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Abstract. The main objective of this research is to introdaceew methods for calculating

numerically the double integers with continuouggntinds. The correction limits (error
formulas) have been derived. To improve the resuls used Romberg's acceleration
based on the correction terms we found, Ag, PA, double integrations with continuous

function gave high accuracy in results with relelyvfew partial periods
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1. Introduction

Numerical analysis is characterized by the creatbra variety methods for finding
approximate solutions to certain mathematical isguan effective manner. The efficiency
of these methods depends on both the accuracyhendase with which they can be
implemented. Modern numerical analysis is the nizabmterface of the broad field of
applied analysis. Since the dual integrals are imapt in finding the surface area and
finding the middle centers and the intrinsic lirtivas of the flat surfaces and finding the
size under the surface of the double integratimnekample the volume resulting from the
rotation of the curved heart as well as its impmtain finding a curved surface area such

as finding the surface ared +y*+z°=4 , Located directly above the curved heart
p=(1-cosd), or calculate the area of the ball segmght- y*+ 2 =36 Located

inside the cylinder Frank Ayers [7].

This led many researchers to work in theddfiof bilateral integrals and
researchers who highlighted the calculation ofgradons with continuing calls in the
formula f (x,y)= f,(x)f,(y) Hans Jarre and Jacobsen [3] in 1973. In 2012, the

researcher made Al- Karmi [2] to derive Numeric&thods derived from Newton Cotes
formulas to calculate the double | integrals arebah 2015 provided Khudair [5],the
proposed method for numerical calculation of doubtegrals (SuSu) and characterized
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roads and high accuracy. In 2018 Hilal [4] derisasumerical method for calculating one
and two integrals when the dimensions are not equal

In this research, we present three new derivatilesito calculate approximate values
of double integrations with continuous integrandsl daheir correction limits. These
methods result from the application of the twoesuA andp below, which gave good
results and high accuracy and our code AB, Ba:

i=1,3;- i=2,4,

A:TW(t)dt :%(5(W(t0)+W(tn))+14 ST W10 w )J+

3 ad® (W) -w )

i=1

B= Wt =%((W(to) SW(L)) 2+ 20, -2 (W6 )W -%))j+

i=1

Zai/]zi (W(Zi—l)(tn) _W(z—l)(to))
i=1
t, -t .
whered =*—=,  t =t +i/
n

2.1. Derivation of rules for the calculation of Double integrals and associated error
formulas using thetwo rules

A, B: We now review three numerical rules to calculsiteary integrals and associated
error patterns when the integral is continuousiwithe integration area. These composite
methods result from the application of a base abdse and then apply the method of
Romberg 's acceleration Sifi [7] to the values tesy from the application of the
composite rules

hy ty
Assume that integration is defined as followsz J‘J.W (t, h)dtdh.
h to
Continuous integration at each point of the intégraarea[to,tn] X[ho, m]
1.1. A composite base (base A on both intetgald external dimensioris) when (n
The number of partial periods to which the perwdivided ) is equal to m the number of

partial periods to which the period is dividhg,tn] ) meaning than :h"—_hoj
n

()I :j) we will mark the way with the symbdRAA whereasR refer to the method

of Romberg 's acceleration eithAA indicates the base of the vehicle base applitatio
A on all internal dimensiont and externah
In general it can be written integration of thddwaling image:
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h, t,
| = [ [w(t,h)dtdh = AA (1) +E(A) ()
hy to
The valueAA of the integration is numerically represented king the ruleA on
both dimensions ,and it iE ()I)the series of correction limits that can be addedhtues

AA(/i)Wan,] = (t" _to) - (hn _ho)
n n
t

for internal integratio[FW(t, h) dt it can be numerically calculated with a rdleOn the
f

dimensiont and (dealing with a fixed) using the mean value theorem in the dascwe

get

Mt h, h n-1 n-2
[ [w(t,h)dtdh = [ Adn =Ili2[5(W(tn h)+W () +14> W h 10> W h %dh
ho to ho ho i=13,.. i=2,4,.
+Ya(t, ~t,)A° % ()

wherel ---O(t,,t,)andi =1,2,..,i =1,2:--n—=1 t =a+iA call formula (2) relative

toh using the ruleA and (dealing witH a constant) we get:

h, t, /12

AA = r{IW(t, h)dtdh :m{%(w € 0 )FW Gy ) FW E, g HW 6, )

to
n—

70, (W )+ W .0 )+W e, h )+W ¢ b, )+

i=1,3,...
n-2

50 Y (W )+W .0 )+W ¢, h )+W ¢ )

+196 5 5 W (t;, hj) | + 100 Y Y W(t,h) |+
2,4,

i=1,3,.. \j=1,3,. i=2,4,.. \ j=
n—-1 n—-2
140 Z Z (Wt ) + Wt ) | ]

i=1,3,. \ j=24,.
hy [ 2i
n C0“*W (uy, h)

+f (Zai(tn—to))IZ‘Tzil>dh+

ho \7=1
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2°W(t,,0 a*W(t,, 0
;02 11)+ai(hn—h0) g//:lz 21)

+Z asth a Wt 92+z1)]

( 0 012) 0*W (tp, 622)
A4 \b;(h, —h —+b hy, _
[ i(hn — ho) Y% i ho) Nt

n-1
0*W (t, 024
+ z b;(hy, — ho) %‘ +o e (3)
i=1

where j=1,2,--n-1 h =h+jAi=L12:--n=1 t =t +iA
andg, O(hy,h)1=1,2,3;--and k=1, 2, 3, ..., n+1.
and using the mean value theorem for integratiogete

AA = j jw (t,h)dtdh = A 4[25(w t, )+ W ¢, by )FW g, hy W € h, )
)

+70 S (W)W o )*W 6, R )FW 6 )+

i=1,3,...

50nf, (W h)+W o h)+W E, 0 )+W ¢ b, ))+196§ ( i W b ﬂ*

i=2,4,... i=1,3,..\_j=13,...

A2 [ai(hn = ho)

1oonf ( f W ¢ h, )J+140n21 ZZ (Weh »wWih) }

i=2,4,.\ j=24,.. i=1,3,.j= 2,4,..

0,00, Sar, -t A .

OW(t,.6,) ,
oh?

ah, ) Tl gy —py) W )

O°W(t,6,..,)
oh?

A? ]
>3(h,~h)

0 0*W (t,, 0
bi<hn—h)—;h° 2) | by —%)—éh’; 22)

4
+Zb(h 0 W(;hfzﬂz) 4o ()

whered O(h,,h,) i —1,2,3, this means that the val#6A becomes:

+24
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AA = Izw(t,h) dtdh =£4[25(W¢n Wt 1 W E, o FW E h )

+70 Zl: (W h ) +We,.h )+We, h )+We h, )+

i=1,3,...

50 ZZ: (W h)+Weo h )+W e, h W E R, )+ 1963 [ Zl: wih, }f

i=2,4,... i=1,3,..\_j=1.3,...

100n§: [ nf; W ¢, ,hJ. )j+ 140§ rf (W( hj )"W(j h ) }_,_iwm/‘z (5

i=2,4,.\_j=2,4,.. i=13.j= 24,.
wherew,,; ,i =1,2,... constants depend on the partial derivatives efdnctionV. For

both variables, h do not depend on mk.

2.1. A composite base (bask on the inner dimensioh and baseg on the external
dimensiorh ) when n ( the number of partial periods to wttioh period is divideﬁo,tn]

) is equal tan (the number of partial periods divided by the péiho, hn]) in the sense

that ()I :E) . Will Nrmzellatrivh RBA are indicated aR For the way to Romberg 's

acceleration Sifi [7] , eitheBA Refer to the composite rule of the base applinatidOn

the inner dimensioh Bases on the outer dimensidn
We adopt the same way of deriving the h@ge First we calculate internal integration

tn

[w(th)dt

)

Numerically by bas on the dimensiohand (dealing witl a constant)

So we apply the rulg (on the external dimensidr) to every limit of the result we get:
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h t, 2
A= [ [w(t,h)dtdh ::—S[S(W(tn h)FW 1 )+ W ¢, hg )+ W ¢, h, )
My to

H10(W oy +5)+W e, ho+4)) + 10§(W A YW R +3 W G R FW G +5)

n-1

14§ [vv(ti R)*W R Y+ 2V € hy+4)r 2 (W € hy+4 W B )]

i=1,3,... =1

i=2,4,... j=1

105 (W(ti,hmwm RS G R+ 4 0 W O +4 W )J }

> @ A (6)
i=1

wherea)ﬁAi ,i =1,2,... the constants depend on the partial derivativeéseofunction

W for the variableg, h and does not depend 4n

2.2. In the same way, the third rule, which relies be use of the rulg@ on the

internal dimensiortand the bas@ on the external dimensidnwhen n ( the
number of partial periods to which the period isidnbd[to,tn]), can be calculated

equal tan( the number of partial periods to which the perimdivided hy,h,]).

We will send the way to the symiRA 3 whereR it refers to how to speed up
RombergA g3 it refers to the composite rule of the base apfibn On the inner
dimensiort and bas@ on the outer dimensidnfrom this we get:

hntn 2

Y SR A
h to

+10(W (t, +4 0, )+ W € +4 hy))

n-1

143 (W(to,h JFW )+ AV G+ 0 ) D (WG +3 h WG R )j

i=1,3,... i=1

+03 (W(to,h)+W(tn N+ G +4 0+ QZ(W € +4 h WW( h )j

i=2,4,.. =1

n-

H0L(WER)PWE +4 R W R )HW 6 +4 1) }*iww - (7)

1
i=1
wherew,,; ,i =1,2,... the constants depend on the partial derivativéiseofunctiodV' for

the variableg, h and does not depend dn
Examples and results:
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We have applied the three rule& 4, A3, SA ) many of the specific integrations and we

ZZiG(;j—a’(/])

used to Romberg 's acceleratiod = 7

to improve the results obtained

A
by making use of the accompanying correction riilags( Wherea(zj,a’ (/l) two

successive values of one of the three rAldsA S, SA when the number of second

partial periods twice the number of first partiatipds), and we got good results in terms
of accuracy and the number of partial periods used.
We will mention four integrations similar to thepipation of the three rules.

3. Example

22
1—jj|n(t2+h2)dtdh and its analytical vaki.5036650239227 rounded to fourteen
11

decimal places.

33

cosf+h
Z—I J %)dtdh and its analytical vaki0.032856375881337 rounded to fifteen
22

decimal places.

43 + 2
3_-”g+2)2 dtdh and its analytical vaki0.011635190281416 rounded to fifteen
32

decimal places.

2
o
1

(t" +h') dtdh not known analytical value.

B —

3. Results
22

1- Integration”ln(t2+h2) didh shown in figure representation of integration (1)
11

continuous integration within the regiin2] x[ 1,4 We write down its results in tables
(1) Note them when using rulgésA, A3, BA The results were correct for nine decimal

places when the number of partial periods wis 64 either when using Romberg 's
acceleration with the three rulBAA,RAS,RBA Results became valid for fourteen

decimal
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22
1- Integration”ln(tz+h2)dtdh shown in figure representation of integration (1)
11

continuous integration within the regiin2] x[ 1,4 We write down its results in tables
(1) Note them when using ruldA, AB, BA The results were correct for nine decimal

places when the number of partial periods WiE 64 either when using Romberg 's
acceleration with the three rulBAA,RAS,RBA Results became valid for fourteen

decimal

_ %icost+h) . . o .
2- Integratlon”T dtdh where continuous integration within the integratioea
22

[2,3%[ 2,3 as shown graphically in figure (2) and write dofrthe results are shown

in table (2). It shows us that the correct numbietezimal places obtained when using the
rulesAA,AB,BA and take advantage of the accompanying corrediioits have

become valid results for fifteen decimal with algégaRAA The results were correct for
sixteen decimal places with the two baBés3, RGA

(t+h%)
(t+h)*
in table (3). The results obtained in applying tivee rule®AA, AS, BA when applying
the rulesAA, BA we got six decimal places are correct when the murobpartial periods
N =64, while at the base applicatigg3 the mattresses were correct for seven decimal

43
3- Integratior“ dtdh as shown in Fig. 3 and the results of which aes@nted
32

places when the number of partial perinds256 after using the correction boundary and
the Romberg rule, the integrator value is valid fitieen decimal places with the base
RAA We obtained sixteen correct decimal places whetyay this ruleRSA when the
number of partial period3= 64 when applying the rulRA S, the result was correct for
10 decimal places only when the number of partaigaisn = 256.

22

4- Integration-“.(th +h')dtdh is not known analytical value note from the result
11

recorded in its table (4) that the value of intéigrais approaching a certain amount when
applying the three ruleéSA, A3, A . After using the Romberg acceleration Sifi [7] and
the correction boundary series, we find that ttseilte are proven at a certain amount of
(3.76133619282343) and that this amount is the afnithe correction boundary series
(where it is a convergent cascade series). Thusowelude that the value of integration is
the end value, (the number of partial periotsy 64, the graphic representation of the
complement is shown in figure (4).
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Figure (1) Graphic
representation of the
integral In(r” + /1)

Figure (2) Graphic
representation of the
cos(t+ h)

Figure( 3) graphical
representation of the

Figure (4) graphical
representation of the

integral . t+
ht integrator Q integrator (1" + /")
(t+h)
A5 - RAS RAA
% ]
A & 10
RPA in A Table (1) to
2 | 1.50374806919869 | 1.50370409469501 | 1.50370409469501 | 1.50366502392274 | calculate the value
4 | 1.50367076863333 | 1.50366769364808 | 1.50366769364808 | 1.50366502302274 of integration
1.50366538570745 | 1.50366519190440 | 1.50366519100440 | 1.50366502392274 |5 5
3 2
16 | 1.50366504654528 | 1.50366503442610 | 1.50366503442610 | 1.50366502392274 J.J.ln(r + I )dtdh
32 | 1.50366502533660 | 1.50366502457922 | 1.50366502457922 | 1.50366502392274 | ! !
64 | 1.50366502401111 | 1.50366502396377 | 1.50366502396377 | 1.50366502392274
RAS RAA
n AA A PA RPA @ A"
in Table (2)_to
2 | 0.029804834732241 | 0.0305635946206178 | 0.0305635946206178 | 0.032856375881337 calcullﬂte fﬂle
4 | 0.032090133341743 | 0.0322814892054144 | 0.0322814892054144 | 0.032856375881337 in‘é;f‘t?m
§ | 0.032664652043843 | 0.0327125718921514 | 0.0327125718921514 | 0.032856375881337 |32 oty s)
16 | 0.032808435915057 | 0.0328204201867938 | 0.0328204201867938 | 0.032856375881337 ” w a
32 | 0.032844300327941 | 0.0328473866715669 | 0.0328473866715669 | 0.032856375881337
64 | 0.032853379458114 | 0.0328541285611289 | 0.0328541285611289 | 0.032856375881337
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n AA AB BA RAS 'FfOAA
RpAin A
Table (2)to
0.029804834732241  0.0305635946206178  0.03056268468 | 0.032856375881337 calculate the value
4 | 0.032090133341743 0.0322814892054144 0.03228058924 | 0.032856375881337 33°f integration
0.032664652943843  0.0327125718921514 0.03271281584 | 0.032856375881337 J J W)dtdh
16 | 0.032808435915057 0.0328204201867938 0.03282867038| 0.032856375881337 22
32 | 0.03284439032794]1 0.0328473866715669 0.03286738669| 0.032856375881337
64 | 0.032853379458114 0.0328541285611289 0.03285612289| 0.032856375881337
n AA AB LA RAS .' RAlﬁ’RBA
in 4 Table (2) to
0.029804834732241|  0.0305635946206178 0.03026288178| 0.032856375881337 calculate the
4 | 0.032090133341743| 0.0322814892054144 0.03228058324 | 0.032856375881337 in\{[ggjr?alt?c]:n
0.032664652943843|  0.0327125718921514 0.03271921534 | 0.032856375881337 ﬁcoshh)dtdh
16 | 0.032808435915057|  0.0328204201867938 0.03282867938 | 0.032856375881337 35  ht
32 | 0.032844390327941| 0.0328473866715669 0.03286738669 | 0.032856375881331
64 | 0.032853379458114| 0.0328541285611289 0.03285612289 | 0.032856375881331
n AA AB BA R'BA’Rfﬁ ’
RAA, in
3.786683649032¢ | 3.78015876397483 3.78015876397483 3.7613361928P343pc (4) shows the
4 [3.767533983501! |3.76597278526140 3.76597278526140 3.76133619282343 Value of
3.7628769145192 | 3.7624909992838l  3.76249099928381 3.76133@8828 , , Integration
16 [3.761720827003: |3.76162462250936 3.76162462250936 3.7613361928244ﬁ(th+hl)dtdh
32 [3.761432317207: |3.76140828323926 3.76140828323926 3.76133619282343
64 [3.761360221784( |3.76135421436437 3.76135421436437 3.76133619282343
128 [3.761342199930: |3.76134069814223 3.76134069814223 3.76133619282343
Unknown analytical value

4. Conclusion
We conclude from the results obtained in this rede¢hat the three rules of derivative
AA, AB, BA. It produces good results in terms of accuraay, using a relatively large
number of partial periods. When making externalusimjents using Rumbark's
acceleration by taking advantage of the seriesmwéction limits associated with each base
derived, we obtained results closer to the analtialues of integrations and less than
partial periods. The comparisons between the ttules show that: most of the rules gave
good results in terms of accuracy and number digbgreriods but the two bases RAA,
RBA. The best of the rule Rds in some integrals as is evident from the timitdgration
and is equal in the accuracy of the results inrsthe
Also, these three methods enable us to predictdhees of integrations that can not be
calculated analytically by proving the results aeaain amount is the value of integration
no matter how much the correction limits used
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