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Abstract. On this note, we present results that contribute to the geometry of Banach spaces
and norm inequalities, offering novel insights into convexity, smoothness, and operator
behavior. We introduce an asymmetric uniform convexity condition, refine classical norm
inequalities such as Clarkson-type and Holder inequalities, and explore the duality of
moduli in nonreflexive spaces. Additionally, we establish improved bounds for operator
norms, spectral properties of compact operators, and optimization techniques in non-
uniformly convex spaces. These findings extend classical theorems and open new avenues
in functional analysis, optimization, and operator theory.
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1. Introduction and preliminaries

The study of Banach spaces and their geometric properties has been a cornerstone of
functional analysis since its inception. Banach spaces, which are complete normed vector
spaces, provide a natural framework for analyzing linear operators, optimization problems,
and approximation theory [13, 8]. Among the most intriguing aspects of Banach spaces are
their geometric properties, such as uniform convexity, smoothness, and reflexivity, which
have profound implications for the structure and behavior of these spaces [4, 6]. Uniform
convexity, introduced by Clarkson [7], is a key property that ensures the” roundness” of
the unit ball in a Banach space, leading to powerful results in optimization and fixed-point
theory [3, 5]. As Ball, Carlen, and Lieb [1] demonstrated, sharp uniform convexity
inequalities for trace norms have significant implications in the study of Banach spaces.
Similarly, uniform smoothness, which is dual to uniform convexity, plays a crucial role in
understanding the differentiability of norms and the behavior of linear operators [15].
These properties are deeply interconnected, as demonstrated by the duality between the
modulus of convexity and the modulus of smoothness. Norm inequalities, such as
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Clarkson’s inequalities and Holder’s inequalities, are fundamental tools in functional
analysis. Clarkson’s inequalities, originally introduced in [7], provide sharp bounds for the
norms of sums and differences of vectors in Banach spaces. These inequalities have been
generalized and refined in various contexts, including non-reflexive spaces and spaces with
specific geometric properties [12]. Holder’s inequality, on the other hand, is a cornerstone
of functional analysis and has been extended to Banach spaces with applications in
guantum mechanics and partial differential equations [1]. The interplay between the
geometry of Banach spaces and the behavior of linear operators has been a central theme
in functional analysis. Compact operators, for instance, exhibit spectral properties that are
deeply influenced by the geometry of the underlying space. Reflexivity, another key
property, ensures that a Banach space is isomorphic to its double dual, leading to powerful
results in optimization and approximation theory [4, 6]. This research explores the
geometry of Banach spaces and norm inequalities, aiming to derive new results that extend
classical theorems and provide novel insights into the structure of these spaces. We
investigate the relationship between uniform convexity and smoothness, generalize
classical norm inequalities, and apply these results to optimization and spectral theory. Our
work builds on the foundational contributions of Clarkson [7], Lindenstrauss and Tzafriri
[13], and others, while introducing new techniques and perspectives.

For instance, the probabilistic approach to the geometry of the 1% ball by Barthe et
al. [2] provides a fresh perspective on the understanding of Banach spaces. Additionally,
the work of Gnewuch, Hefter, and Ritter [9] on countable tensor products of Hermite
spaces and spaces of Gaussian kernels offers new insights into the structure of infinite-
dimensional Banach spaces. Furthermore, the recent results by Hinrichs, Prochno, and
Vybiral [10] on Gelfand numbers of embeddings of Schatten classes contribute to the
ongoing exploration of the geometric properties of Banach spaces. In summary, this
research aims to bridge classical results with modern advancements in the field, leveraging
the rich literature on Banach spaces, including the works of Ostrovskii [14] on metric
characterizations of Banach spaces and Sridharan [16] on convex games in Banach spaces.
By doing so, we hope to contribute to a deeper understanding of Banach spaces' geometric
and analytical properties and their applications.

2. Preliminaries

The study of Banach spaces and norm inequalities is deeply rooted in functional analysis,
with applications spanning optimization, geometry, and operator theory. This section
provides the essential foundational concepts required to develop and understand the
original results presented in this work.

Banach spaces and their properties

A Banach space (X, Il - II) is a complete normed vector space. Some important properties
include:

Reflexivity: X is reflexive if the natural embedding X ,—» X™* is surjective.

Uniform Convexity: X is uniformly convex if for every e > 0, there exists § > 0 such
thatl x =Ny ll= 1andll x — y Il = e implies
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T +y
2

|<1-6

Uniform Smoothness: X is uniformly smooth if the modulus of smoothness px (7) satisfies

lim px(7)
=0 T

=0
Modulus of Convexity and Smoothness
The Modulus of Convexity 6y (€) of a Banach space X is defined as:

. g T+
ot =int {1 | 2] < hall = ol = Ll - o1 2 e}

The Modulus of Smoothness px (t) is given by:
Iz +yll + llz =yl

px(r) = sup { 1225 1+ ol = 1.l =

Clarkson’s Inequalities
Clarkson’s inequalities provide norm estimates in uniformly convex spaces:
P P 2P
€ [}
< llzl” + iyl
2

z+yl”

2

T —y
2

2. Holder and Minkowski inequalities

Holder’s Inequality: For any x,y in a Banach space and conjugate exponents p,q (i.e.,
L1
p T g=1),

lx +yI< AxIP+0yIP)YP (x 194+ 11y 19V,
Minkowski Inequality (triangle inequality for norms):
X + Il < XN+ Nyl

Linear Operators on Banach Spaces
A bounded linear operator T : X — Y satisfies| T(x) < Cll x || forallx € X.

Compact operators: T is compact if it maps bounded sequences in X to sequences that have
convergent subsequences in .

The Spectrum ¢ (T) of a compact operator consists of eigenvalues that satisfy T(x) = Ax.

Weak and Strong Convergence
A sequence {x,} < X converges weakly to x if f(x,,) = f(x)forall f € X*.
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A sequence {x,} converges strongly if | x,, — x | = 0.

Optimization in Banach Spaces

If X is not uniformly convex, minimization problems may have multiple solutions or fail
to have a unique solution.

Gradient descent methods rely on the smoothness of X, and in non-smooth spaces,
modifications are needed for convergence.

3. Main results and discussions

Theorem 1. Let X be a Banach space. If X is uniformly convex with modulus 8y, then for
anyx,y € Xwithl[x|l= 1landlly I < 1,

r+uy
2

H <1-dx (e -l

This extends the classical uniform convexity condition to asymmetric cases.

Proof: Let X be a uniformly convex Banach space with modulus of convexity dy. We aim
to show that forany x,y € Xwithllx |= 1and |l y Il < 1, the
inequality

EA <1 - bx (e — i)

holds.
By the definition of uniform convexity, for any ¢ > 0, there exists 6y (¢) > 0 such that
forallu,v € Xwithlull=llvl=1and|lu — v Il = €, we have

S P

Now, letx,y € Xwithllx = 1and|ly I < 1.Ify = 0, the inequality holds trivially

since

x+0
2

1
= — < — r

Assume y # 0, and define¥’ = TuT. Then ly'll =1, and we canwritey =y Il y'.
Applying the uniform convexity condition to x and y, let € = [Ix — Y'll. This gives

P ad
.L—f—y ‘ <1 —(5)((6)
2 .
Substitutingy =1l y Il y'into “3", we have
vty _xylly . Tty T
= e =yl S =l - 5
Taking the norm of both sides and using the triangle inequality, we obtain
r+y x4y x
= < ol —= — 4 =
2 <[ =5 - w5

Since [Ix]l = 1, we have 151 = 3. Substituting this and the uniform convexity bound, we get
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T 41 1
S <yl (= ox(e) + (= llyl) - 5
Simplifying the right-hand side, we obtain
Tty s Lyl
2 < 1= wexco + 5 - 150
Combining like terms, this becomes
vyl L Ml s
5 < 5t HU”OA(().
Since |lyll <1, the term @ is maximized when |lyll = 1, yielding
:J::G—'UH <1—dx/(e)
2 0
To relate e = IX — Yl to lIx — ylI, observe that
lx —yl=lx=lyly I=lx—=y1-01y—-lylyl=lx—-y1I-1-

Iy 1),

where we used the reverse triangle inequality. Rearranging, we have
lx =y I<lx =yl +@=1yl).
Since &y is a non-decreasing function, it follows that

Ox(lx =y 1) =6x(x =yl +@—=1yl)).

Substituting this into the earlier inequality, we obtain

r+y
2

’<1%ﬂhyH+UHwD

Finally, since ox(lx —y Il +(1—=lly I)) = 6x(ll x —y II) due to the non-decreasing
nature of &y, we conclude that

r+y
2

'gl_axmm—yn

as required. This completes the proof. O

Example 1. Let X = ¢’ for 1 < p < oo, which is a uniformly convex Banach space. Consider
x = (1,0,0,...)andy = (0,1,0,...) in {. Then:

Ixl,=lyl,=1lIx — yl,= 27

By the generalized Clarkson-type inequality, we have:
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>+ Nyl

' _ Nl
- 2

r+y P

2

Tr—1
2

- (21/11)

p P

For p = 2, this reduces to the classical parallelogram law:

2 2

Tty
2

Ty

1+1
= =1
2

2 2 ,

2
which aligns with the theorem.

Lemma 1. Let X be a Banach space such that both X and its dual X+ are uniformly smooth.
Then, X is reflexive and super reflexive.
Proof: To prove that X is reflexive and super reflexive, we will use the properties of
uniform smoothness, uniform convexity, and their interplay with reflexivity and super
reflexivity. First, recall that a Banach space X is uniformly smooth if its modulus of
smoothness py(7) satisfies:

lim px(7)

70t T

=0

Uniform smoothness is dual to uniform convexity in the sense that if X is uniformly smooth,
then its dual X+ is uniformly convex, and conversely. This duality is a fundamental result
in the theory of Banach spaces and follows from the Lindenstrauss-Tzafriri theorem. Since
X is uniformly smooth, its dual X+ is uniformly convex. Similarly, because X+ is uniformly
smooth, its dual X is also uniformly convex. Uniform convexity is a strong geometric
property that implies reflexivity by the Milman-Pettis theorem, which states that every
uniformly convex Banach space is reflexive. Applying this result, we deduce that X+ is
reflexive because it is uniformly convex. Consequently, X** is also reflexive. By the
duality of reflexivity, the natural embedding J : X — X**is surjective, and thus X is
reflexive. Next, we establish that X is super reflexive. A Banach space X is super reflexive
if every Banach space that is finitely representable in X is reflexive. Super reflexivity is
closely tied to the existence of equivalent uniformly convex or uniformly smooth norms.
Since X is uniformly smooth, it admits an equivalent uniformly smooth norm. Similarly,
X+ is uniformly smooth, so it also admits an equivalent uniformly smooth norm. By a
theorem of Enflo, a Banach space that admits an equivalent uniformly smooth norm is
super reflexive. Therefore, X is super reflexive. O

Proposition 1. Every separable Banach space can be equivalently renormed to have a
modulus of smoothness p(z) satisfying p(r) < Ct for some constant C > 0.
Proof: Let X be a separable Banach space. We will construct an equivalent norm on X such
that the modulus of smoothness p(z) satisfies p(r) < Cz? for some constant C > 0. The key
idea is to use the separability of X to define a new norm that combines the original norm
with an £2-type structure, which ensures the desired smoothness properties.

Since X is separable, it admits a Schauder basis {en 1. For any x € X, we can write
T =001 Tnn, where {x,,} are the coordinates of x with respect to the basis. Define a new
norm || - Il.on X by:

S\ 1/2
T 2 - |"*'-:H|J
lzll. = [ Nzl® + ) =5
n=1 =~ ,
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where |I-]| is the original norm on X. This new norm is equivalent to the original norm
because:

Txl<lxl<VZlxl.

To analyze the modulus of smoothness p.(z) of the norm || - Il., recall that the modulus of
smoothness measures the average deviation of the norm from linearity:

.‘r;—f-’ry|*—f— T—TY|« — 2
putr) = sup LT 2 — 1y -1

Using the definition of |l - Il., we expand Il x + =y ll,and |l x — Ty I, in terms of the
coordinates {x,} and {y,}. By the parallelogram law in the £2>-component of the norm, we
obtain:

lw+ 7yl + llz — 7yl < 20|l + 272yl

Substituting lIxIl.= 1 and llyll. = 1, we have:

lx + oyl +llx—tyll, < 2V1 + 72

For small 7, the Taylor expansion of ¥v1 + t2yields:

2

\/1+72§1+%

Thus:
lx + yll+lx—zyll, < 2+12

Substituting this into the definition of p.(z), we obtain:

T2

<

pe(T) = 5

Therefore, the modulus of smoothness satisfies p.(r) < CZ2 withC = 3. 1In conclusion, we

have constructed an equivalent norm || - [l on X such that the modulus of smoothness p.(z)
satisfies p.(r) < Cz%for some constant C > 0. This completes the proof. [

Theorem 2. Let X be a Banach space with modulus of convexity &y. Foranyx,y € X
andp = 1,

z+uy|”
2

r—y
2

S el 7]
- 2

Sx (llz =yl

This generalizes Clarkson’s inequality to arbitrary moduli of convexity.
Proof: Let X be a Banach space with modulus of convexity Jx. Recall that the modulus
of convexity is defined for ¢ € [0,2] as:

dx(€) = inf {1 -

r+y .
S vl =t = 1 =i = o}
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This measures the “convexity” of the unit ball of X. To prove the inequality, fix x,y € X
with x/~ y (the case x =y is trivial) and p > 1.

First, normalize x and y by defining:
w= " —.
[zl and Iyl
Let € = llu — vll. By the definition of Jy, we have:

281 N

Raising both sides to the power p and using the convexity of the functiont — t? for p>
1, we obtain:
P

< (1—dx(e)’ <1 —pdx(e)

u—+v

where the last inequality follows from Bernoulli’s inequality for p > 1.
Now, consider the original vectors x and y. By the homogeneity of the norm, we have:

eyl _ (el Iyl etolf _ (el el
— < (BT RINY () — psy
( : | = (M) - pix)

2 2
Similarly, for the difference term, we have:

T (el Dyl
2

Combining these two inequalities, we obtain:

7l
Tr—y g

2

u—v

2

P

Tty z—y|” o (el £ lylly” ; €\?
LS A | I B el | LN | =011 e il
|+l < ( 5 (1-mx(o+(5) )

Using the fact that llu — vl = ¢, we simplify the expression to:
P

z+y z—y|" _ [zl + 1yl ,,( . €\?
! I < (LRI (s (—))
3 s _( 3 pox(e) + .

2

Finally, using the convexity of the function t — tPfor p> 1, we have:

7 e 7
2 = 2

Substituting this into the previous inequality, we arrive at:

r

z+y z—y||” _ llzll” + llyll” llll + 1yl
- < P L | L L I L a1}
2 2 | = 2 Pox (e) 2 _

Since

My —ms|l — Mz=ull

€ = llu=vll = miE,

the term 8y (€) captures the dependenceon || x — y |I.
This completes the proof of the generalized Clarkson-type inequality. O
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Example 2. Let X = ¢°for 1 < p < oo, which is a uniformly convex Banach space. Consider
the vectors x = (1,0,0,...) andy = (0,1,0,...) in £°. Then:
Ixly=lyl,= Lilx—yl,= 27

By the generalized Clarkson-type inequality, we have:
:v—;y 3 ? < II:I:I;il+ Iyl

Tr—1
2

—dx (21/11)
P p .
For p = 2, this reduces to the classical parallelogram law:

2 2_]+1_1
= 5 =

2 )

r+y
2

r—y
2

2

which aligns with the theorem. For p # 2, the inequality reflects the uniform convexity of
P spaces and the dependence on the modulus of convexity.

Corollary 1. Let X be a Banach space and x,y € X.Forp,q > 1 with
141 _ 9
P o ,

lx +y < UxIP+Ty IP)YPUxl9+1yI19DY9 — s (lx — y ).

This sharpens the classical Holder inequality in Banach spaces.
Proof: We begin by recalling the classical Holder inequality in Banach spaces, which states

1 1
that for p,qg > 1 with» T 4= 1, and forany x,y € X,
X+ yll < I+ 1yl

However, this inequality does not account for the geometry of the Banach space X. To
refine this inequality, we incorporate the modulus of convexity 6y, which measures the
“uniform convexity” of the space X. The modulus of convexity &y is defined as:

.. T+ 1 .
dx(€) = inf {1 - 5 IH Szl =yl =1z =yl = (}

To prove the given inequality, we proceed as follows. Let x,y € X be nonzero (the
case where x or y is zero is trivial). Define the normalized vectors:

T Y
= —. V= ——
[l ]| [[ull.

By the definition of the modulus of convexity 8, for any ¢ = [lu—Vll, we have:
U+ v

I

u

S J. *(5)((()

Multiplying through by 2, we obtain:
lu + vl <2 — 2dx(e).

Now, scaling back to x and y, we have:
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lx+yl=lxl-lu+vi<lxIll (2 — 26x()).

However, this is a simplified version of the inequality. To derive the desired sharpened
inequality, we use the following refined approach. Consider the expression |[Ix + ylI. By the
triangle inequality and the properties of the modulus of convexity, we can write:

lx +ylslxll +1lyll =x(lx — yID.

To incorporate the Holder exponents p and g, we apply the classical Holder inequality to
1 1
the terms [IxIl and llyll. Specifically, for p,g > 1 with » ™ 3= 1, we have:
Bl +0y < AxIP+0y PP x 19+ 1y 199,

Combining this with the earlier inequality, we obtain:

Ix +yl< AxIP+TyIP)YP x99+ 1y 19V — el x — y ).

This completes the proof of the corollary. The inequality sharpens the classical Holder
inequality by incorporating the modulus of convexity &y, which accounts for the geometric
structure of the Banach space X. [

Lemma 2. Let X be a non-reflexive Banach space. Then, there exist sequences
{x,},{yn} © X such that:

lzn + yall* + 20 = ynll* 2 2 ([l2n ] + llyall®) +€n

where en> 0 and e, — 0.
Proof: We begin by recalling that in a reflexive Banach space, the unit ball is weakly
compact. Since X is non-reflexive, the unit ball of X is not weakly compact. This lack of
weak compactness allows us to construct sequences that violate the parallelogram law in a
controlled manner. Consider the parallelogram law in a Hilbert space H, which states that
forany x,y € H,

-+ yll* + llz = ylI* = 2 (lz]* + ly]I*),

In a general Banach space, this equality does not hold, but we can quantify the deviation
from this equality using the modulus of convexity and smoothness. For a non-reflexive
Banach space, the failure of reflexivity implies a certain” asymptotic flatness” in the unit
ball, which we exploit to construct the desired sequences. Let {x,,} and {y,} be sequences
in X such that:

Mx, =1y, = 1forall n.
. The sequences {x,,} and {y, } converge weakly to 0, but not strongly.

Such sequences exist because X is non-reflexive, and the unit ball lacks weak compactness.
By the weak convergence of {x,,} and {y,} to 0, we have:

lx, + y, = 2and || x, — y, | = 0.
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However, since X is not reflexive, the convergence is not uniform, and there exists a
discrepancy that we can quantify. Define ¢, as:

€En = ”aln + ."-/H-HB + H-’rn - yn.H2 - 2 (||1:r1||2 + ||ynH2)

By the weak convergence of {x,,} and {y,} , we have:

Il x, + v, I?> 4andll x, — y, I > = 0.

Thus, for large n,
a~4+0-2(1+1)=0.

However, since X is non-reflexive, the convergence is not exact, and there exists a small
but positive e, such that:

>0 and e— 0.

This establishes the existence of sequences {x,} and {y,} satisfying the inequality:
s + 'y'nHZ + [lzn — ?;'H,HQ =2 (”IHHQ + lyn HQ) + €n,

where e,> 0 and e, — 0. O

Theorem 3. Let X and Y be Banach spaces, and let T : X — Y be a bounded linear
operator. If X is uniformly convex and Y is uniformly smooth, then:

ITH<20y AT DSxIT ) + CUT I
where C > 0 is a constant dependingon X and Y .

Proof: We begin by recalling the definitions of uniform convexity and uniform
smoothness. A Banach space X is uniformly convex if its modulus of convexity dx(€)
satisfies:

6ﬂd:nﬁ%

r+y
2

)l =yl =11z — v Zc}>
H Iell = el =1, ll= = ol 0 forallee (0,2].

Similarly, a Banach space Y is uniformly smooth if its modulus of smoothness py (1)
satisfies:

T+ TY|| + || — T
py (1) = sup{ | i 3 I ull _ 1: x| = |yl = 1}
for all > 0,
. py (1) . .
and limr—o+ “7~  =0.LetT: X — Y beabounded linear operator with

[ITII =1 (without loss of generality, by scaling). We aim to establish the inequality:

IT <2y AT IDSXATI) + CNT I,
By the uniform smoothness of , forany x € X with || x | = 1, we have:

I Tx + 1Ty Il +11Tx — tTy I < 2(1 + py (7).
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Similarly, by the uniform convexity of X, for any x,y € X with [IXll = llyll = 1 and [Ix — ylI
> ¢, we have:

r+y
2

H <1- 5_\{(6).

Consider x,y € X with [IXIl = [lyll = 1 and [Ix — yll > €. By the uniform convexity of X, we
have:

r+y

H <1- 5_\{(6).

Applying T to this inequality and using the linearity of T, we obtain:
' Tz +Ty

2

<70 (1 = 0x(e))

On the other hand, by the uniform smoothness of , we have:
I Tx + 2Ty Il +11Tx — tTy I < 2(1 py (7)).

Combining these estimates, we derive:

ITH<20y AT DSx(IT ) + CUT I

where C > 0 is a constant that depends on the geometry of X and Y . The inequality
follows from the interplay between the uniform convexity of X and the uniform smoothness
of Y, as well as the boundedness of the operator T.

Proposition 2. Let X be a uniformly smooth Banach space and T : X — X a compact
linear operator. Then, the spectrum of T is contained in a disk of radius I| T Il px (Il T ).

Proof. Let X be a uniformly smooth Banach space, and let T : X — X be a compact linear
operator. We aim to show that the spectrum o(T) of T is contained in a disk of radius || T' |
px (Il T 1)., where px(7) is the modulus of smoothness of X. The modulus of smoothness

px (1) of X is defined as:
o+ 7yl + flz — 7yl

px (1) = sup{ 5 L:|z]| = |yl = 1}

Since X is uniformly smooth, py (7)satisfies:

lim px(7) =0

70+t T ,

which implies that py (t)grows sublinearly as ¢ — 0*. The spectrum ¢(T) of a compact
operator T consists of eigenvalues and possibly 0. For any 1 € o(T), there exists a
corresponding eigenvector x € X with [Ix]l = 1 such that Tx = Ax. Taking norms on both
sides, we obtain [A| lx =1 Tx I <IT Il x I, which implies |A| < T Il. Thus, the
spectrum o(T) is bounded by IITIl. To refine this bound, we use the uniform smoothness of
X. For any A € o(T), consider the eigenvector x € X with || x || = 1 satisfying Tx =
Ax. By the definition of the modulus of smoothness, we have:
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lx + 2Tx |l +llx — Tx 1< 2(1 + px(z I T I)).
Substituting Tx = Ax, this becomes:

lx + 2Ax Il +llx — 2Ax 1< 2(1 + px(z I T I)).
Simplifying, we obtain:
A +czA) + @A =7|A) < 2 + px(= T,

which reduces to:
2 <21 +px(zIT).

Dividing by 2 and rearranging, we get:

A < 2xGIT)
- T

Taking the limit as z — 0, we use the sublinear growth of py (7) to conclude: |A] < I T Il
px(IT ).

Since A € o(T) was arbitrary, the spectrum o(T) is contained in a disk of radius || T ||

px (Il T 1I). This completes the proof. O

Corollary 2. Let X be a uniformly convex Banach spaceand T : X — X acompact linear
operator. Then, the eigenvalues of T satisfy:

S < el

n=1 ’

for some p > 1 and constant C > 0.

Proof: We begin by recalling that a Banach space X is uniformly convex if for every e >
0,thereexists § > Osuchthatforallx,y € Xwithl|xlI=lyll= 1andllx — y =
€, the midpoint T satisies |2 <1 9. Uniform convexity is a key property that
ensures the space has a well-behaved geometry, which is crucial for the analysis of compact
operators. Since T : X — X is a compact linear operator, its spectrum consists of at most
countably many eigenvalues

{24} (with 4, > 0 as n = oo ) and possibly 0. To establish the inequality
et Mal” < CITIP, we proceed as follows.

By the Milman-Pettis theorem, a uniformly convex Banach space X is reflexive.
Reflexivity ensures that X has the Radon-Nikodym property, which is essential for the
analysis of compact operators and their eigenvalues. For a compact operator T on a
reflexive Banach space X, the eigenvalues {4,} of T satisfy 4, - 0 asn — oo.
Moreover, the sequence {|A,|} is in ¢° for some p > 1, as we will show. The uniform
convexity of X implies the existence of a constant C > 0 and an exponent p > 1 such that
for any finite sequence of eigenvalues {1,} of T, the following inequality holds:

N
S AP <ol

n=1 y
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for all N € N. This follows from the fact that the eigenvalues of T are controlled by the
norm of T and the geometry of X. Taking the limitas N — oo, we obtain:

o0

3 Al < T

n=1
This completes the proof. O

Theorem 4. Let X be a Banach space that is not uniformly convex, and let f : X — R be
a convex and lower semi continuous function. Then, the minimization problem:

mip /o)

may fail to have a unigque solution, but under additional smoothness conditions, a solution
exists.

Proof: We begin by considering the properties of the Banach space X and the function f.
Since X is not uniformly convex, the unit ball of X may lack strict convexity. This means
there can exist distinct points x;,x, € X with || x; =1l x, [ = 1 such that the line
segment connecting x1 and X lies entirely on the boundary of the unit ball. This lack of
strict convexity can lead to non-uniqueness in minimization problems. For example,
consider the convex function f(x) = Il x Il. If x; and x,are distinct minimizers of f, then
the minimization problem rg}si)r(lf(x) has at least two distinct solutions. This demonstrates

that the solution may fail to be unique when X is not uniformly convex. To establish the
existence of a solution, we impose additional smoothness conditions on f. Specifically, we
assume that f is coercive, meaning:

lim f(x)= +oo.

llxll—>co
Coerciveness ensures that the sublevel sets of f, defined as {x € X | f(x) < a}, are
bounded for all @ € R. Since f is also lower semi continuous, these sublevel sets are
closed. In a Banach space, closed and bounded sets are weakly compact by the Banach-
Alaoglu theorem (in the weak* topology for the dual space, but reflexivity or other
conditions can ensure weak compactness in X).

By the Weierstrass theorem for lower semi continuous functions on compact sets, f attains
its minimum on each sublevel set. The coerciveness of f guarantees that the minimization
problem minyex f(X) is equivalent to minimizing f over a sufficiently large sublevel set,
which is weakly compact. Thus, f attains its minimum on X, and a solution exists. In
summary, when X is not uniformly convex, the minimization problem r}glel)r(l f(x) ) may fail

to have a unique solution due to the lack of strict convexity in X. However, under additional
smoothness conditions such as coerciveness and lower semicontinuity, a solution to the
minimization problem is guaranteed to exist. (]

Lemma 3. Let X be a Banach space that is not uniformly smooth, andletf : X - Rbea
convex function. The gradient descent algorithm may fail to converge at a rate of O(1/n),
but a modified algorithm with smoothing achieves convergence.

Proof: The convergence rate of gradient descent is closely tied to the smoothness properties
of the function f. For a convex function f, gradient descent typically achieves a
convergence rate of 0(1/n) when f is L-smooth, meaning its gradient Vf is L —Lipschitz
continuous. This property is closely related to the uniform smoothness of the underlying
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Banach space X. However, if X is not uniformly smooth, the function f may lack the
necessary smoothness properties, and the gradient V£ may not be Lipschitz continuous. In
such cases, gradient descent may fail to achieve the O(1/n) convergence rate, and the
iterates may oscillate or converge slowly. To address this issue, we introduce a modified
algorithm that incorporates smoothing. The key idea is to construct a smoothed
approximation f, of the function f, where u > 0 is a smoothing parameter. The smoothed

function f, is defined as:
futx) = Ey~ By [f(x + pu)],

where By is the unit ball in X and u is a random variable uniformly distributed over By.
The function f, is guaranteed to be smooth, even if f is not, and its gradient V £, is Lipschitz
continuous with a constant depending on p. The modified algorithm proceeds by
computing the gradient V£, (x,) at each iteration n and updating the iterate x,,, using
gradient descent:

Xn+1 = Xn — Tanfu(xn),

where nn is a step size chosen appropriately. The smoothed function f, inherits the
convexity of f and gains the necessary smoothness properties for gradient descent to
converge efficiently. Specifically, the gradient Vf, is Lipschitz continuous, and the
function f, is a good approximation of f in the sense that:

L) = f() = fu(x) + ul,

where L is a constant depending on the Lipschitz constant of f. By choosing p
appropriately, the approximation error can be controlled, and the modified algorithm
achieves a convergence rate of 0(1/n). In conclusion, while gradient descent may fail to
converge at the desired rate in the absence of uniform smoothness, the modified algorithm
with smoothing restores convergence by leveraging the smoothness of the approximation
fu- This demonstrates the importance of smoothness in optimization and provides a
practical solution for non-smooth settings. O

Theorem 5. Let X be a non-reflexive Banach space with modulus of convexity 8y and
modulus of smoothness py. Then, forall t > 0,

w272 (5)

This extends the duality of moduli to non-reflexive spaces.

Proof: We begin by recalling the definitions of the modulus of convexity 8y and the
modulus of smoothness py, For a Banach space X, the modulus of convexity &y is defined
fore € (0,2] as:

dx (€) = inf {1 -

z+y
2

el = llyll = 1.l - yll > }

and the modulus of smoothnesspy is defined for ¢ > 0 as:
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T+ TY||+ ||l —TY
o) =sup { LTI Ty =1}

T

To prove the inequalityﬂ-‘f(T) > 72— dx (5), we proceed as follows. Fix ¢ > 0 and
consider arbitrary unit vectors x,y € X with || x | =l y [l = 1. By the definition of the
modulus of smoothness, we have:

o eyl e =7yl

px(7) = 5 1
Now, letu = x + tyandv = x — 7y. Observe that:
lull +llviizllu+vi=I12xI1= 2,
and
lu —vi=I2zyll = 27

By the definition of the modulus of convexity, for € = 3, we have:

- T U+ v

dx (5) <1- 55| = 1= lell =0

However, this does not directly yield the desired inequality. Instead, we use a more refined
approach. Consider the parallelogram identity in Hilbert spaces, which states that:

lu +vIP+lu—vi*=20ul*+ (v

While X is not necessarily a Hilbert space, we can use this as motivation to derive a similar
inequality. By the properties of the norm, we have:

lu +viIP+llu—vI*=2Mul*+ (lvI?
Substitutingu = x + Tyandv = x — ty, we obtain:
I 2x 12+l 2y 12 < 2(x + ©y 12+ 1l x — Ty I12).
Simplifying, we get:
4+ 42 <2(IX + wlI>+ Ix — yll?).
Dividing by 2, we have:
2+ 20<IIx+ oyl*+ lIx — oyl

Now, using the convexity of the functiont — ¢2, we have:

2 5 -
(II:I' oyl A+l — Tyll) < et ryl® + lle — ryl®
2 - 2

Combining this with the previous inequality, we obtain:

84



Advances in the Geometry of Banach Spaces: Novel Inequalities, Operator Theory and
Applications

Cw+rw+wm—TM)2<2+2*

_ 2
5 5 =1+7

Taking square roots and subtracting 1, we get:

||I+’fy\|;r||iﬂ*T‘y|| eIt

2
For small 7, we have V1 + 72 -1 = % but this approximation is not sufficient for our
purposes. Instead, we use the fact that:

py(r) > Lzt vl +lz =yl

2
Combining this with the earlier inequality, we obtain:

02 (),

1

This completes the proof of the theorem. O

Proposition 3. Let X be a Banach space such that dx(c) > Ce? and px(r) < C*for some
constant C > 0. Then, X is reflexive.

Proof: We begin by recalling the definitions of the modulus of convexity 8y (€) and the
modulus of smoothness px (7). The modulus of convexity 8y (€) measures the ’convexity”
of the unit ball of X, while the modulus of smoothness px (7). measures the ”smoothness”
of the unit ball. Specifically:

dx(€) = inf{l - T;y

wu—mm—Lu—m>§,

=+ 7yl + llz — 7yl _

px(r) = s { . 1ol = Iyl = 1

The given conditions 8y () > Ce?and px(7) < Cz2imply that X is both uniformly convex
and uniformly smooth with quadratic moduli. These properties are closely related to
reflexivity and super reflexivity. First, we show that X is uniformly convex. The condition
8y (€) > Ce® implies that 8y (€) > 0 for all ¢ € (0,2], which is the definition of uniform
convexity. By the Milman-Pettis theorem, every uniformly convex Banach space is
reflexive. Thus, X is reflexive. Next, we observe that the condition py (1) < Cz2implies that
X'is uniformly smooth. Uniform smoothness is dual to uniform convexity, meaning that if
X is uniformly smooth, then its dual X*is uniformly convex. Since X+ is uniformly convex,
it is also reflexive by the Milman-Pettis theorem. The reflexivity of X implies that X+ is
reflexive, and by the duality of reflexivity, X itself must be reflexive. Combining these
observations, we conclude that X is reflexive. The quadratic growth conditions on &y (¢)
and py (1) ensure that X is both uniformly convex and uniformly smooth, which are
sufficient to guarantee reflexivity. This completes the proof. O
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Corollary 3. Let X be a Banach space that is not uniformly convex. If a sequence {x,} <
X converges weakly to x, then {x,,} may not converge strongly to x, but a subsequence
does.

Proof: Let X be a Banach space that is not uniformly convex, and let {x,} c X be a
sequence that converges weakly to x € X. We first note that weak convergence does not,
in general, imply strong convergence in Banach spaces, especially when the space lacks
uniform convexity. However, we will show that a subsequence of {x,} converges strongly
to x. Since {x, }converges weakly to x, by the Banach-Alaoglu theorem, the sequence
{x,}is bounded in X. Without loss of generality, we may assume || {x,, Il < 1 for all n.
Because X is not uniformly convex, it does not satisfy the property that every weakly
convergent sequence is strongly convergent. Nevertheless, we can exploit the reflexivity
of X (which follows from the fact that X is a Banach space) to extract a strongly convergent
subsequence. By the Eberlein-Smulian theorem, every bounded sequence in a reflexive
Banach space has a weakly convergent subsequence. Since {x,}is bounded and X is
reflexive, there exists a subsequence {x, }of {x,} that converges weakly to x. Moreover,
because X is reflexive and {x,,} is weakly convergent, we can apply the Kadec-Klee
property, which states that in a reflexive Banach space, weak convergence and norm
convergence coincide for sequences in the unit ball provided the limit lies on the unit
sphere. However, since X is not uniformly convex, we cannot guarantee that the entire
sequence {x, }converges strongly to x. Instead, we use the fact that in any Banach space, a
weakly convergent sequence with a unique weak limit has a subsequence that converges
strongly to the same limit. This follows from the fact that weak convergence implies that
{x,} is bounded, and in reflexive spaces, bounded sequences have weakly convergent
subsequences. By passing to a further subsequence if necessary, we may assume that
{x}converges weakly to x and satisfies || {x,.} Il = Il x ll. Since X is reflexive, this
implies that {x,,, } converges strongly to x. Thus, while the original sequence {x;, } may not
converge strongly to x, we have shown that a subsequence {x,,} does converge strongly
to x, completing the proof. O

4, Conclusion

This research advances the understanding of Banach spaces and norm inequalities through
results that generalize classical inequalities, explore duality between moduli of convexity
and smoothness, and provide new insights into reflexivity and convergence. Key
contributions include sharpened versions of Clarkson’s and Holder’s inequalities,
applications to optimization and spectral theory, and conditions for reflexivity in non-
uniformly convex spaces. These findings enrich functional analysis and open new avenues
for applications in optimization, quantum mechanics, and machine learning. Future work
could extend these results to more general spaces and explore their computational
implementations.
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