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Abstract. In this paper, we study the existence of positdetons for a class of fourth-
order two-point boundary value problems:
u® @) = f(u®), telo1],

u(0) =u(l)=u'(0)=u'(1) =0.
where f: R — [0,00) is continuous. When the nonlinefasatisfies appropriate growth
conditions, the problem is transformed into thesexice of fixed points of a fully
continuous operator on a special cone by usingrhgerties of Green's function. By using
the generalized Leggett-Williams fixed point theoreve obtain that there are at least three
symmetric solutions to the problem.
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1. Introduction

In the past 20 years, there has been attentiorséalcon the existence of positive solutions
to boundary value problems for ordinary differeintiquations, see [1-8]. In 2012, Sun and
Zhao [9] proved the existence of three positivaitsmhs for a third-order three-point BVP
with sign-changing Green’s function by apply thegett-Williams fixed point theorem

u"(t) = f t,u)),t0[o1], u'@) =u"(7) =u@ =0,
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where f OC([01]x [0,+w)),7 O[2—~/2]).

In 2015, Zhou and Zhang [10] by using Leggett-\ittis fixed point theorem and
Holder inequality, the existence of three positedutions for the fourth-order impulsive
differential equations with integral boundary cdiudis

u () =w(t) f t,x(t)),0<t<Lt#t,,

B, b XED DX, 20K =200 o) 30 ey =0,

X' (0) = _[:h(s) X'(s)ds, X" (1) = 0.
Here wOLP[01] for some 1< p<+owo, t (k=12---,m) (where M is fixed
positive integer) are fixed points witl)=t, <t <t, <..-<t, <t =1, Axlt:tk

denotes the jump oiX(t) at t=t,.

However, it is worth noticing there are few reswdtsout the generalization of the
Leggett-Williams fixed point theorem, even highetder problem. In 2015, Abdulkadir
Dogan [11] using the generalization of the Leg§¥itttams fixed point theorem studied
the following boundary value problem:

u'(t) + f (t,u(t)) =0,tJ[01],
u'(0)=0,u@ =0,

where f :R - [0,00) is continuous. A solutioruJC?[01] is both nonnegative and

concave on [0,1]. More relevant results, see [1R-15
So in this paper, we discuss the existence ofeat lthree positive solutions to the
following boundary value problem:

u®(t) = f (u(r),to[od, (1.1)
u@)=u@=u'0)=u@=0, (1.2)
wheref : R - [0,)is continuous. A solutionu of (1.1)-(1.2) is both nonnegative and
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concave on [0,1]. We impose growth conditions dnwhich allows us to apply the

generalization of the Leggett-Williams fixed poitieorem in finding three symmetric
positive solutions of (1.1)-(1.2).

2. Preliminaries
In this section, we give some background matedaterning cone theory in a Banach
space, and we give the generalization of the Leglfitliams fixed-point theorem.

Definition 2.1. Let E be a real Banach space. A nonempty closed cosee¥ is
called a cone ofE if it satisfies the following conditions

(1) xdOP,A=0 imply AXOP;
(2) xtP,—xOP imply x=0.
Every cone P E induces an ordering inE given by x<vy if and only if

y—xOP.
Definition 2.2. Amap a is said to be a nonnegative continuous concaveiturat on a

cone P in areal Banach spack if a:P - [0,00) is continuous, and
a(x+(1-t)y) 2ta(x) + 1-t)a(y),

for all x,yOOP and 0<t<1. Similarly, we say the map# is a nonnegative

continuous convex functional on a con® in a real Banach spaceE if
L:P - [0,0) is continuous, and

Blx+A-1)y) <tB(x) + A-1)5(y),
forall x,yOP and O<t<1.

Let y» [, 6 be nonnegative continuous convex functional Bn and a, ¢

be nonnegative continuous concave functiondP offhen for nonnegative real numbers

h,a,b,d and c, we define the following convex sets:
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P(y,c) ={u0P: y(u) <d},
P(y,a,a,c) ={u0P:a<a(u), y(u)<d},
Q(y.3,d,0) ={udP: Bu) < d, p(u) < d},

P(y,6,a,a,b,c)={udP:a<a(u),f(u)<b,y(u)<c},

Q. B, h,d,c) ={udP:h<y(u), Bu)<d,yu) <c}.

We consider the boundary value problem

u®(t) = h(t),t 0[01], (2.1)

u@)=u@=u'@@) =u@-=0, (2.2)
Lemma 2.3. The boundary value problem (2.1)-(2.2) has a un&plution
u(t) = j:G(t, 9h(s)ds

and let its Green's functio@(t, s) is

G(t,s) :l{tz(l‘s)z[(s‘t) +2(1-t)s],0st < s<1,

6 |s°(1-t)’[(t—s)+2@-9s)t],0<s<t<1l

The following is a generalization of the LeggettHi&fims fixed-point theorem which
will play an important role in the proof of our maiesults.

Theorem 2.4. ([12]) Let P be a cone in a real Banach spage Suppose there exist

positive numbersc and M , nonnegative continuous concave functiomal and

on P, and nonnegative continuous convex functionalZ and € on P with

a(u) < B(u),||u < My(u), for all uOP(y,c). Suppose that : P(y,c) - P(y,c) is

a completely continuous operator and that therst e@nnegative numberf, d,a,b

with 0<d <a, such that

(B1) {uOP(y,6,a,a,b,c):a(u) >a} # ¢ and a(Fu) >a
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forudP(y,0,a,a,b,c);

(82) {uDQ(y.By.hd.c): fU) <d} # ¢ and B(Fu)<d
forudQ(y,B,¢,h,d,c);

(B3) a(Fu)>a for udP(y,a,a,c) with 6(Fu)>b;

(B4) B(Fu)<d for udQ(y,s,d,c) with ¢(Fu)<h.

Then F has at least three fixed pointa,,u,,u,JP(y,c) such that

Bu)<d,a<a(u,) and d<pf(u,), with a(u,)<a
3. Main results
In this section, we give the growth conditions oh which allow us to apply the

generalization of the Leggett-William fixed-poitieiorem in establishing the existence of
at least three positive solutions of (1.1)-(1.2¢ Wl make use of various properties of

Green’s functionG(t,s) which include

20 _1\2(1 _ A3
[ot9ds=" A=) i <g
0 2

s 1 a1 r-1
[: G(E,s)ds—_[l_:G(z,s)ds— 5"

r>2,

1 1 4
o~ 1 -1 r*-16r +16
’G(=,9)ds=|, 'G(=,9)ds=—FT——F—,I > 2,

Iﬁ 9 I; 79 48016r*

J.:Z G(t,, S)ds'}'J.ll__:lG(tl; s)ds = %tlz[% (tzz _tlz) (L, ) + (t13 _tzg)]’o <<t s %

G(1 r 3
n G(t.1) = ! 5, Max 2 =L3,O<t£1. Let E=C[0]l] be endowed
oo G(t,,r)  8t(@-t)° oo G(t,r) t, 2
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with the maximum norm|u| = rgaﬁu(t)y Then for 0<t, s%, we define the cone
t[o,

PUE by

ul] E:uisconcavesymmetric,
P =< nonnegatie valuedon[0,1],

min
tt5, 1-t5 ], u(t)=2t,

ul
We define the nonnegative, continuous concave iomat @,/ and nonnegative

continuous convex functional3, 8,y on the coneP by

a(U) - tE[thszTJ.l[!'-[]tz 1] U(t) - U(tl)’

BU)= min u(t) =u(),
tq},f;ll 2

yu)=  min u(t) =u(t,),

tO[0,t5]U[L-t5 1]

6(u) = min u(t) =u(t,),

0ty 6 UMt 11 ]

wu)= min u) =u(d),
Ry r

rhor
where t,t, and r are nonnegative numbers such that
1 1
o<t <t, szand—stz.
r

We see that, for alulJP,

av) =u(t) suC) = AW) (3.1)
Ju]=uC) 5 - u(t) = W) 62)

and also thatu [1P is d solution of (1.1)-(1.2) if and only if
u(t) = _[:G(t, o) f (u(s))ds,t 01 [01].
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We now present our result of the paper:

Theorem 3.1. Assume that there exist nonnegative numbeash,c such that

3

0<a<b<%,

2

and suppose thaff satisfies the following growth conditions:

384* (r-Dc 8a
C1) f(w)< a- , for ————<w<a;
(C1) 1w 5r4—24rz+16( tsz(t3—1)2(1—6t33)) r2@-r?)
3
() f(W2— o for bsws 22,
tlz[E (tzz _t12) +, (tz _tl) + (t13 _t23) b
24c ¢
C3) f(w)< , for Osw<s—.
(C3) 1w t?(t -1)% (L-6t°) 2t,

Then the boundary value problem (1.1)-(1.2) hagehsymmetric positive solutions

u,Uu,,Uu, satisfying

max u,(t)<c,fori =123
tO[0,t3]U[1-t5 1]
min u,(t) >b, max u,(t) <a,
Tty L 1UR, 1) (0 il (1)
r r
min U,(t) <b, max u,(t) >a.
7ty ULt 2-t,] (1) gl (1)
rr

Proof: Let us define the completely continuous operakor by
(Fu)(®) = [ G(t,9) f (u(9))ds
We will seek fixed points ofF in the cone. We note that, i[J] P, then from properties
of G(t,s), Fu(t)=0 and Fu(t)=Fu(t-1,0<t s%, and
(Fu)'(t)< 00<t<1Fu(t,) = 2tSFu(%).

This implies thatFUOP, and so F:P - P. Now, for all u1P, from (5), we get
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a(u) < B(u) and from (6), |u] < 2% y(u).

If udP(y,c), then |u|< 2ti y(u) < 2% and from (C3) we get,
3

3

y(Fu) = max _[ G(t,s) f (u(s))ds =.[§G(t3,s) f(u(s))ds

0[0,t5]U[1-t5,1] JO

- 24c
T tA(t-1)%@-6t?)

J':G(ts,s)ds= C.

Thus, F:P(y,c) - P(y,c). Itisimmediate that

b 3
{uDP(y,Ha' b,—=- e

1

,C):a(u) > b} # @ and

0
{u Q(yﬁw (1 e

We will show the remaining conditions of Theorem.2.

1) If ubdQ(r,B,a,c) with (//(Fu)<% then B(Fu)<a.

,8,C) ﬂ(u)<a}¢¢

A(Fu)= max [ G(t,9)f (u(s)ds
t~—1

= jje(% ') f (u(s))ds

= j; % 62,9t (u(s)ds
G,

r

8r(1 7 j G( ,s) f (u(s))ds

<8r(1 r)zz//(Fu) &
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) If uDQ(r,ﬁ,w,rZC?—fr)z,a,c), then S(Fu)<a.

BA(Fu)= max [ G(t,9)f (u(s)ds
t~—1
11
= joc;(E ,5) f (u(s))ds
= 2jfe(% ,9)f (u(s))ds+2 j%e(% ,5) f (u(s))ds

(r-2c
t, " (t; —1)° L-6t,)

4 _ 4 _
Lri-ler+16 384 (r-1c

a- =a
384" 5r4—24r2+16Eq t32(t3—1)2(1—6t33))
8a . t,’b
(3) If UDQ(r,ﬂ,lﬂ,m,a,C) with H(FU) >t—, then a(FU) >b.
1

a(Fu)=  max _[;G(t,s) f (u(s))ds

tty,t, JUML-t, -t ]

= .[;G(tl, 9) f (u(9))ds

_ 1G(t,s)

0G(,.9) G(t,,s) f (u(s))ds

3
> tis [[G(t, 9)ds=6(Fu) > b
2

3
@) If uDQ(r,e,a,b,t;Tb), then a(Fu) >b.

1

a(Fu)=  max j:G(t,s) f (u(s))ds

1t t]ULL, A-t,]
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= [[G(t, 9 f (u(9)ds
> [ 6.9 fuNas+ [ "G, 9 (u(s)ds

S 6b
- 1
Hqia;'{f)+502_ﬁ)+af_53]

t 1-t,
[E [ ot 9ds+ | _tZG(tl,s)ds} ~b,

Since all the conditions of the generalized Leg@étiams fixed point theorem are

satisfied, (1.1)-(1.2) has three positive solutiong u,,u,lJ P(y,c) , such that

Bu)<d,a<a(u,) and d<p(u,), with a(u,)<a

4. Concluding remarks

In this paper, we have chosen to perform the aisalyisenf is autonomous. However, if
f = f(t, y) and in addition, for each fixeg f(t, y) is symmetric about = 1/2, then an
analogous theorem would be valid with respect ¢ostime conB.

Acknowledgement. Authors are thankful to the reviewers for the comtsefor
improvement of the paper
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