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Abstract. In this paper, we analyzed the basic propertiesrelated theorem of Lie ideals
on prime T-rings with Jordan right derivations. We mainly dsed on the
characterizations of 2-torsion free prifigings by using Lie ideals and Jordan right
derivations. Our main objective is to prove theotleen that ifM be a2-torsion free
primeTl-ring andU be a Lie ideal oM such thauau € U for allu,v € U anda € T and
d:M — M is an additive mapping such th&tuau) = 2 d(u)au for allu € U anda €

T, thend (uav) = d(u)av + d(v)au for allu,v € U anda €T.
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1. Introduction

The notion of d'-ring was first introduced as an extensive gereatibn of the concept
of a classical ring. From its first appearance,gkensions and generalizations of various
important results in the theory of classical rintgsthe theory ofl-rings have been
attracted a wider attentions as an emerging areasefirch to the modern algebraists to
enrich the world of algebra. All over the world, myaprominent mathematicians have
worked out on this interesting area of researctietermine many basic propertieslof
rings and have executed more productive and ceeatisults off-rings in the last few
decades.

Nobusawa [1] introducefl-ring as a generalization of ternary rings. Bari®s
generalized the concept of Nobusdwang and gave a concrete definition ofaing.
Barnes, Luh and Kyuno studied the structure Ibfings and obtained various
generalizations analogous to corresponding partsintheory. Since then some papers
have been published on the topidiafings. Asci and Ceran [9] studied on a nonzerb lef
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derivationd on a primerl-ring M for which M is commutative with the conditions
d(U) € U andd?(U) € Z, whereU is an ideal of¥ andZ is the centre oM. Sapanci
and Nakajima [10] defined a derivation and a Jordfmivation onT-rings and
investigated a Jordan derivationon a certain tyfpeompletely primel-ring which is a
derivation. They proved that every Jordan derivatom a2-torsion free completely
prime I'-rings is a derivation. They also gave examples aferivation and a Jordan
derivation ofl-rings. Rahman and Paul [3,4] worked on Jordanvdtons and Jordan
left derivations of 2 and 3-torsion free semiprifiteings. Rahman and Paul [5,6] have
also worked derivations and generalized derivatioms Lie ideals of completely
semiprimerl-rings. Reddy, Nagesh and Kumar [7] and Reddy, Kuaral Reddy [8]
worked on left generalized derivations on pripagngs and results of symmetric reverse
bi-derivations on prime rings respectively Kadhim a. [11] studied on higher
characterization orr-ring called Gamma * derivation pair and jordan gzt
derivation pair on gamma-ring M with involution.

2. Preiminaries and notations
In this section some definitions have been disalsgech are important for representing
our main objective in the later sections.

I-ring 2.1. Let M andTl be two abelian groups. If there is a mappMigk ' X M - M
such that the conditions

1. xayeM
2. (x+y)az=xaz+yaz,x(a + By = xay + xBy, xa(y + z) = xay + xaz

3. (xay)Bz = xa(ypz)
are satisfied for alt,y,z € M anda, 8 € T, thenM is called d'-ring.

Example 2.1. Let R be a ring of characteristiz having a unity element. Let M =
M ;,(R) andTl = {(nol) ine Z}, thenM is arl-ring. If we assum&V = {(x,x):x €

R} € M, thenN is also d'-ring of M.

PrimeT-ring 2.2. A T-ring M is said to be a prime-ring if xTMTy = 0 (with x,y € M)
impliesx = 0 or y = 0. In similar mannerM is said to be prime if the zero ideal is
prime.

Semiprime I-ring 2.3. A T-ring M is said to be a primé&-ring if xI'MT'x = 0 (with
x € M) impliesx = 0.

Commutative I'-ring 2.4. A T-ring M is said to be a commutatiVering if xay = yax
for all x,y € M anda € T. Again,[x,v], = xay — yax is called a commutator af and
vy with respect tax, wherex,y € M anda € T.

184



Lie Ideals on Prim&-Rings with Jordan Right Derivations

Nilpotent ideal 2.5. An ideal A of d'-ring M is called nilpotent if (AT)"A =
(ATAT ......... F'AT)A = 0, wheren is the least positive integer.

n-torsion free or characteristic not equal ton 2.6. A I'-ring M is said to bex-torsion
free or characteristic not equalipdenoted as chaM + n, if nx = 0 impliesx = 0 for
all x e M. M is said to b&-torsion free if2x = 0 impliesx = 0 for allx € M.

Derivation 2.7. Let M be al-ring andd: M - M an additive map. Thed is called a
derivation if

d(xay) = d(x)ay + xad(y) where x,y € M,a €T.

Example 2.2. Let M be aT-ring. If we define the map:M - M by D((x,y)) =
(d(x),d(y)) then D is a derivation onM. Let d:M —» M defined by d(A) =

d ((g g)) = (8 %)/) thend is a derivation.

Right derivation 2.8. Let M be al'-ring andd: M — M an additive map. Thed is called
a right derivation if
d(aab) = d(a)ab + d(b)aa where a,b € M,ax €T

Jordan derivation 2.9. Let M be al-ring andd: M — M an additive map. Therd is
called a Jordan derivation if
d(xax) = d(x)ax + xad(x) where x € M,a €T.

Example 2.3. Let M be aT-ring. If we define the ma@:M —» M by D((x,x)) =
(d(x),d(x)) thenD is a Jordan derivation avi.

Jordan right derivation 2.10. Let M be al'- ring andd: M — M an additive map. Then
d is called a Jordan right derivation if
d(aaa) = 2d(a)aa where a € M,a €T.

3 Main result
In this section for the sake of clarity, we prefesplit our presentation into two parts.
The first part concerns with lemmas and the segamtideals with our main objective.

Lemma 3.1. Let U € Z(M) be a Lie ideal of &-torsion free primel-ring M and
a,b € M such thattaUBb = 0. Thena = 0 orb = 0.

Proof: SinceM is 2-torsion free primé-ring, there exists an idedl of M such that
[[,M], S U but [I,M], £ Z(M). Now takingu e U, e€l and m € M, we have
[eaaau, m], € [I,M], S U and so

0 = aaleaaau, m]z b
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= aaleaa, m],LuPb + aaefac|u, m],Bb, (since aabBc = afbac,foralla,b,c €
M anda, B €7T)

= aaleaa, m],Lufb, since aa[u,m], € aaUfb

= aaeaaampPufb — aamaeaafufb

= aaeaaampPufb — aamaefaaufb

= aaeaaampPufb, By assumption.

Thus,aalaaaMBUBb = 0.

If a # 0 thenUBb = 0, by the primeness dff. Now, ifu € U andm € M thenuam —
mau € U and hencquam — mau)Bb = 0 implies uamfBb = 0, that isuaMpBb = 0.
SinceU # 0, we must have= 0. In the similar fashion, it can be shown thab i# 0
thena = 0.

Lemma 3.2. Let M be a2-torsion free primd'-ring and letU be a Lie ideal oM such
thatuau € U, for allu € U anda €T. If d:M — M is an additive mapping satisfying
d(uau) = 2d(uw)aufor allu € U anda €T, then

) duav+vau) = 2dw)av + 2d(v)au

(i) duavpu) = dw)Buau + 3d(uw)Bvau — d(u)Buav

(i)  duavBw + wavpu) = d(v)B(uaw + wau) + 3d(u) frvaw

+3d(w)Bvau — d(u)Bwav — d(w)Buav

(iv) dwpPBualu,v], = dWw)Bu,v]au

v) (d@av)—- dw)au — dw)av)Blu,v], =0
for allu,v,w € U anda, B €T.
Proof: (i)Sinceuav + vau = (u + v)a(u + v) — uau — vav, we haveuav + vau €
U for allu,v € U anda € I'. Thend(uav + vau) = d((u + v)a(u + v)) — d(uau) —
d(vav) with our hypothesis yields the required result.

(i))Replacingv by ufv + vBu in (i), we have
d(ua(ufv + vfu) + (ufv + vhuw)aw) = 2d(W)a(ufv + vfu) + 2d(upv + vfu)au
Sinceuav + vau € U andaabfc = afbac, we get
d(ua(upv + vpu) + (upv + vfuw)au)
= 4d(v)Buau + 6d(w)Bvau + 2d(u)Buav (1)
On the other hand
d(ua(uBv + vpu) + WPV + vpu)aw) = d(uaupv + vhuaw) + 2d(uavpu)

= 2d(v)Buau + 4d(u)Buav + 2d(uavfu)
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Combining the above equation wifth)and using the condition thM is 2-torsion free,
we obtain

d(uavpu) = d(v)fuau + 3d(w)fvau — d(u)Buav.
(iii)Replacingu + w for u in (ii) and usingzabBc = afbac, we get

d((u +w)avB(u + w))
= dw)Buau + d(w)Bwaw + d(v) B (uaw + wau) + 3d(u)Bvau
+3d(uw)Bvaw + 3d(w)Bvau + 3d(w)Bvaw — d(u)Buav — d(u)Bwav
—d(w)Buav — d(w)Bwav (2)
On the other hand withabSc = afbac, we have
d((u +w)avf(u +w)) = d(uavfu) + d(wavpw) + d(uavfw + wavfu)
= d(v)Buau + 3d(w)Bvau — d(u)Buav + d(v)waw
+3d(w)Bvaw — d(w)Bwav + d(uavBw + wavfu) 3
Combining(2)and(3), we obtain

d(uavfw + wavfu)
= d()B (uaw + wau) + 3d(u)Bvaw + 3d(w)Bvau — d(u) fwav
—d(w)Buav.

(iv)Sinceuav + vau anduav — vau are inU, we find thauav € U, for allu,v € U
anda € T'. By hypothesis, we havé((uav)g (uav)) = 2d(uav)Buav. Replacingw by
2ufv in (iii) with aabBc = afbac and the condition tha is 2-torsion free, we get

d(uavpupv) + (upv)avpu)
= d()B(uaupfv + uavpu) + 3d(uw)Bvpuav + 3d(upv)Bvau — d(u)
Bupvav — d(ufv)Buav 4)

On the other hand withabSc = afbac, we have

d(uavBupfv) + (upv)avpu) = d((uﬁv)a(u[?v) + uavﬁvﬁu)
= 2d(upv)Buav + 2d(v)BvBuau + 3d(w)BvBfuav — d(u)Bufvav)
5)

Combining (4) and (5), we have
dupv)Blu,vle = dW)pu,vlgau + dw)B[u, vlgav (6)
Replacinge + v for v in (6), we have

d(uﬂ(u + v))ﬂ[u,u +v]e = du+v)Blu,u+ vlgau +dw)pu,u + vlga(u + v)
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= 2d(w)pufuau + 2d (w)Bufuav — 2d(w)fufuau — 2d (w) fufvau
+ d(upBv)Buau + d(upv)Buav — d(upv)Buau — d(upv)Bvau
= d(w)puPuau + d(u)Bufvau — d(w)fufuau — d(u) fvfuau
+ d(v)fupuau + d(v)fufvau — d(v)fufuau — d(v) fvfuau
+ d(w)Bufuau + d(u)fufuav — d(uw)fufuau — d(uw)fufuav
+ d(w)Bufvau + d(w)Bufvav — d(w)BvBuau — d(w)Bvfuav

~ 2dW)Buplu, vl + dpv)flu, vlg
= 2d(W)Blu, v]gau + d()pu, vlgau + d(w)fu, v]gav N

From(6) and(7), we get
dw)puBlu, v]y = dWw)Blu,vlgau
~ dw)Bualu, v], = dw)Bu, v],au.
(v) Linearizing(iv) onu, we have

d(w)pualu,v], +dw)Bvalu,v], + dw)Bua [u,v], + dw)Bvalu, v],
= dw)plu, v]gau + d()p[u, vlgau + dw)pu,vlgav + d(v)B[u, v]lgav,
forallu,v € Uanda,B €T.

Application of(iv) and(6) yield that

d()Bualu,v], + d@W)pvalu,v]y = dwpv)Bu,vla
and hence

(d(uav) —dw)au — d(Ww)av)Bu,v], = 0,for allu,v € Uanda, €T.

Lemma 3.3. Let M be a2-torsion freel'-ring andU a Lie ideal ofM such thatuau € U
for al ueU anda €T. If d:M - M is an additive mapping satisfying(uau) =
2d(w)aufor allu € U anda €T then

(i) d([w, v]e)Bu, v]e = 0
(i) d(v)B(uauav — 2uavau + vauau) = 0,
forallu,ve Uand a,p €T.
Proof: (i) By Lemma3.2(i) and Lemm&.2(v), we get

d(uav + vau) = 2(d(w)av + d(v)au) (8)
and(d(uav) —d@)au — d(w)av)Bu,v]y =0 9
Combining(8) and(9), we have
(dwau) — dwav —d@)aw)Bu,v], =0 (20)

Using (9) — (10), we get
d(Ju,v]lp)Bluw,v]lg =0 forallu,v € Uand a,B €T.
(ii) For anyu,v € U anda, 8 € T, we have

d([u' v]aﬁ[u, v]a) = Zd([u, v]a)[?[u, U]a
By (i) we have
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d([u, v],Blu,v],) =0 forallu,veUand a, €T (11)
Since2uav € U for allu,v € U anda € I'replacingu by 2ufv in uav + vau € U and
uav —vau € U and adding the results wittebfBc = afbac we find that4vaufv € U
for all u,v € U anda, B € T. Replacingdvaufv for v in Lemma3.2(i) and sinceV is
2-torsoin free, we have

d(ua(vaufv) + (vaupv)au) = 2(d(w)avaufv + d(vaufv)au) (12)
Using (12) in (11) with aabBc = afbac, we have

0 = d(ua(vaupv) + (vaupv)au) — d(ua(vav)pu) — d(va(uauw)fv)
= 2(d(w)avaufv + d(vaufv)a u) — d(vav)Buau — 3d(u) fvavau
+d(uw)Buavav — d(uauw) Bvav — 3d(v) Buauav + d(v) fvauau
= —=3d(v)f (uauav — 2uavau + vauau) — d(u)f (uavav — 2vauav + vavau)

and hence

3d(v) B (uauav — 2uavau + vauau) + d(u)f (uavav — 2vauav + vavau)
=0,forallu,veUanda,B €T 13j
In view of Lemma3.2(iv), we get

d(uw)p (uauav — 2uavau + vauau) =0 (14)
Replacingu by u + v in (14), we get
(d (w) + d(v))ﬁ((uauav — 2uavau + vauau) — (vavau — 2vauav + uavav))
=0
Now using(14) in the above expression, we have

d()B(uauav — 2uavau + vauau) — d(u) B (vavau — 2vauav + uavav) = 0,
forallu,veUand a,B €T (15)

Combining (13) and (15), we obtain
d(w)B(uauav — 2uavau + vauau) = 0 (16)
By (15) and(16), we arrive at
d()B(uauav — 2uavau + vauauw) = 0, for allu,v € Uand a, B €T.

Theorem 3.4. Let M be a2-torsion free primd-ring andU be a Lie ideal oM such that
uau € U for all u,ve U anda €T. If d:M - M is an additive mapping such that
d(uau) = 2 d(w)au for allu € U anda € T, thend(uav) = d(w)av + d(v)au for all
u,v € U anda €T.
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Proof: Supposé/ is a commutative Lie ideal 3f. Leta € U andx € M, then[a, x], €

U and so commutes witlh Now forx,y € M, we haveaf[a, xay]l, = [a, xay],Ba for

all o, € I'. Expanding[a, xay], as|[a, x],ay + xa[a,y], and using that commutes
with this, with [a, x], and with[a,y], we have2[a, x],a[a,y], = 0. SinceM is 2-

torsion free sola, x],a[a,y], = 0. Replacingy by afx in [a,x],a[a, y], = Owith

aabfic = afbac, we havda, x],aMpB[a,x], = 0 for allx € M anda, 8 € I'. SinceM is

prime so[a,x], =0 and U c Z(M). Hence by Lemma&.2 (i) we have2d(uav) =

2(d(w)av + d(v)au). SinceM is 2-torsion free hencd(uav) = d(w)av + d(v)au.

Now we assume thdf is a noncommutative Lie ideal &f i.e. U ¢ Z(M). Then by
Lemma3.2(iv) we have

d(Ww)puauav — 2uavau + vauau) =0, forallu,veUand a,f €T a7
Replacingu by [u4, w], in (17), we get

d([ur, wl)B([ur, wlgalug, wlgav) — d([ug, wlg) B2([ug, wleavaluy, wlg) +
d([u, wlp)Bwaluy, wlgaluy,wl,) =0, for w,v,u;,w € U and a, B €T.
Using Lemma3.3(i), we getd ([u,, w],)Bvalu,, w],alu, w], = 0 and so

d([uy, wlg)BUaluy, w]galu, wle = 0.

Hence by Lemma 3.1 eithd([uy, w],) = 0 or [uy, w],a[uy, w], = 0.1f d([uy, wl,) =
Oi.e. d(u;aw) = d(wau,) for all u;,w € U anda €T, then by Lemma.2(i) and the
fact thatM is 2-torsion free, we getl(u,aw) = d(u,)aw + d(w)au,. On the other
hand, letfu,,w],a[u,,w], = 0 for someu,,w € U anda € I'. By Lemma3.3(ii) we
get

d(v)B(uauav — 2uavau + vauau) = 0, for allu,v € U anda, f € T (18)
Replacingv by [uy,w], in(18), we get

d([uy, wl) B (uaualuy, wlg) — d([uy, wle) B2 (ualuy, wlgau)
+d([uy, wl)B([uy, wlgauau) = 0, for u,v,u;,w € Uand a, B €T.

Applying Lemma3.3(i), we have

d([ug, wlg)Buaualuy, wlg) — d([ug, wlg) B2 (ualuy, wlgau) = 0,
forallue Uand a €T. (29)
Linearizing(19) onu and using'18), we have

d([wy, wlp)B(vaualuy, wlg) + d([ug, wlg) B(uavaluy, wle)
— d([ug, wle)B2((ualuy, wlgav) + (valuy, wlgau)) = 0,
forallu,veUand a €T (20)
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Replacingu by 2ufv, in (20) and then using the fact thé is 2-torsion free with
aabBc = afbac, we have

d([ug, wlg)B(waupvialug, wlg) + d([ug, wle) B(uav, fvaluy, wlg) — d([ug, wlg) B2
((uav, Blug, wleav) + (valuy, wlgaupv, )) = 0

Further replacing, by [u,,w], in the above expression and then using LerBB&)
together with the fact thd,, w],a[u,, w], = 0, we find that

d([ug, wlg)Braupluy, wlgalus, wlg = 0
i.e.d([uy, wlg)BUaupBu, wlgalu, wly =0 forallu € Uanda, B €T.
Thus, by Lemma 3.1 eithdi([u,,w],) = 0 or uB[uy, w],aluy, w], = 0.

If d(Juy,w],) = 0, then using the similar argument as above welgetdquired result.
On the other hand, itB[u,,w],a[u,,w], =0 for all u € Uand a,B8 € I' then by
Lemma 3.1 we havéu,,w], = 0. Further by Lemma.2(i) and the fact tha¥ is 2-
torsion free we have(u;aw) = d(u;)aw + d(w)au,. Hence in both cases, we find
thatd(uav) = d(w)av + d(v)au, for allu,v € U anda € I'. This completes the proof
of the above theorem.

Corollary 3.4.1. Let M be a2-torsion free primd'-ring andd: M - M be a Jordan right
derivation. Then is a right derivation oi.

Proof: If M is commutative, themav = vau for all u,v € M anda € T and so by
Lemma3.2(i) we haved (uav) = d(w)av + d(v)au for allu,v € M anda € T. If M is
noncommutative then by the above Theorem, we Héuev) = d(uw)av + d(v)au for
allu,v € M anda € T'. This completes the proof.

4. Conclusion

I'-ring is one of the most important and modern binesf algebra in mathematics now
a days. In this paper we tried to characterize sgpeeial properties of priméring on
Lie ideals with Jordan right derivations which magip future researchers to proceed
further. In this paperT-ring is supposed to be of 2-torsion free and priane the
properties of Jordan right derivations has beem ticecharacterize prime-ring on lie
ideals.
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