl],hz+h21,"'+h2+hn1
LA .

are neutrosophic bijections

hy, hy + il hy + hyl, -+ hy + hyl
mappings. Hence A¢[I]is a neutrosophic denumerable subset of Hf[I],i = 1,2,3.
Method-2. By a similar argument to Theorem 1.2.3 in [9]. Let H/[I] be an infinite
neutrosophic set of three types generated by any infinite universal set H, and S(Hf [1]) is
a neutrosophic power-set of a set Hf [I]. Define the inverse neutrosophic hyperfunction
f,{_l:S(Hf[I]) — HE[I] by f,{_l(Hf[I]) = x, where it depends on the types of the
neutrosophic set and is complete by the same argument.

Example 1.2.4. Let Hi[I] and I(H![I])be a neutrosophic set of type one and its
neutrosophic power-set, an example 1.3. Define some of the inverse neutrosophic

hyperfunctions of type-1 f1~": S(H![I]) — HE[I] which are given by:

HI[I] = Al1l,if All] # @1[1]
2+ 21,if A[I] = @4[1]

the smallest neutrosphic element of A[l,if A[l] # @¢[I]
1+ 21,if A[l] = ¢4[I]

1L 7 ={ .Or

2. ) = {
Or

3. £ ={
Forall A[I] € S(HHID).

the largest neutrosphic element of A[Il,if A[I] # @%[I]
1+11,if All] = @5[1]

Theorem 1.2.4. Consider an infinite neutrosophic set Hf[I] of three types generated by
any infinite universal set H, then there exists a denumerable (finite) neutrosophic set A% [I]
such that A4[I] < HE[I].

Proof. Method-1. Let Hf[I] be an infinite neutrosophic set of three types generated by any
infinite universal set H, and S(Hf[l]) is a neutrosophic power set of a set Hf[I]. By
Theorem 1.2.3 in [11]. Then there is a denumerable set A ¢ H by Theorems 3.1, 3.2, and
3.3 in [11]. We have A![I] c HE[I],i = 1,2,3. Moreover, A is a denumerable set, which
implies that there exists a bijection mapping or function f.: A — {1,2,3, ..., n}, for some
n € Z*. According to Theorems 1.2, 2.2, and 3.2 in [14], we have
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h1+h11,h1+h21,“'+h1+hn1 hl’hll
h2+h11,h2+h:21,"'+h2+hn1 ,f?)l:Af[I]l—) hz,:hzl,

hy + hyl, by + hol, -+ + hy + hyl Ay, ol

fi AL — , and

hl'hl + hll'hl + hzl,"'+ h1 + hnI

hz,hz + hll,hz + hzl,"'+ hz + hnl

LA — are neutrosophic bijections

hy, hy + Ayl hy + Ryl + by + hyl

mappings. Hence A¢[I]is a neutrosophic denumerable subset of Hf[I],i = 1,2,3.
Method-2. By a similar argument to Theorem 1.2.3 in [9]. Let H/[I] be an infinite
neutrosophic set of three types generated by any infinite universal set H, and S(Hf [1]) is
a neutrosophic power set of a set Hf[I]. Define the inverse neutrosophic hyperfunction
fr{_l:S(Hf[l]) — HE[I] by f,{_l(Hf[I]) = x, where it depends on the types of the
neutrosophic set and is complete by the same argument.

5. Neutrosophic extra hyperfunction of one variable
In this section, we introduce the neutrosophic extra hyperfunction of the neutrosophic set
of three types, along with their properties, as an extension of the work in [9].

Definition 1.5. Let Hf[I] be a neutrosophic set of three types generated by any universal
set H, and J(H{[I]) is a neutrosophic power set of Hf[I]. A function fl,:S(HE[I]) —
I(H{[11) is called an extra neutrosophic hyperfunction, if for all A[I],¢; € J(H{[I]), then
there exists &, B[I]se; € S(H{[I]) such that f%,(A[ll,e;) = Blllse;- This extra
neutrosophic hyperfunction includes the empty set.

Observation. If S*(HE[I]) = S(HEUD\@![I], then fh:S*(HEIT) — S*(HEI]) does
not contain a neutrosophic empty set. Also, we can define extra neutrosophic hyperfunction
induced by neutrosophic hyperfunction.

Definition 2.5. Let Hf[I] be a neutrosophic set of three types generated by any universal
set H, and S(H{[1]) is a neutrosophic power set of HE[I]. If fii: HE[I] — S(HE[I]) is a
neutrosophic hyperfunction, then

fla: ST (HEI]) — S*(HE[I]) is an extra hyperfunction induced by fii. The following
theorem is a generalization of Theorem 1.4 in [9].

Theorem 1.5. Let HE[I] be a neutrosophic set of three types generated by any universal set
H, and 3(H{[1]) is a neutrosophic power set of H[I]. If fif: HE[I] — HE[I] is a one-to-
one neutrosophic function, then f4,: S(Hf[I]) — S(H{[I]) is a one-to-one neutrosophic
extra hyperfunction.

Proof. There are two probabilities:
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Probablity-1. If Hf[I] = @¢[I], i = 1,2,3 then S(Hf[I]) = {®{[I]}. This means that the

neutrosophic extra hyperfunction  f5,:S(Hf (1) — I(H{[I]) is a one-to-one (or

neutrosophic bijective), because the domain of extra hyperfunction consists of one

neutrosophic element.

Probablity-2. Suppose that Hf[I] = @;[I], then J(H{[I]) has at least two neutrosophic

elements. Let's say AL[I] and BE[1], and AL [I] = A4[1], forany i = 1,2,3. Then there exists

a neutrosophic element x € AY[I] and x & Bf[I] = fi(x) € fi(At[I]) and fi(x) &

fL(BE[ID). Sincefi is a one-to-one, we get

FLCALID) # fL(BELID), therefore, £, (AS[IT) # 5, (BE[IT). Hence £, is a one-to-one.

Theorem 2.5. Let Hf[I] be a neutrosophic set of three types, and S(Hf[l]) be the
neutrosophic power set of HE[I1. If f¥: HE[I] — H[[I] is a neutrosophic function, then the
extra neutrosophic hyperfunction f,: S(HE[I1]) — S(HE[I]) preserving the elementary
neutrosophic set operations as follows:

1. fel:h(UpE]Af[I]p) = Upejfeih(Af[I]p)’ .

2. fon(AflN, = Bf[1l,) = fin(Af11,) — fon(BEIN ).
Proof (1). Suppose that £, (Ef[11,) € f&n(Upes AflI1,)
= B, e | Jaim,

€/
= Ef1, e€4§[l]p, for some p € J.
s fi(EFHN,) € & (AN ,), for some p € J.
= fon(Ef11,) € Upey f& (AL ,), for some p € J. Hence,
feih(UpE]Ag[l]p) = UpE]f.eih(Af[I]p)-
(2). Consider £, (EF[11,) € fin(Npes ALLIL,)
=l € [ A,
€J
= Ef[ll, € 515[1][,, forall p € J.

= fon(EFI,) € Npey fin (A1), for all p € J. Therefore, £, (Npey Afll],) =
anerih(Af[l]p)-
(3). Assume that f5,(Ef[11,) € f& (4411, — BElI1,)
= Ef[I1, € (4il1], - Bf[I1,)
e Ef[Il, € A{[11, NEf[I], € B{[I],

= fon(EF,) € fon(AflT,) A fin(EFI,) € fon(BE L)
& fo(E,) € (£ (A811,) — £a(BEII,) ). We deduced that,
fon(411, = B{111,) = fan(AflH],) — fen(BEII1,)-
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6. Neutrosophic super hyperfunction and neutrosophic extra super hyperfunction of
one variable

In this section, we introduce a neutrosophic super hyperfunction and a neutrosophic extra
hyperfunction, along with some of their properties according to the neutrosophic set theory
of three types. In future work, we aim to develop this research further.

Definition 1.6. Let Hf[I] be a neutrosophic set of three types, and J™(H{[I]) be the
neutrosophic power set of HY[I]. A function fL,:HI] |—>:‘s"(Hf[1]) is called a
neutrosophic super hyperfunction, if for all h € Hf[I], then there exists a neutrosophic
subset element E[I] € S™(H{[1]) such that the function £5,(h) = E[I],n > 2.

Definition 2.6. Let Hf[I] be a neutrosophic set of three types, and S"(Hf[l]) be the
neutrosophic power set of Hf [I]. If fS:H — P™(H) is a classical super-hyperfunction,
then £, HE[I] — I™(HE[I]) is a neutrosophic super-hyperfunction induced by f°.

A function £, HE[I] — S™(HE[1]) is called a neutrosophic super hyperfunction, if for
all h € HE[I], then there exists a neutrosophic subset element E[I] € 3™ (H{[I]) such that
the function 4, (k) = E[I], n = 2. The following theorem

Theorem 1.6. Let fJ,,: HE[I] — S™(H{[1]) be the neutrosophic super hyperfunction,
A1, BEH[I) < HE[I ] then:

1 fsh(At I] ) fsh(At )Ufsh(B )

2. fsh(At ] ) = fsh(Ait )nfsh(Bl )'
fin(A£LT) - fsh (Bf 1) < £ ((4¢n) - (B{11)), and
4. 1f A¢[1] < BELT), then £, (ALLI]) < £, (BELND).

Proof. By the same argument as Theorem 1.1.4. in [9]. The following theorem is a
generalization of Theorem 2.5.

w

Theorem 2.6. Let £, : HE[I] — I™(HE[I]) be the neutrosophic super hyperfunction, for
any neutrosophic family {A[I} ,¢;} of the neutrosophic subsets of Hf[I], then:

1. fsh(UpE]A ) UpE]fsh(A[ ]p) and
2. fsh(an]A p) c an}f (A[ ]p)
Proof. By a similar method to Theorem 2.5.

Theorem 9.3. Let f,,: HE[I] — S™(HE[I]) be the neutrosophic super hyperfunction, and
AL[I1,BE[I] < HE[I]. Then £}, is a one-to-one neutrosophic super hyperfunction if and

only if, £, (A [1] N Bf[1]) < fe (AFLIT) 0 fon(BELID).
Proof. By a similar method to Theorem 2.3.

Definition 6.3. Let Hf[I] be a neutrosophic set of three types, and J™(H{[I]) be the
neutrosophic power set of Hf[I]. Then fl,,:S™(HEI]) — S™(HE) is called a
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neutrosophic extra super hyperfunction or a neutrosophic n-super hyperfunction, if for all
A[I],¢; € S™(H{[11), then there exists a neutrosophic element
B[I]se; € S™(HE) such that £ (A[I],¢;) = B[I]se;, Where m,n >0.

7. Conclusion

In this article, we develop the power set and nth-power set into neutrosophic power sets
and n™-neutrosophic power sets based on a neutrosophic set of three types. Moreover, we
present neutrosophic equivalent sets, neutrosophic hyperfunctions, and inverse
neutrosophic hyperfunctions, along with their properties. There are three types of
neutrosophic functions: hyperfunction, neutrosophic super hyperfunction, and extra
neutrosophic super hyperfunction. In future work, we will continue to extend these
concepts and develop three kinds of neutrosophic sets.
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