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Abstract. This study aims to extend Pythagorean and Fermatean fuzzy matrices within the
framework of Hamacher operations. This paper introduces the concepts of Pythagorean
fuzzy matrices and Hamacher operations for Fermatean fuzzy matrices and discusses
several desirable properties of these operations, including commutativity, idempotency,
and monotonicity. Additionally, we prove De Morgana€™s laws over complements for
these operations. The study also explores scalar multiplication and exponentiation
operations for Fermatean fuzzy matrices, examining their algebraic properties. Finally,
some necessity properties and possibility operators for Fermatean fuzzy matrices are
established.
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1. Introduction

In data analysis, fuzzy matrices play a crucial role in clustering, classification, and data
mining. Fuzzy clustering algorithms, such as fuzzy c-means, use fuzzy matrices to allow
data points to belong to multiple clusters with varying degrees of membership [1]. This
approach is particularly useful in handling overlapping clusters and improving clustering
quality.

In classification, fuzzy matrices aid in developing fuzzy rule-based systems, which
are more flexible and capable of handling uncertainties compared to classical methods.
Fuzzy rule-based systems use fuzzy matrices to represent the rules and membership
functions, allowing for more nuanced decision-making. For instance, in medical diagnosis,
fuzzy rule-based systems can use fuzzy matrices to represent the relationships between
symptoms and diseases, providing more accurate diagnoses even when the input data is
imprecise or incomplete [11].

In data mining, fuzzy matrices are used to discover patterns and relationships in
large datasets. For instance, fuzzy association rule mining, which uses fuzzy matrices to
represent the relationships between items, can identify frequent patterns in transactional
data. This approach is particularly useful in market basket analysis, where the goal is to
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identify sets of items that are frequently purchased together [6].

Despite their numerous advantages, fuzzy matrices face several challenges. One of
the main challenges is computational complexity. Operations on fuzzy matrices, such as
multiplication and inversion, can be computationally intensive, especially for large
matrices. Researchers are continually developing more efficient algorithms to address
these challenges, but computational efficiency remains a significant concern.

Another challenge is the interpretability of fuzzy matrices. While fuzzy matrices
provide a powerful tool for modeling uncertainty and imprecision, the resulting models can
be difficult to interpret. This is particularly problematic in applications such as decision-
making, where the interpretability of the model is crucial for gaining user trust and
acceptance. Researchers are exploring various approaches to enhance the interpretability
of fuzzy matrices, such as simplifying the structure of fuzzy matrices and developing
visualization techniques [30].

Looking ahead, the future of fuzzy matrices looks promising, with several exciting
research directions. One area of future research is the development of more efficient
computational methods for fuzzy matrices. Advances in parallel computing, such as the
use of graphics processing units (GPUs) and distributed computing frameworks, hold great
potential for improving the computational efficiency of fuzzy matrix operations [11].
Researchers are also exploring the integration of fuzzy matrices with emerging
technologies such as artificial intelligence, big data, and the Internet of Things (1oT) [29].
For instance, in the context of big data, fuzzy matrices can be used to handle the uncertainty
and imprecision inherent in large, complex datasets.

The notion of an intuitionistic fuzzy matrix (IFM) was first introduced
independently by Khan et al.[19] and Im et al. as a generalization of Thomason’s fuzzy
matrix. In an IFM, each element is represented by an ordered pair (u;;, u’;;) where
u;j,u';; €[0,1] and 0 <wu;;+u';; <1. Khan and Pal established fundamental
operations and relations for IFMs, such as maxmin, minmax, complement, algebraic sum,
and algebraic product, demonstrating equality between IFMs. Mondal and Pal[7] explored
similarity relations, invertibility conditions, and eigenvalues of IFMs. Zhang and Xu
developed into intuitionistic fuzzy value and IFMs, introducing intuitionistic fuzzy
similarity relations and applying them in clustering analysis. Emam and Fndh [5]
introduced various types of IFMs and devised a method to derive an idempotent IFM from
any given one through minmax composition. Muthuraji et al.[10] developed a
decomposition technique for intuitionistic fuzzy matrices.

Yager[28] introduced the concept of Pythagorean fuzzy sets (PFS) and formulated
aggregation operations for them. Subsequently, Zhang and Xu [31] explored various binary
operations on PFS and proposed a decision-making algorithm based on this concept.
Utilizing the framework of PFS, Pythagorean fuzzy matrices (PFM) were introduced, and
their algebraic operations were defined by Silambarasan and Sriram [25]. Demonstrating
further advancements, it was shown that the set of all Pythagorean fuzzy matrices
constitutes a commutative monoid concerning algebraic sum and algebraic product[25].

Additionally, the development of Hamacher operations on Pythagorean fuzzy
matrices and an investigation into their algebraic properties were carried out [25]. In 2020,
scalar multiplication and exponentiation operations for Pythagorean fuzzy matrices were
established, accompanied by an exploration of their desirable properties. Senapati and
Yager (2020) introduced Fermatean FS (FFS), emphasizing its ability to address greater
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levels of uncertainty compared to IFS and PFS. This implies that IFS and PFS are specific
cases of FFS, thus enabling FFSs to manage heightened uncertainty levels. Building on the
theory of FFS, Fermatean fuzzy matrices were introduced, and their algebraic operations
were defined by Silambarasan [26].

Further developments included the establishment of scalar multiplication and
exponentiation operations for Fermatean fuzzy matrices, alongside an investigation into
their algebraic properties. The paper also presents the development of Hamacher operations
for Fermatean fuzzy matrices and the proof of their algebraic properties.

The Pythagorean fuzzy matrix (PFM) has emerged as a valuable tool for
representing uncertainty in multi-criteria decision-making problems. It incorporates both
membership and non-membership degrees, ensuring that the sum of their squares remains
equal to or less than 1. Compared to the Intuitionistic Fuzzy Matrix (IFM), the PFM offers
greater versatility. There are instances where the PFM can resolve issues that the IFM
cannot address.

For example, if a decision maker provides membership and non-membership
degrees of 0.7 and 0.6 respectively, it is only compatible with the PFM. Essentially, all
intuitionistic fuzzy degrees fall within the spectrum of Pythagorean fuzzy degrees,
underscoring the PFM’s superior capability in managing uncertain problems.

Figure (0) illustrates the distinctions among IFM, PFM. Any Fuzzy Matrix (IFM)
< wyj,u'yj >, that is an Intuitionistic Fuzzy Matrix (IFM), is also a Pthyagorean Fuzzy
Matrix (PFM) and Fermatean Fuzzy Matrix (FFM).

For any two fuzzy matrices U and V, with elements ranging between 0 and 1, the
hierarchical relation holds: u}; < uf; < wu;; and u'j; < u’lzj < u';;. Consequently, u;; +

u';; <1 leadsto uf; +u'f; < 1, which further |mpI|es ul +u'f < 1

aijlbi; | —— IFM

00 02 04 06 08 1.0 aj;|bi;

Figure 1: Comparison of spaces of the PFMs and IFMs

Consider the point (0.9,0.6). Observing that (0.9)3 + (0.6)3 < 1 confirms its
classification as an FFM.
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Figure 2: Comparison of Spaces of the PFMs and IFMs and FFMs

However, given that (0.9)2+ (0.6)2=0.81+036=1.17>1 and 09+
0.6 > 1, itisevident that (0.9,0.6) neither qualifies as a PFM nor an IFM.
The matrix
y = [(0:906) (0.204)
B [(0.3,0.4) (0.4,0.4)
does not meet the criteria of being an IFM and a PFM, yet it satisfies the conditions to be
considered as an FFM.

2. Literature review
In 1977, Thomason introduced fuzzy matrix (FM) [27]. After that many works have been
published on FMs. Like fuzzy matrices, a lot of researchers worked on intuitionistic fuzzy
matrices (IFMs) and published many papers. In 2001, Pal [12] introduced intuitionistic
fuzzy determinant (IFD). Motivated by the concept of IFSs and IFD, Pal et al. [13] defined
IFM and presented many properties.

Several works on fuzzy and related matrices have been done by many researchers.
Two new operators are defined on fuzzy matrices and presented several results [22],
similarity relations, invertibility and eigenvalues are investigated for IFM [7] and for
bipolar fuzzy matrix [8], inverse of IFMs is studied in [20, 21], triangular fuzzy matrices
discussed in [23], circulant triangular fuzzy number matrices are presented in [2], complex
nilpotent matrices defined in [3], norm [16], interval-valued fuzzy matrices studied in [24],
rank of interval-valued fuzzy matrices is discussed in [9], picture fuzzy matrix is defined
in [4], bipolar fuzzy matrices investigated in [17]. New type of fuzzy matrices are
introduced whose rows and columns are uncertain, see for the fuzzy matrices [15], for
intuitionistic fuzzy matrices [18], for interval-valued fuzzy matrices [14].

To the best of our knowledge, no work have been done on Fermatean fuzzy
matrices.

3. Preliminaries
An intuitionistic fuzzy matrix (IFM)is a matrix of pairs U = (< u;j,u';; >) of a non-
negative real numbers u;;, u';; € [0,1] satisfying

0<(uj+u'yy) <1, for all ij, (1)
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where u;; and u’;; are the membership and non-membership value of the ijth element.
By changing the restriction of Eqn. (1), different type of FMs can be defined. The
general form of the condition (1) is defined below.

0< (ufj +u'j)P <1, for all ij, 2)
where p is an integer.

If we consider p = 2, a new type of fuzzy matrix is generated, known as a
Pythagorean fuzzy matrix (PFM), which is defined independently below.

A PFM is a pairs U = (< u;j,u';; >) of a non-negative real numbers u;;,u’;; €
[0,1] satisfying condition 0 < (u;;)* 4+ (u';;)* <1 Vi,j, where u;; and u';; are the
membership and non-membership value of the ijth element.

Similarly, if we considered p = 3, we obtained another FM known as Fermatean
fuzzy matrix (FFM), defined below.

A FFM)is a pairs U = (< u;j,u’;; >) of a non-negative real numbers u;;,u’;; €
[0,1] satisfying condition 0 < (u;;)® 4+ (u';;)®> <1 Vi,j, where u;; and u';; are the
membership and non-membership value of the ijth element.

For other values of p, different types of fuzzy matrices can be defined. However,
to the best of my knowledge, no such fuzzy matrices have been defined for higher values
of p.

During last few decades, some operators based on t-norms and t-conorms have
been defined. Among them, Hamacher operator is one of the well studied operator.

3.1. Hamacher Operations
Hamacher operations includes the Hamacher sum and product, which are examples of t-
norms and t-conorms respectively. They are defined as follows:-

— = (uv)
Tw,v)=u®v (+(1-7) (ut+v-uv))

and
* _ _ (utv—uv)-(1-y)uv
T"(w,v) =u®v= =Gy
Especially,when y = 1, then Hamacher t-norm and t-conorm reduces to
Tw,v)=u®@uv=uv
and

T"(wv) =u®@v=u+v—uv

They are the algebric t-norm and t-conorm respectively.When y = 2 Hamacher t-
norm and t-conorm reduces to

uv uv
Twv)=uQv= 24(1-2)(u+v-uv)  1+(1-u)(1-b)
and
T'(wv) =u@v ="

T(u,v) and T*(u,v) are called Einstein t-norm and t-conorm respectively.
The combination of the Hamacher operator with PFMs and FFMs yields many
interesting results. Some of them are presented in this paper.
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4. Hamacher operations on Pythagorean fuzzy matrices
The basic operation on any type of FMs are sum and product. These two operations are
defined below.

Definition 1. Let U = (< w;;,u';; >) and V = (< vy, v';; >) be any two PFMs of
same size, then
(i) The Hamacher sum between U and V is defined as,
UDyV = (wy); Vi, j

< 1,0 >,if < y;,u'y; >=< 1,0 > and < vy, v >=< 1,0 >

where, w;; = u+v2—2u v w22, (3)
j .
( |-, | =——3—5—), Otherwise
witvrg—wivr

(ii) The Hamacher product between U and V is defined as,
U QH V= (dl])' Vl,]

<0,1>,if < uj,u'; >=<0,1 > and < vy, vy >=<0,1>

where, di' = u?v2 w42 —2ur?.vr2, (4)
J ( - ”.2' = 4 U Uy Otherwise

2 4.2 22,2
UG+ —Ug Vg l—ull-]-vlij

The relations between Hamacher sum and Hamacher product is established in the
following theorem.

Theorem 1. Let U,V be any two PFMs of the same size, then U Ox V < U @y V.
Proof: we know that for any real numbers wu, v € [0,1], the following inequality holds:

u2p? u?+v2-2u2y?
\/u2+u2—u2v2 = \/ 1-u?v? ()
Using the above inequality (5), we have

2.2 2 2 52202

Ujivij < ul-j+vij ZuUUU
2 .2 _ 2 2 — 2.2
uij+vij—ui]-vij 1—ui]-vij

2.2 2 2 2.2
17.01%. 5. 5. — 17.01%.
wvry; < W VI —2U VT
2 2 2 2 = 2.2 .
WV — Wi 1-wrjvry;

Now, by definition of Hamacher sum and product, we get U Op V < U @4 V.

and

Theorem 2. Forany PFM U, (i) U @, U = U, (iU Oy U < U.
Proof :
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(i)

U 2u 2 Zu u‘f] )

H 4

Zul W

( l] l]
= =

1+ul] 1]

=>< uu,u ij>=2U

(ii) Similarly, U ©y U < U can be proved.

Theorem 3. If U,V are any two PFMs of same sizeand U < V,then U Oy W <

VO W

Proof: We know that for any three real numbers u, v,w € [0,1] and if u < v then

u?w? < vZw?
uZ+w2-u?w? = | v2+w2-v2w?

u?+w2-2u?w? < vZ4+w2—-2v2w?2
1-u2w? - 1-v2Zw?

Using inequality (6), we have

2.,,2i1 2.,,2
ui;wey Viiwi;
2 = 2 2 2,2
ul-j+w —uUW] vl-j+wl-j—vijwij

2 2
vIwlI u/ w/
H H H i i i i
This implies, |— U > /U
+W,l —17’ W’ ij ull]+wll —ul W’

and

l] ] ij ] gy

Hence,weget U Oy W SV Oy W
Theorem 4. If U,V be any two PFMs of the same sizeand U <V, U@y W <

V@, W.
Proof : Using inequality (7) from Theorem (3), we have

_ 2; 9922
ul]+w 2u? Sw2ij < vl]+wu 205w
= 2.2
1- ul]wl] 1-vjwj;

wu+w1 —217! WI > ‘LUU+WI —2u/ WI]
1— v’l]W’l] 1- u,'JW,U

Finally, weget U@y, W <V W

This implies

Theorem 5. If U,V be any two PFMs of the same size, then
HUNV)ByUUV)=UByV
(i) UnV)OyrUUV)=UOxV

Proof: (i)
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UNV) Dy (UUV) = (<min(u, vij), maxu'y, v'y;) >y
< max(u;j, vij), min(u';;, v'i;) >)

min(uf;vi)+max(uf;vy) —2min(uf,viymaxu;vy) max(w,vrE)min(ug;vrg) )
1- mm(ul] ”)max(u” v”) ’ max(ul R ])+mm(ul LI ]) max(ul R J)mm(ul le)
u+v; —2u2 v u,zvz
= 4 = Z )
)
1-ufwf Wil —wivr?
=U @H

i) UnV)YOyp WUV
= (< min(ugj, vij), max(u';j, v'yj) >Op< max(u;j, vi;), min(u';;, v'i;) >)

min(u?, vZ) max(uf, v?)

min(u?, v?) + max(u?, vZ) — min(uf, vZ) max(u, vZ)

max(u'? 4 ) + min(u'? iV ) — 2max(u'? iV )mm(u ij ’21
1—max'}, v'i)min('s, v’y
2 12 912 02
y u]v] uy+ v 2u-jvij>
2 2,,2"7
uf; + vl —ufvl 1-uf'y
=UQOyV

Theorem 6. If U,V be any two PFMs of the same size then
(') (U Dy V) =) Oy (V)
(i) (U Oy V) =) ®u V),
(iii) (U D V) < (U)° Oy (V)F,
(iv) (U Oy = (U)° Oy (V)E, where ¢ denotes the complement.

Proof:
()
uzv u?,4+v%—2u?v?
Cc Cc — ij ijtvij ijvij c
(V) On V) ={ |, [P = (U @4 V)
(i)
W) @y (V)° = ¢ ur? +vl —2us? vr} ulzjvlzj V= (U Oy V)°
H 1—ur? ]er " |u? ] —ulzjvlzj H '

(iii) We know that,

ur Ul ul+v —2uv

J J U U)

urs J+w j—ul ]17/] 1- u]vj

(U Oy V) =(

and
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2 2 2.2 2.2
wrs.4vrs.=2uls.vrs. us.ve.
L 13 13 L L 13
U) @u (V) =( : 1_11,2 v,zj L 02 _H;z]_ljtz 1)2)
ijv'ij ij Vi~ UijVij
Now using inequality (5), we get
2 2 2 2 2 2
uriivr; uli]-+vli]-—2uli]-vli]-
w? v —w?pr? = 1—ur?vi?
ij ij ijvij ijvij
and
2 2 2.2 2 .,2
uij+vij—2uijvl-]- > uiivij
1-u?v? = | +vE—uiv?
ijYij ij Tt vij ijvij

Hence, (U @y V)¢ < (U)° Oy (V)C.
(iv) Similarly, we can prove (U Oy V)¢ = (U)¢ Oy (V).

5. Hamacher operations on Fermatean fuzzy matrices
In this section, the Hamachar operator is defined and investigated for FFMs.

Definition 2. Let U = (< u;j,u';; >) and V = (< v, v';; >) be any two FFMs of
same size, then
(i) The Hamacher sum U and V is defined as,
U@nV = (ay); forall i,j.
< 1,0 >,if <y, u'y; >=< 1,0 > and < v;, v’y >=< 1,0 >

where, a;; =< 3 |ud.+v3—2u3v3 3 3 113,
Y i R MY “UTU Ly otherwise
1—u3.v3. w33~ 3.
ijvij ij ij ijulij

(ii) The Hamacher product U and V is defined as,
UOuV = (Bij)Vi,j

< 0,1 >,lf< ui]-,u'ij >=< 0,1 > and < Vi]"V’ij >=< 0,1 >

where, B;; = 3.3 3 3 3,3

» Pij 3 Uijvij 3 Jwrytvrg—2urgvry .
— 33 T ), otherwise
UV UV 1-wrjvry;

Lemma 1. For any real numbers u, v € [0,1], the following inequality holds

3 u3v3 < u3+v3-2u3y3
ud+v3—udvd = 1-udv3

uv u+v—2uv
<

Proof: Let <
u+v—-uv 1-uv
We know that

(u+v)? = 4uv (8)
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sout+v—uw<l-(1-u)<1
or, 1+3(u+v—uv)<4
or, (1+3(u+v—uv))uv <4uv 9)

From the equations (8) and (9), we get
(143w +v—uw))uv < 4uv < (u + v)?
or, <(w+v)2—>1+3u+v—uv))uv
or, 0<(u+v)?+3u+v—uv)—uv
or, wv < (u+v)?+ 3u?v? - 3uv(u +v)

or, ww—uv?< (u+v-—2w)(u+v-—uv)
uv < u+v-2uv

or, =
u+v—uv 1-uv

or 3 udv3 < u3+v3-2udps
’ ud+vd—udvd = 1-u3v3

Now, a relation between Hamacher sum and Hamacher product on FFMs is
established below.

Theorem 7. If U,V be any two FFMs of the same size, then U Op V< U @y V
Proof: Using the previous lemmas (1), (2)

3 3 _ 9,33
3 u]v] <3uij+v-~ 2u]vU
3 3,2 —
ul-j+vij—u--v-- 1 —udv?

-y ijuij
3
u/’ V/ 3 u’ +‘l7/ —2u/ 1.7’
i i i i i
and 1 13 _< j iy
u’l]+1.7’l]—u/l]17’l] 1- u/l]U’l]

Now, by definition of Hamacher sum and producton FFMs, U Oy V < U @y V

Theorem 8. For any FFMs U;
HuyUu=U,
i UOyU<U.
Proof:

(i)

+1.UU—'LU ij

3lu; ]+u —2u3 u3] 3 u13 ul3
UByU=( 3 z ,3)
l]

(i) Similarly, U Oy U < U can be proved.
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Lemma 2. For any three real numbers u,v,w € [0,1], if u < v then

. 3 3w3 3 33
(l) uw S\/ vew

v3+w3-p3w3’

3 ud+w3-2udw3 3 [v34+w3—2v3w3
(i) < .

1-udw3 1-v3w3
Proof: Let
ut+w—-uw v+w UW

We know that

uw

u<v implies uw? < vw?
or, uw? +uvw(l—w) < vw? +uvw(l —w)
or, uw? +uvw —uvw? < vw? + uvw — uvw?
or, uww+v—vw) <vww +u—uw)

uw vw
or,

u+w—uw = v+w-vw
3 udw3 < 3 v3w3
or =
’ ud+w3-udw3 v3+w3—p3w3

u+w-2uw v+w-2vw
(i) Let < :

—-uw 1-vw

Smce, we know that

usv=u(l-w)?<v(l-w)?

or, u(l-2w+w?) <v(1-2w+w?)

or, u(1-2w+w?) <v(l-2w+w?)

or, u—2uw+uw? <v-—_2vw+vw?

or, u-—2uw +uw?+ (w—uvw + 2uvw?) < v —2vw + vw? +
(w — uvw + 2uvw?)

or, u+w-—-2uw—vwu+w-—2uw) <v+w-—2vw—uw(v +
w — 2vw)

or, (u+w-=-2uw)(1—-—vw)<@w+w-2vw)(1—uw)
u+w-2uw < v+w-2vw

or, =
1-uw 1-vw
3 us+w3-2udw3 _ 3 [v3+w3-203w3
or, <
1-u3w3 1-v3w3

Theorem 9. If U,V,W be any three FFMs of the same sizeand U <V, U Oy W <
V Oy W.
Proof: Using Lemma (2)(i),

3 u; w3u 3 vf’]wf]
3.3 =

uij+w —UT WS 3w

3
ijWij Uij+W —UUWU

3 3

3
3 I3 I3 3 ! 17
v ]W ij u UW

ij

3 — 3.3 = 3 — 3. 3"
wij+w1ij vIGWI ulij+er wwr;

Thus, UQu W <V QW
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Theorem 10. If U,V,W be any three FFMs of the same sizeand U <V, U@y W <
VW
Proof: Let u;; < v and u';; < vy, forall i, j.
Using Lemma (2)(ii)
i/u?j +w = 2uwsij B 3\/1]5 +w = 2viw]

1- uuwl 1—UUWL

3 1]’ +W’ —217’ W’ 3 ‘lU +W’ —Zu’ W’
i i
and \/ A > \] i L
1-vridwr 1- ‘LU wr;

] ]

1] ij ij

Hence,weget U @y, W <V @y W

Theorem 11. If U,V be any two FFMs of the same size, then
HUNV)SyUUV)=UDyV
([ UNV)Oyg(UUV)=UOyV

Proof: (i) (UNV) @y (UU V)
= (< min(ugj, vij), max(u';j, v'yj) >Op< max(u;j, vi;), min(u'y;, v'y;) >)

.y 3 [min(ud; vu)+max(u Vu) me(uu,vlj)max(u?j,v?j)
- )]
1- mm(uu U)max(u L])

max(ul wl])+mm(u/ ”’1]) max(ul vll])mm(ul

<3 u +v —ZuUVU 3 u’u 'U )
- 3.3 ’ 3

1- LTI U+Wl1_wlj 5
=U @H

ij)

3\/ max(u/ Rk ])mm(uru ”’1]) )

i) UnV) Oy UUY)
= (< min(ugj, vij), max(u'y, v'ij) >Op< max(u;j, vij), min(u'y, v'y;) >)

_ mm(u vl])max(u 11)
_( mm(ul] l])+max(u 3y—min(ud,vd)max(u?

ijrYij ijVij ij vl])

)

1- max(ul le)mm(ulU le)
(3 u?]vg 3 u’?j + v’-3- - Zu’?jv’?j>
= 3 _ 3.3’ _ 373
u;; + vl-j U;vi; 1—u LT
=UQOyV

i/max(ul?j,w? )+min(ul3 3) 2max(ul3 Z)min(ul?j,w?j)

Theorem 12. If U,V be any two FFMs of the same size then
(i) (U @y V)° = ()¢ Oy (V)°,
(ii) (U Oy V) = (U) By (V)
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(i) (U®u V) < (U)° Oy (V)°,
(iv) (U Oz = WU)° Oy (V)¢, where ¢ denotes complement.
Proof: (i)

3 3
WA W 1-uv;;

3 ur?.u/?. 3 ui3.+yi3._2ui3.1;i3.
(U)CGH(V)C:<\/ — 3:\j ) = Uy V)"
(ii)

3

3 ‘ul.3.+‘|]I .—2ul.3.ul3. 3 u?’.y?.
(V)¢ ®n (V)C=<\/ T ”,J 35 )

3 3.,.3
1-wrjvry; UG U

= U OnV)*

3 ul.3.vl$. 3 u.3.+v.3.—2u.3.1].3.
(A GBH V)C — (\/ Uy \] Yy 'y 311 l])

3,3 3,37 3
WAV 1-ujv;

(iii) We know that,

and

3 3..3
1-wjvry; UG- U

u/.3.+1;/3.—2u/3.1;/.3. 3 u,3.1;.3.
U)° @y (V)C=(\/ T ”,\/ )

Using Lemma 2(i) and 2(ii),we get

3.,3 3 3 3.3
3 17017, 3 i) 15 .— 170175,
vl < ul]+v ij 2u iV
ul.3.+1;l3.—ul.3.1;l3. 1—ul3.vl3
ij ij ijorij

oy

3 .3 3.3 3.3

3 (ud.+v3.—2udv3. 3 313,

UV 2U Y S Ui
3.3 = 3.,.3_.3 3"
1-ujvy; g+~

Hence, (U @y V)¢ < (U)° Oy (V)C.
(iv) Similarly, we can prove (U Oy V)¢ = (U)¢ Oy (V)C.

and

6. Hamacher scalar multiplication and exponential operations on Fermatean fuzzy
matrices

We defined the following operations over Hamacher operations on FFMs. In this section,
we form Hamacher scalar multiplication and Hamacher exponentiation operations on FFM
U and investigate their algebraic properties.

Theorem 13. If n is any positive integer and U is FFM, then the Hamacher scalar
multiplication operation (-y) is

nu

n-HU=(U@H....@HU)=<7 . J ot R (10)

1+(n— 1)ui3j " In—-(n- l)ull-3j

where (U @y....@y U) represents the n times Hamacher scalar multiplication of U.
Proof: The expression of Eq. (10) is denoted by P(n).
Using mathematical induction, we prove Eqg. (10), which holds for any positive integer n.
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u +u —2u uU 3 ul ur
U U= ( 1- u3 u?, w3 +urd —ul u13>
ijTuy

1 j

3 Zu —Zu 3 uf] )
= 3
Zul W
3| 2uf;
= 1+uf’]' 2— ul
2., U= i
‘H ( 1+(2- 1)u3' 2—(2— 1)u/3)

3| nu 3 g
n-yU=( +m-Duf;’ [n-(n- 1)w3)
P(n) holds.

Suppose that Eq. (10) holds for n = m, then
U= 3 mu?j 3 ul
mp U= 1+(m-Duf;’ |m—(m- 1)ul3>

m+1) g U=((m-xU)yxU)
(3 uf(m+1)(1-uf;) 3 (wi)? )

(1+muU)(1 ul]) (m+1- mull])ul3
3 |uf(m+1) 3 ury;
( (1+mul-3]-)' (m+1- mu/l]))

3 (m+1)ui3j 3 u3
( +(m+1)-Duf;” [ (m+1)=((m+1)- 1)w3)

So,

Whenn=m+1

n(nl

_ 3 nuf; 3 urg;
U=U®®y....0y U) = THn-w,” Yar 3) also holds.
Thus by induction hypothesis, P(n) holds for any positive integer n.

Theorem 14. If n is any positive integer and U is FFM, then the Hamacher
exponentiation opertion (Ay) is

n—(n 1)ul-]

U/\Hn — (U @H""@H U) = (3\] u_l] 3 3\]1+(Z 1)u,3> (11)

where (U Oy....0Oy U) represents the n times Hamacher exponentiation of U. The
expression of Eq. (11) is denoted by P'(n).
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Proof: Using mathematical induction, we can prove the equation (11), which holds for any

positive integer n.

3.3
_( u; -ul]- 3 ul +ul —ZuI” I”)
u +u —u”ul] 1- “’U“’U
3 ub. 3 2u13 —2ul6
= . )
3 6’
2uij—uij 1- urU

3 uf’] 3 2ul3
= 2-ud;’ 1+u/ )

3
yra? = (3 wy 2wy )
2-2-Duj;’ [1+@-Dw;

U/\H u3 3 nus f]
_( n—(n- l)u 1+(n- 1)ul3 )

Thus, P'(n) holds.
Suppose that Eq. (11) holds for n = m, then

m 3 u; 3 mur;
= (U Op-...On U) = { Jm_(m_l)ug,» JH(m 57 (12)
When n=m+ 1,
U/\H(m+1) — (3 uigj 3 (m+1)u,l] )
(m+1)—((m+1)—1)ui3]-' 14 ((m+1)— 1)w3
U/\Hn J— U U — 3 uf] 3 nu 13]
= ( OH...-OH ) - ( n—(n—l)ugj' 1+(n- 1)ul3)
also holds.
Use the induction hypothesis, P’(n) holds for any positive integer n.
Note that n -, U and U#" are also FFMs.
Theorem 15. For any FFM U, and any positive integer n, n-; U and U#™ are also
FFMs.
Proof: 0<u}<1;0<u};<1; 0<ujj+u};<1<2;
n>1, (n—l)u > —1,i.e. 1+(n—1)u > 0; n—(n—l)u ’?j+n(1—u’fj

13
>u]

3 nu?j 3 ur f]
Then we have, ——==0 3 =0
1+(n—1)uij n—(n— 1)ul

We consider that
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1+(n—1)u —nu 1 —ud >nul]

and
n—(n—l)u'?j =u’?j+n(1—u N =u'? i
Thus,
3 3
3 nug; <1, 3 urg; <1
1+(n—1)ui3j - n—(n- l)ur3 -
ul-3j+ '3 <1=>0<u’3 <1—uU
3 nu?}. + 3 ul?j
1+(n—1)ul-3]- n—(n—l)u/f]
1+(n— 1)ul] ’ (n 1)
My u'd <1-u}
1+(n— l)uf] (n 1) lJ - ij
Therefore,
3 nui3j 1 3 u”i3j
T ey T T T [nm(n-Dw
3 nui3j + 3 u”i3j
1+(n—1)u?j n—(n—l)ulf]
In the same way, we get
M 10| <
= [n-(-Dug; T T [1+(m-Durd; T

3 ui3j + 3 nu’i3j <1
4
n—(n—l)ul-3j 1+(n_1)u,l$j =

Hence, n -y U and UMe™ are also FFMs.

Theorem 16. Let U,V any two FFMs of the same size and for any integer n.
n-ypUNV)=m-yU)nMn-xV),
(i)n-mpUUV)=Mn-xzU)U [ yV),

(i) (U nV)M"=()M"™ 0 (V)"
(iv) (Uu WM =)™ y (V)M",
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Proof: (i) We know that

(U NV) = (min(uj, v;;), maxu';;, v';;)).

Then
ny UNV)=(wj,wij), n-yU=(d,d"jj),n-ygV=eje')
where,
3 n(min(u?j,vfj))
Wij = 1+(n-1) (min(ud;,v3))
I I
Wij = mln(\/1+(n—1)(ui3j)'\/1+(n—1)vi3j)
wij = min(d;, e;;) (13)
and

3 3
r_ 3 max(u;v'i;))
Wij =

n—(n-1) (min(ulfj,w?j))

ro_ s @) 3w
w U = max(\/n_(n_l)(u/?j) 4 Tl_(n—l)l}’?j)

w ij = max(d'ij, e'l-j) (14)

Comparing Egs. (13) and (14), we have
(n-yg U)n -y V)= (min(d;;,d';;), max(e;j, e';;))

m-ypU)Nnm-yxV)

3 /3 3 13
3 nu;. 3 us; 3 nv:; 3 v
= min( 2 T Y 37, max( J T Y =)
1+(m—-Duy; n—(n—-Duj; 1+(n—1Dy;; (n—@m—-1Dv

Thus,wegetn-y (UNV)=m-y U)nn-xV).
(ii) Prof is similar to above.
(iii) We know that

(U N V) = (min(u, v;;), max(u';j, v';;))

then (U N V)™ = (wy;, w'y;), (UM = (dyj, d'i), (VDM = (eyj €'i))

where,
3 (min(ui;vi))
Wij = n—(n-1)(min(u;v3))
, 3 i) 3| ni)
Wij = mln(\/n—(n—l)(u?j)’ \/n—(n—l)vfj)
Wij = mm(du,eu) (15)
and
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3 .,,3
, 3 n(max(wi,v;)
Wi = 3

1+(n-1) (max(ur?j,wij))

. 3| nr) 3|_n@r)
w U = m(IX< 1+(n_1)(u[;?’].) ’ 1+(Tl_1)"-7’?]‘)

W’ij = max(d'ij,e'ij) (16)

Comparing Egs. (15) and (16), we have
(- U) 0 (U)M"  (V)" = (min(dy, d'i), max(eij, €'i)))

So, (n -y U) n (U)M"™ n (V) ="

3 13 3 13
=min ) ,ma ’
<\/n — (n—Duj; Jl + (n— 1)u’3.> X(\]n — (-1 1+ 0 — 1)v’3.>

ij )
(iv) Similarly, we can prove (U U V)M =) " u (V) ",

7. Necessity and possibility operators on FFSs
Definition 3. For any FFM U, the necessity (O) and the possibility (¢) operators are
defined as follows:
O U=(uij,3 l—u?j)
and

U= [1-ufu'y)

Theorem 17. For U,V be any two FFMs of the same size, then
hHhYoWweyV)=0UéyoV,
(i) o (U®ypV) =oU DyoV.

Proof: (i)

3

3 3.3 3 3 3.3

3 |uy.+vs.—2ur.vy. 3 Us4+v.—2Us.v;::

— Yy 'y Uy __y Yy Uy
D(UGBHV)—(j 53 .jl 7 —)

3
1-ujvy; 1-ugvj;

3.3 3.3
1—uijvij 1—uijvij

_ (ngng-mgjvg 3j(1—u?,-)(1-vi3j)> (17)

3 3 3.3 3.3 3 3 3.3
_ (3;]uij+vij—2uijvij 3\/1—uij1iij—uij—vij+2uijvij>
- )

3.3 3.3
1-ugvj; 1-ujvj;

oU@,aV = (ul’j,3/1_u?j>®H (v, |1 —vj)

_ (3\/ul-3j+vi3j—2ui3jvi3j 3\/(1—ui3]-)(1—vi3j)) (18)

Now,

3.3 3.3
1-ugvj; 1-ujvj;

36



Hamacher Operations on Pythagorean Fuzzy Matrices and Fermatean Fuzzy Matrices

From Eqs. (17) and (18), we have O (U @&y V) =0 U @O V.
(if)

3,

( ) <3 ul?].]]l?j 3 ul3 UI )
o (UByV)=(|1-
H 3 3 3 3 3
W +vl —ul ST
3 3
3 (ur 3 I 3.3 I3
u ”+v -2u 17 ij u ij VI )
) 3
73 B3—urd.ord I3 3.— I 1y
u ]+‘l] ij u ]‘U ij u ]+v ij u ‘l]

=oU @pyo V.

Theorem 18. For U,V be any two FFMs of the same size, then
() O UOxV)=0UQOxOV,
(i) o (U Oy V) =0U OpoV.

Proof: (i)
3 udvd 3 udvd;
— J 7] ijYij
OWORV) =« wd+vd—udvd 1- ud4vd —u3v3)
ij i ijvij ij i yry
(3 “131”3] 3 u3 +v Zu v]
= 3 3.3 3.3
ui].+v”—ui]-vij u? +v v
(i)
WOV (3 1— s J+w i—2ur} o3 3 ul]+w —2ur? vr3]>
] =
H 3 ) 3
1- ull]le 1- wl}”'l}

3|(1- u/l])(l wl]) 3 |ur;

=< 3.,,,3 ’
1- u’l]V/l]

=oU Qpgo V.

]+V/ —21U ‘Ull

)

1- u/l ‘U/L

]y

Theorem 19. For U, V be any two FFMs of the same size, then
() (AU BLV) =0U OpeoV,
(i) (O U OyV))° =0UByeV.

Proof: (i)
3 |ur +vl —2ur} vl 3 wr}; +vl3 —2ur3 vr3
c Cc\ — ij ij 7]
OoWeedyVve) =( |—=~L—="-, [1-—"L—-F—
1—urdvrd 1—urd.vr3
yjrij o
3.3 3 3
_ (3 ul +vl —2ul--vlij 3 (1_u’1])(1_v,ij)>
3 ’ 3 .
1- ul]vl] 1- ul]w]
Now,

3|(~wip@-vri) 3 |wivii—2wivr;

Y
3 4 3
ij 1- u,l]v’L]

(O U Du V) =«

120173
1u]v
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Again,

1- u’”vl” 1 ‘LUUUIU

o U OHO V= <\/(1 u,”)(l WU)’ i/wlﬁw ZWUWU>
Therefore, we get (O (U @y VE))E =0 U Opo V.
Theorem 20. For U,V be any two FFMs of the same size, then

() ( (U Dy V) =0UOQxBYV,
(i) (¢ (U OV =B UBOV.

Proof: (i)
3 ud v’ 3 udvd,
(UCO VC):( 1— YUy l] 7] )
H 3 3 3.,37 3,3
UV U u +v Ui
<3 u} +v —2u vU 3 uu"u )
3.,3 3.3
ulj+vlj—uuvu uu"”’u_uu"u
Now,
(o (UC o VC))C _ ( u? vU uu+v —ZquU
H TN B3 —udd | ud+vd—uded
Vi %ijvij ij Vi T iV
Again,

u3 1.7L3] uu+v —2u3 1713]
DUOHDV—( 13,37 _.3.3
ul]+vl] u ]1.7] ul]+vl] uuvl]
Therefore, (¢ (U Py V) =0OU OxOV.
(i) Prof is similar.

Theorem 21. For any FFM and for any positive integer n,
() Oy U)=n-4(OU),
(i) o(n-yU)=n-4 (o V),
(iiiy o Uur" = (O Uy,
(iv) o UN™ = (o U)M",
Proof: (i)

3 nui3j 3
Om-uU)=( 1+(n-uf,’ 1- 1+(n— 1)u3>

_( U 3 |14+(n—- 1)u U)
1+(n— l)u3 ’ 1+(n- l)u

3 ud 3
_ <3 nu;; 3 1+nul] U-—nuij>
1+(n—1)ui3j ! 1+(n— 1)ui3j
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B nu?j 3 1—ul-3j 1
Om-yU)=( 1+(n—1)ui3j’ 1+(n—1)ui3j>' (19)
Again,

00 = 3 nufj 3 1_“1'3j
ney (O U) = T+, n—(n—1)(1—u§j)>
_ (3 nu?j 3 1—u{°’j )
1+(n-Duf;’ | n—n+nud+1-u;
3 nul; 3 1-ud,
. — Y 2
Ny (D U) <\/1+(n—1)ui3j' \/1+(n—1)ui3]-)' (20)

O (Tl-H U) =n'H (D U)
Other proofs are similar.

8. Conclusion

In this paper, Hamacher operations for PFMs were formulated based on the principles of
PFMs. Their algebraic properties were explored, and it was demonstrated that the set of all
PFMs, under Hamacher addition and multiplication, constitutes a commutative monoid.
The algebraic structure of PFMs under Hamacher operations was examined, providing
deep insights into their practical applications. Additionally, the validity of De Morgan laws
was confirmed.

Hamacher operations were also extended to the Fermatean fuzzy framework in this
research. Hamacher operations for FFMs were developed and analyzed, and their algebraic
properties were examined. It was shown that the set of FFMs, under Hamacher addition
and multiplication, also forms a commutative monoid. The algebraic structure of
Fermatean fuzzy matrices under Hamacher operations was studied, offering significant
insights into their practical applications. Furthermore, the validity of De Morgan laws was
confirmed. Scalar multiplication and exponentiation operations on FFMs were introduced,
and their algebraic properties were examined. Finally, several properties of necessity and
possibility operators applied to FFMs were verified.

It should be noted that the Hamacher operations for FFMs presented here hold
potential for future applications in the aggregation of Fermatean fuzzy information.
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