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Abstract. In this paper, we analyzed the basic properties and related theorem of Lie ideals
on prime Γ-rings with Jordan right derivations. We mainly focused on the
characterizations of 2-torsion free prime Γ-rings by using Lie ideals and Jordan right
derivations. Our main objective is to prove the theorem that if  ܯbe a 2-torsion free
prime Γ-ring and ܷ be a Lie ideal of  ܯsuch that  ܷ ∈ ݑߙݑfor all ݑ,  ܷ ∈ ݒand ߙ ∈ Γ and
݀:  ܯ → ܯis an additive mapping such that ݀( = )ݑߙݑ2 ݀( ݑߙ)ݑfor all  ܷ ∈ ݑand ߙ ∈
Γ, then ݀( ݒߙ)ݑ(݀ = )ݒߙݑ+ ݀( ݑߙ)ݒfor all ݑ,  ܷ ∈ ݒand ߙ ∈ Γ.
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1. Introduction
The notion of a Γ-ring was first introduced as an extensive generalization of the concept
of a classical ring. From its first appearance, the extensions and generalizations of various
important results in the theory of classical rings to the theory of Γ-rings have been
attracted a wider attentions as an emerging area of research to the modern algebraists to
enrich the world of algebra. All over the world, many prominent mathematicians have
worked out on this interesting area of research to determine many basic properties of Γrings and have executed more productive and creative results of Γ-rings in the last few
decades.
Nobusawa [1] introduced Γ-ring as a generalization of ternary rings. Barnes [2]
generalized the concept of Nobusawa Γ-ring and gave a concrete definition of a Γ-ring.
Barnes, Luh and Kyuno studied the structure of Γ-rings and obtained various
generalizations analogous to corresponding parts in ring theory. Since then some papers
have been published on the topic of Γ-rings. Asci and Ceran [9] studied on a nonzero left
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derivation ݀ on a prime Γ-ring  ܯfor which  ܯis commutative with the conditions
݀(ܷ) ⊆ ܷ and ݀ଶ (ܷ) ⊆ ܼ, where ܷ is an ideal of  ܯand ܼ is the centre of ܯ. Sapanci
and Nakajima [10] defined a derivation and a Jordan derivation on Γ-rings and
investigated a Jordan derivationon a certain type of completely prime Γ-ring which is a
derivation. They proved that every Jordan derivation on a 2-torsion free completely
prime Γ-rings is a derivation. They also gave examples of a derivation and a Jordan
derivation of Γ-rings. Rahman and Paul [3,4] worked on Jordan derivations and Jordan
left derivations of 2 and 3-torsion free semiprime Γ-rings. Rahman and Paul [5,6] have
also worked derivations and generalized derivations on Lie ideals of completely
semiprime Γ-rings. Reddy, Nagesh and Kumar [7] and Reddy, Kumar and Reddy [8]
worked on left generalized derivations on prime γ-rings and results of symmetric reverse
bi-derivations on prime rings respectively Kadhim et al. [11] studied on higher
characterization on Γ-ring called Gamma * derivation pair and jordan gamma*−
derivation pair on gamma-ring M with involution.
2. Preliminaries and notations
In this section some definitions have been discussed which are important for representing
our main objective in the later sections.
ડ-ring 2.1. Let  ܯand Γ be two abelian groups. If there is a mapping  × ܯΓ × ܯ → ܯ
such that the conditions
1. ܯ ∈ ݕߙݔ
2. ( ݔ+  ݖߙݔ = ݖߙ)ݕ+ ݖߙݕ,  ߙ(ݔ+ ߚ) ݕߙݔ = ݕ+ ݕߚݔ,  ݕ(ߙݔ+  ݕߙݔ = )ݖ+ ݖߙݔ
3. ()ݖߚݕ(ߙݔ = ݖߚ)ݕߙݔ
are satisfied for all ݔ, ݕ,  ܯ ∈ ݖand ߙ, ߚ ∈ Γ, then  ܯis called a Γ-ring.
Example 2.1. Let ܴ be a ring of characteristic 2 having a unity element 1. Let = ܯ
݊. 1
 ܯଵ,ଶ (ܴ) and Γ = ቄቀ
ቁ : ݊ ∈ ܼቅ, then  ܯis a Γ-ring. If we assume ܰ = {(ݔ, )ݔ: ∈ ݔ
0
ܴ} ⊆ ܯ, then ܰ is also a Γ-ring of ܯ.
Prime ડ-ring 2.2. A Γ-ring  ܯis said to be a prime Γ-ring if ݔΓܯΓ = ݕ0 (with ݔ, )ܯ ∈ ݕ
implies  = ݔ0 or  = ݕ0. In similar manner,  ܯis said to be prime if the zero ideal is
prime.
Semiprime ડ-ring 2.3. A Γ-ring  ܯis said to be a prime Γ-ring if ݔΓܯΓ = ݔ0 (with
 )ܯ ∈ ݔimplies  = ݔ0.
Commutative ડ-ring 2.4. A Γ-ring  ܯis said to be a commutative Γ-ring if ݔߙݕ = ݕߙݔ
for all ݔ,  ܯ ∈ ݕand ߙ ∈ Γ. Again, ሾݔ, ݕሿఈ =  ݕߙݔ−  ݔߙݕis called a commutator of  ݔand
 ݕwith respect to ߙ, where ݔ,  ܯ ∈ ݕand ߙ ∈ Γ.
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Nilpotent ideal 2.5. An ideal  ܣof aΓ-ring  ܯis called nilpotent if (ܣΓ) = ܣ
(ܣΓܣΓ … … … ΓܣΓ) = ܣ0, where ݊ is the least positive integer.
n-torsion free or characteristic not equal to n 2.6. A Γ-ring  ܯis said to be ݊-torsion
free or characteristic not equal to ݊, denoted as char. ݊ ≠ ܯ, if ݊ = ݔ0 implies  = ݔ0 for
all ܯ ∈ ݔ.  ܯis said to be 2-torsion free if 2 = ݔ0 implies  = ݔ0 for all ܯ ∈ ݔ.
Derivation 2.7. Let  ܯbe a Γ-ring and ݀:  ܯ → ܯan additive map. Then ݀ is called a
derivation if
݀( ݕߙ)ݔ(݀ = )ݕߙݔ+ )ݕ(݀ߙݔ

ݓℎ݁ݔ ݁ݎ, ܯ ∈ ݕ, ߙ ∈ Γ.

Example 2.2. Let  ܯbe a Γ-ring. If we define the map ܦ:  ܯ → ܯby ܦ൫(ݔ, )ݕ൯ =
൫݀()ݔ, ݀()ݕ൯ then  ܦis a derivation on ܯ. Let ݀:  ܯ → ܯdefined by ݀(= )ܣ
ݕ ݔ
0 ݕ
݀ ൬ቀ
ቁ൰ = ቀ
ቁ then ݀ is a derivation.
0 0
0 0

Right derivation 2.8. Let  ܯbe a Γ-ring and ݀:  ܯ → ܯan additive map. Then ݀ is called
a right derivation if
݀(ܽߙܾ) = ݀(ܽ)ߙܾ + ݀(ܾ)ߙܽ
ݓℎ݁ܽ ݁ݎ, ܾ ∈ ܯ, ߙ ∈ Γ

Jordan derivation 2.9. Let  ܯbe a Γ-ring and ݀:  ܯ → ܯan additive map. Then ݀ is
called a Jordan derivation if
݀( ݔߙ)ݔ(݀ = )ݔߙݔ+ ݓ )ݔ(݀ߙݔℎ݁ܯ ∈ ݔ ݁ݎ, ߙ ∈ Γ.
Example 2.3. Let  ܯbe a Γ-ring. If we define the map ܦ:  ܯ → ܯby ܦ൫(ݔ, )ݔ൯ =

൫݀()ݔ, ݀()ݔ൯ then  ܦis a Jordan derivation on ܯ.

Jordan right derivation 2.10. Let  ܯbe a Γ- ring and ݀:  ܯ → ܯan additive map. Then
݀ is called a Jordan right derivation if
݀(ܽߙܽ) = 2݀(ܽ)ߙܽ ݓℎ݁ܯ ∈ ܽ ݁ݎ, ߙ ∈ Γ.
3 Main result
In this section for the sake of clarity, we prefer to split our presentation into two parts.
The first part concerns with lemmas and the second part deals with our main objective.
Lemma 3.1. Let ܷ ⊈ ܼ( )ܯbe a Lie ideal of a 2-torsion free prime Γ-ring  ܯand
ܽ, ܾ ∈  ܯsuch that ܽߙܷߚܾ = 0. Then ܽ = 0 or ܾ = 0.
Proof: Since  ܯis 2-torsion free prime Γ-ring, there exists an ideal  ܫof  ܯsuch that
ሾܫ, ܯሿఈ ⊆ ܷ but ሾܫ, ܯሿఈ ⊈ ܼ()ܯ. Now taking ܷ ∈ ݑ, ݁ ∈  ܫand ݉ ∈ ܯ, we have
ሾ݁ߙܽߙݑ, ݉ሿఈ ∈ ሾܫ, ܯሿఈ ⊆ ܷ and so
0 = ܽߙሾ݁ߙܽߙݑ, ݉ሿఉ ߚܾ
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= ܽߙሾ݁ߙܽ, ݉ሿఈ ߚ ܾߚݑ+ ܽߙ݁ߚܽߙሾݑ, ݉ሿఈ ߚܾ, (ܿߙܾߚܽ = ܿߚܾߙܽ ݁ܿ݊݅ݏ, for all ܽ, ܾ, ܿ ∈
 ܯand ߙ, ߚ ∈ Γ)
= ܽߙሾ݁ߙܽ, ݉ሿఈ ߚܾߚݑ,
ߙܽ ݁ܿ݊݅ݏሾݑ, ݉ሿఈ ∈ ܽߙܷߚܾ
= ܽߙ݁ߙܽߙ݉ߚ ܾߚݑ− ܽߙ݉ߙ݁ߙܽߚܾߚݑ
= ܽߙ݁ߙܽߙ݉ߚ ܾߚݑ− ܽߙ݉ߙ݁ߚܽߙܾߚݑ
= ܽߙ݁ߙܽߙ݉ߚܾߚݑ,
By assumption.
Thus, ܽߙ = ܾߚܷߚܯߙܽߙܫ0.

If ܽ ≠ 0 then ܷߚܾ = 0, by the primeness of ܯ. Now, if  ܷ ∈ ݑand ݉ ∈  ܯthen  ݉ߙݑ−
݉ߙ ܷ ∈ ݑand hence ( ݉ߙݑ− ݉ߙ = ܾߚ)ݑ0 implies  = ܾߚ݉ߙݑ0, that is  = ܾߚܯߙݑ0.
Since ܷ ≠ 0, we must haveܾ = 0. In the similar fashion, it can be shown that if ܾ ≠ 0
then ܽ = 0.
Lemma 3.2. Let  ܯbe a 2-torsion free prime Γ-ring and let ܷ be a Lie ideal of  ܯsuch
that ܷ ∈ ݑߙݑ, for all  ܷ ∈ ݑand ߙ ∈ Γ. If ݀:  ܯ → ܯis an additive mapping satisfying
݀( = )ݑߙݑ2݀(ݑߙ)ݑfor all  ܷ ∈ ݑand ߙ ∈ Γ, then
(i) ݀( ݒߙݑ+  = )ݑߙݒ2݀( ݒߙ)ݑ+ 2݀(ݑߙ)ݒ
(ii) ݀( ݑߙݑߚ)ݒ(݀ = )ݑߚݒߙݑ+ 3݀( ݑߙݒߚ)ݑ− ݀(ݒߙݑߚ)ݑ
(iii) ݀( ݓߚݒߙݑ+  ݓߙݑ(ߚ)ݒ(݀ = )ݑߚݒߙݓ+  )ݑߙݓ+ 3݀(ݓߙݒߚ)ݑ
+3݀( ݑߙݒߚ)ݓ− ݀( ݒߙݓߚ)ݑ− ݀(ݒߙݑߚ)ݓ
(iv) ݀(ߙݑߚ)ݑሾݑ, ݒሿఈ = ݀(ߚ)ݑሾݑ, ݒሿఈ ߙݑ
(v) (݀( )ݒߙݑ− ݀( ݑߙ)ݒ− ݀(ߚ)ݒߙ)ݑሾݑ, ݒሿఈ = 0
for all ݑ, ݒ,  ܷ ∈ ݓand ߙ, ߚ ∈ Γ.
Proof: ()Since  ݒߙݑ+  ݑ( = ݑߙݒ+  ݑ(ߙ)ݒ+  )ݒ−  ݑߙݑ− ݒߙݒ, we have  ݒߙݑ+ ∈ ݑߙݒ
ܷ for all ݑ,  ܷ ∈ ݒand ߙ ∈ Γ. Then ݀( ݒߙݑ+  ݑ((݀ = )ݑߙݒ+  ݑ(ߙ)ݒ+  ))ݒ− ݀( )ݑߙݑ−
݀( )ݒߙݒwith our hypothesis yields the required result.
()Replacing  ݒby  ݒߚݑ+  ݑߚݒin (݅), we have
݀( ݒߚݑ(ߙݑ+  )ݑߚݒ+ ( ݒߚݑ+  = )ݑߙ)ݑߚݒ2݀( ݒߚݑ(ߙ)ݑ+  )ݑߚݒ+ 2݀( ݒߚݑ+ ݑߙ)ݑߚݒ
Since  ݒߙݑ+  ܷ ∈ ݑߙݒand ܽߙܾߚܿ = ܽߚܾߙܿ, we get
݀( ݒߚݑ(ߙݑ+  )ݑߚݒ+ ( ݒߚݑ+ )ݑߙ)ݑߚݒ
= 4݀( ݑߙݑߚ)ݒ+ 6݀( ݑߙݒߚ)ݑ+ 2݀(ݒߙݑߚ)ݑ
On the other hand
݀( ݒߚݑ(ߙݑ+  )ݑߚݒ+ ( ݒߚݑ+  ݒߚݑߙݑ(݀ = )ݑߙ)ݑߚݒ+  )ݑߙݑߚݒ+ 2݀()ݑߚݒߙݑ
= 2݀( ݑߙݑߚ)ݒ+ 4݀( ݒߙݑߚ)ݑ+ 2݀()ݑߚݒߙݑ
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Combining the above equation with (1)and using the condition that  ܯis 2-torsion free,
we obtain
݀( ݑߙݑߚ)ݒ(݀ = )ݑߚݒߙݑ+ 3݀( ݑߙݒߚ)ݑ− ݀(ݒߙݑߚ)ݑ.
()Replacing  ݑ+  ݓfor  ݑin (݅݅) and using ܽߙܾߚܿ = ܽߚܾߙܿ, we get
݀൫( ݑ+  ݑ(ߚݒߙ)ݓ+ )ݓ൯
= ݀( ݑߙݑߚ)ݒ+ ݀( ݓߙݓߚ)ݒ+ ݀( ݓߙݑ(ߚ)ݒ+  )ݑߙݓ+ 3݀(ݑߙݒߚ)ݑ
+3݀( ݓߙݒߚ)ݑ+ 3݀( ݑߙݒߚ)ݓ+ 3݀( ݓߙݒߚ)ݓ− ݀( ݒߙݑߚ)ݑ− ݀(ݒߙݓߚ)ݑ
−݀( ݒߙݑߚ)ݓ− ݀(ݒߙݓߚ)ݓ
(2)
On the other hand with ܽߙܾߚܿ = ܽߚܾߙܿ, we have
݀(( ݑ+  ݑ(ߚݒߙ)ݓ+  )ݑߚݒߙݑ(݀ = ))ݓ+ ݀( )ݓߚݒߙݓ+ ݀( ݓߚݒߙݑ+ )ݑߚݒߙݓ
= ݀( ݑߙݑߚ)ݒ+ 3݀( ݑߙݒߚ)ݑ− ݀( ݒߙݑߚ)ݑ+ ݀(ݓߙݓߚ)ݒ
+3݀( ݓߙݒߚ)ݓ− ݀( ݒߙݓߚ)ݓ+ ݀( ݓߚݒߙݑ+ )ݑߚݒߙݓ
(3)
Combining (2)and (3), we obtain
݀( ݓߚݒߙݑ+ )ݑߚݒߙݓ
= ݀( ݓߙݑ(ߚ)ݒ+  )ݑߙݓ+ 3݀( ݓߙݒߚ)ݑ+ 3݀( ݑߙݒߚ)ݓ− ݀(ݒߙݓߚ)ݑ
− ݀(ݒߙݑߚ)ݓ.
(࢜)Since  ݒߙݑ+  ݑߙݒand  ݒߙݑ−  ݑߙݒare in ܷ, we find that 2ܷ ∈ ݒߙݑ, for all ݑ, ܷ ∈ ݒ
and ߙ ∈ Γ. By hypothesis, we have ݀(( = ))ݒߙݑ(ߚ)ݒߙݑ2݀(ݒߙݑߚ)ݒߙݑ. Replacing  ݓby
2 ݒߚݑin (݅݅݅) with ܽߙܾߚܿ = ܽߚܾߙܿ and the condition that  ܯis 2-torsion free, we get
݀( )ݒߚݑ(ߚݒߙݑ+ ()ݑߚݒߙ)ݒߚݑ
= ݀( ݒߚݑߙݑ(ߚ)ݒ+  )ݑߚݒߙݑ+ 3݀( ݒߙݑߚݒߚ)ݑ+ 3݀( ݑߙݒߚ)ݒߚݑ− ݀()ݑ
ߚ ݒߙݒߚݑ− ݀(ݒߙݑߚ)ݒߚݑ
(4)
On the other hand with ܽߙܾߚܿ = ܽߚܾߙܿ, we have
݀( )ݒߚݑ(ߚݒߙݑ+ (݀ = )ݑߚݒߙ)ݒߚݑ൫( )ݒߚݑ(ߙ)ݒߚݑ+ ݑߚݒߚݒߙݑ൯
= 2݀( ݒߙݑߚ)ݒߚݑ+ 2݀( ݑߙݑߚݒߚ)ݒ+ 3݀( ݒߙݑߚݒߚ)ݑ− ݀()ݒߙݒߚݑߚ)ݑ
(5)
Combining (4) and (5), we have
݀(ߚ)ݒߚݑሾݑ, ݒሿఈ = ݀(ߚ)ݒሾݑ, ݒሿఉ ߙ ݑ+ ݀(ߚ)ݑሾݑ, ݒሿఉ ߙݒ

(6)

Replacing  ݑ+  ݒfor  ݒin (6), we have
݀൫ ݑ(ߚݑ+ )ݒ൯ߚሾݑ,  ݑ+ ݒሿఈ = ݀( ݑ+ ߚ)ݒሾݑ,  ݑ+ ݒሿఉ ߙ ݑ+ ݀(ߚ)ݑሾݑ,  ݑ+ ݒሿఉ ߙ( ݑ+ )ݒ
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⟹ 2݀( ݑߙݑߚݑߚ)ݑ+ 2݀( ݒߙݑߚݑߚ)ݑ− 2݀( ݑߙݑߚݑߚ)ݑ− 2݀(ݑߙݒߚݑߚ)ݑ
+ ݀( ݑߙݑߚ)ݒߚݑ+ ݀( ݒߙݑߚ)ݒߚݑ− ݀( ݑߙݑߚ)ݒߚݑ− ݀(ݑߙݒߚ)ݒߚݑ
= ݀( ݑߙݑߚݑߚ)ݑ+ ݀( ݑߙݒߚݑߚ)ݑ− ݀( ݑߙݑߚݑߚ)ݑ− ݀(ݑߙݑߚݒߚ)ݑ
+ ݀( ݑߙݑߚݑߚ)ݒ+ ݀( ݑߙݒߚݑߚ)ݒ− ݀( ݑߙݑߚݑߚ)ݒ− ݀(ݑߙݑߚݒߚ)ݒ
+ ݀( ݑߙݑߚݑߚ)ݑ+ ݀( ݒߙݑߚݑߚ)ݑ− ݀( ݑߙݑߚݑߚ)ݑ− ݀(ݒߙݑߚݑߚ)ݑ
+ ݀( ݑߙݒߚݑߚ)ݑ+ ݀( ݒߙݒߚݑߚ)ݑ− ݀( ݑߙݑߚݒߚ)ݑ− ݀(ݒߙݑߚݒߚ)ݑ
∴ 2݀(ߚݑߚ)ݑሾݑ, ݒሿఈ + ݀(ߚ)ݒߚݑሾݑ, ݒሿఈ
= 2݀(ߚ)ݑሾݑ, ݒሿఉ ߙ ݑ+ ݀(ߚ)ݒሾݑ, ݒሿఉ ߙ ݑ+ ݀(ߚ)ݑሾݑ, ݒሿఉ ߙݒ

(7)

From (6) and (7), we get

݀(ߚݑߚ)ݑሾݑ, ݒሿఈ = ݀(ߚ)ݑሾݑ, ݒሿఉ ߙݑ
∴ ݀(ߙݑߚ)ݑሾݑ, ݒሿఈ = ݀(ߚ)ݑሾݑ, ݒሿఈ ߙݑ.
(࢜) Linearizing (݅ )ݒon ݑ, we have

݀(ߙݑߚ)ݑሾݑ, ݒሿఈ + ݀(ߙݒߚ)ݒሾݑ, ݒሿఈ + ݀( ߙݑߚ)ݒሾݑ, ݒሿఈ + ݀(ߙݒߚ)ݑሾݑ, ݒሿఈ
= ݀(ߚ)ݑሾݑ, ݒሿఉ ߙ ݑ+ ݀(ߚ)ݒሾݑ, ݒሿఉ ߙ ݑ+ ݀(ߚ)ݑሾݑ, ݒሿఉ ߙ ݒ+ ݀(ߚ)ݒሾݑ, ݒሿఉ ߙݒ,
݂݈ܽ ݎl ݑ, ߙܷ݀݊ܽ ∈ ݒ, ߚ ∈ Γ.
Application of (݅ )ݒand (6) yield that
and hence

݀(ߙݑߚ)ݒሾݑ, ݒሿఈ + ݀(ߙݒߚ)ݑሾݑ, ݒሿఈ = ݀(ߚ)ݒߚݑሾݑ, ݒሿఈ

(݀( )ݒߙݑ− ݀( ݑߙ)ݒ− ݀(ߚ)ݒߙ)ݑሾݑ, ݒሿఈ = 0,݂ݑ݈݈ܽ ݎ, ߙܷ݀݊ܽ ∈ ݒ, ߚ ∈ Γ.
Lemma 3.3. Let  ܯbe a 2-torsion free Γ-ring and ܷ a Lie ideal of  ܯsuch that ܷ ∈ ݑߙݑ
for all  ܷ ∈ ݑand ߙ ∈ Γ. If ݀:  ܯ → ܯis an additive mapping satisfying ݀(= )ݑߙݑ
2݀(ݑߙ)ݑfor all  ܷ ∈ ݑand ߙ ∈ Γ then
݀(ሾݑ, ݒሿఈ )ߚሾݑ, ݒሿఈ = 0
݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  = )ݑߙݑߙݒ0,
fݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ.
Proof: () By Lemma 3.2(݅) and Lemma 3.2()ݒ, we get
(i)
(ii)

݀( ݒߙݑ+  = )ݑߙݒ2(݀( ݒߙ)ݑ+ ݀()ݑߙ)ݒ
and (݀( )ݒߙݑ− ݀( ݑߙ)ݒ− ݀(ߚ)ݒߙ)ݑሾݑ, ݒሿఈ = 0
Combining (8) and (9), we have
(݀( )ݑߙݒ− ݀( ݒߙ)ݑ− ݀(ߚ)ݑߙ)ݒሾݑ, ݒሿఈ = 0
Using (9) − (10), we get
݀(ሾݑ, ݒሿఈ )ߚሾݑ, ݒሿఈ = 0 ݂ݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ.
() For any ݑ,  ܷ ∈ ݒand ߙ, ߚ ∈ Γ, we have
݀(ሾݑ, ݒሿఈ ߚሾݑ, ݒሿఈ ) = 2݀(ሾݑ, ݒሿఈ )ߚሾݑ, ݒሿఈ
By (݅) we have
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݀(ሾݑ, ݒሿఈ ߚሾݑ, ݒሿఈ ) = 0 ݂ݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ
(11)
Since 2 ܷ ∈ ݒߙݑfor all ݑ,  ܷ ∈ ݒand ߙ ∈ Γreplacing  ݑby 2 ݒߚݑin  ݒߙݑ+  ܷ ∈ ݑߙݒand
 ݒߙݑ−  ܷ ∈ ݑߙݒand adding the results with ܽߙܾߚܿ = ܽߚܾߙܿ we find that 4ܷ ∈ ݒߚݑߙݒ
for all ݑ,  ܷ ∈ ݒand ߙ, ߚ ∈ Γ. Replacing 4 ݒߚݑߙݒfor  ݒin Lemma 3.2(݅) and since  ܯis
2-torsoin free, we have
݀( )ݒߚݑߙݒ(ߙݑ+ ( = )ݑߙ)ݒߚݑߙݒ2(݀( ݒߚݑߙݒߙ)ݑ+ ݀()ݑߙ)ݒߚݑߙݒ

(12)

Using (12) in (11) with ܽߙܾߚܿ = ܽߚܾߙܿ, we have
0 = ݀( )ݒߚݑߙݒ(ߙݑ+ ( )ݑߙ)ݒߚݑߙݒ− ݀( )ݑߚ)ݒߙݒ(ߙݑ− ݀()ݒߚ)ݑߙݑ(ߙݒ
= 2(݀( ݒߚݑߙݒߙ)ݑ+ ݀( )ݑ ߙ)ݒߚݑߙݒ− ݀( ݑߙݑߚ)ݒߙݒ− 3݀(ݑߙݒߙݒߚ)ݑ
+݀( ݒߙݒߙݑߚ)ݑ− ݀( ݒߙݒߚ)ݑߙݑ− 3݀( ݒߙݑߙݑߚ)ݒ+ ݀(ݑߙݑߙݒߚ)ݒ
= −3݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  )ݑߙݑߙݒ− ݀( ݒߙݒߙݑ(ߚ)ݑ− 2 ݒߙݑߙݒ+ )ݑߙݒߙݒ
and hence
3݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  )ݑߙݑߙݒ+ ݀( ݒߙݒߙݑ(ߚ)ݑ− 2 ݒߙݑߙݒ+ )ݑߙݒߙݒ
= 0, ݂ݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ
(13)
In view of Lemma 3.2(݅)ݒ, we get
݀( ݒߙݑߙݑ(ߚ)ݑ− 2 ݑߙݒߙݑ+  = )ݑߙݑߙݒ0

(14)

Replacing  ݑby  ݑ+  ݒin (14), we get
൫݀( )ݑ+ ݀()ݒ൯ߚ൫( ݒߙݑߙݑ− 2 ݑߙݒߙݑ+  )ݑߙݑߙݒ− ( ݑߙݒߙݒ− 2 ݒߙݑߙݒ+ )ݒߙݒߙݑ൯
=0
Now using (14) in the above expression, we have
݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  )ݑߙݑߙݒ− ݀( ݑߙݒߙݒ(ߚ)ݑ− 2 ݒߙݑߙݒ+  = )ݒߙݒߙݑ0,
݂ݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ
(15)
Combining (13) and (15), we obtain
݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  = )ݑߙݑߙݒ0

(16)

By (15) and (16), we arrive at
݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  = )ݑߙݑߙݒ0, ݂ݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ.
Theorem 3.4. Let  ܯbe a 2-torsion free prime Γ-ring and ܷ be a Lie ideal of  ܯsuch that
 ܷ ∈ ݑߙݑfor all ݑ,  ܷ ∈ ݒand ߙ ∈ Γ. If ݀:  ܯ → ܯis an additive mapping such that
݀( = )ݑߙݑ2 ݀( ݑߙ)ݑfor all  ܷ ∈ ݑand ߙ ∈ Γ, then ݀( ݒߙ)ݑ(݀ = )ݒߙݑ+ ݀( ݑߙ)ݒfor all
ݑ,  ܷ ∈ ݒand ߙ ∈ Γ.
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Proof: Suppose ܷ is a commutative Lie ideal of ܯ. Let ܽ ∈ ܷ and ܯ ∈ ݔ, then ሾܽ, ݔሿఈ ∈
ܷ and so commutes with ܽ. Now for ݔ, ܯ ∈ ݕ, we have ܽߚሾܽ, ݕߙݔሿఈ = ሾܽ, ݕߙݔሿఈ ߚܽ for
all ߙ, ߚ ∈ Γ. Expanding ሾܽ, ݕߙݔሿఈ as ሾܽ, ݔሿఈ ߙ ݕ+ ߙݔሾܽ, ݕሿఈ and using that ܽ commutes
with this, with ሾܽ, ݔሿ and with ሾܽ, ݕሿఈ we have 2ሾܽ, ݔሿఈ ߙሾܽ, ݕሿఈ = 0. Since  ܯis 2torsion free so ሾܽ, ݔሿఈ ߙሾܽ, ݕሿఈ = 0. Replacing  ݕby ܽߚ ݔin ሾܽ, ݔሿఈ ߙሾܽ, ݕሿఈ = 0with
ܽߙܾߚܿ = ܽߚܾߙܿ, we have ሾܽ, ݔሿఈ ߙߚܯሾܽ, ݔሿఈ = 0 for all  ܯ ∈ ݔand ߙ, ߚ ∈ Γ. Since  ܯis
prime so ሾܽ, ݔሿఈ = 0 and ܷ ⊂ ܼ()ܯ. Hence by Lemma 2.2 (݅) we have 2݀(= )ݒߙݑ
2(݀( ݒߙ)ݑ+ ݀()ݑߙ)ݒ. Since  ܯis 2-torsion free hence ݀( ݒߙ)ݑ(݀ = )ݒߙݑ+ ݀(ݑߙ)ݒ.
Now we assume that ܷ is a noncommutative Lie ideal of  ܯi.e. ܷ ⊄ ܼ()ܯ. Then by
Lemma 3.2(݅ )ݒwe have
݀( ݒߙݑߙݑ(ߚ)ݑ− 2 ݑߙݒߙݑ+  = )ݑߙݑߙݒ0, ݂ݑ ݈݈ܽ ݎ, ߙ ݀݊ܽ ܷ ∈ ݒ, ߚ ∈ Γ

(17)

Replacing  ݑby ሾݑଵ , ݓሿఈ in (17), we get
݀(ሾݑଵ , ݓሿఈ )ߚ(ሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ ߙ )ݒ− ݀(ሾݑଵ , ݓሿఈ )ߚ2(ሾݑଵ , ݓሿఈ ߙߙݒሾݑଵ , ݓሿఈ ) +
݀(ሾݑଵ , ݓሿఈ )ߚ(ߙݒሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ ) = 0, ݂ݑ ݎ, ݒ, ݑଵ , ߙ ݀݊ܽ ܷ ∈ ݓ, ߚ ∈ Γ.
Using Lemma 3.3(݅), we get ݀(ሾݑଵ , ݓሿఈ )ߚߙݒሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0 and so
݀(ሾݑଵ , ݓሿఈ )ߚܷߙሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0.
Hence by Lemma 3.1 either ݀(ሾݑଵ , ݓሿఈ ) = 0 or ሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0.If ݀(ሾݑଵ , ݓሿఈ ) =
0i.e. ݀(ݑଵ ߙݑߙݓ(݀ = )ݓଵ ) for all ݑଵ ,  ܷ ∈ ݓand ߙ ∈ Γ, then by Lemma 3.2(݅) and the
fact that  ܯis 2-torsion free, we get ݀(ݑଵ ߙݑ(݀ = )ݓଵ )ߙ ݓ+ ݀(ݑߙ)ݓଵ . On the other
hand, let ሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0 for some ݑଵ ,  ܷ ∈ ݓand ߙ ∈ Γ. By Lemma 3.3(݅݅) we
get
݀( ݒߙݑߙݑ(ߚ)ݒ− 2 ݑߙݒߙݑ+  = )ݑߙݑߙݒ0, for all ݑ,  ܷ ∈ ݒand ߙ, ߚ ∈ Γ

(18)

Replacing  ݒby ሾݑଵ , ݓሿఈ in (18), we get
݀(ሾݑଵ , ݓሿఈ )ߚ(ߙݑߙݑሾݑଵ, ݓሿఈ ) − ݀(ሾݑଵ , ݓሿఈ )ߚ2(ߙݑሾݑଵ , ݓሿఈ ߙ)ݑ
+݀(ሾݑଵ , ݓሿఈ )ߚ(ሾݑଵ , ݓሿఈ ߙ = )ݑߙݑ0, ݂ݑ ݎ, ݒ, ݑଵ , ߙ ݀݊ܽ ܷ ∈ ݓ, ߚ ∈ Γ.
Applying Lemma 3.3(݅), we have
݀(ሾݑଵ , ݓሿఈ )ߚ(ߙݑߙݑሾݑଵ, ݓሿఈ ) − ݀(ሾݑଵ , ݓሿఈ )ߚ2(ߙݑሾݑଵ , ݓሿఈ ߙ = )ݑ0,
݂ ∈ ߙ ݀݊ܽ ܷ ∈ ݑ ݈݈ܽ ݎΓ.
Linearizing (19) on  ݑand using (18), we have

(19)

݀(ሾݑଵ , ݓሿఈ )ߚ(ߙݑߙݒሾݑଵ, ݓሿఈ ) + ݀(ሾݑଵ , ݓሿఈ )ߚ(ߙݒߙݑሾݑଵ , ݓሿఈ )
− ݀(ሾݑଵ , ݓሿఈ )ߚ2((ߙݑሾݑଵ , ݓሿఈ ߙ )ݒ+ (ߙݒሾݑଵ , ݓሿఈ ߙ = ))ݑ0,
݂ݑ ݈݈ܽ ݎ,  ∈ ߙ ݀݊ܽ ܷ ∈ ݒΓ
(20)
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Replacing  ݑby 2ݒߚݑଵ in (20) and then using the fact the  ܯis 2-torsion free with
ܽߙܾߚܿ = ܽߚܾߙܿ, we have
݀(ሾݑଵ , ݓሿఈ )ߚ(ݒߚݑߙݒଵ ߙሾݑଵ , ݓሿఈ ) + ݀(ሾݑଵ , ݓሿఈ )ߚ(ݒߙݑଵ ߚߙݒሾݑଵ , ݓሿఈ ) − ݀(ሾݑଵ , ݓሿఈ )ߚ2
൫(ݒߙݑଵ ߚሾݑଵ , ݓሿఈ ߙ )ݒ+ (ߙݒሾݑଵ , ݓሿఈ ߙݒߚݑଵ ൯) = 0
Further replacing ݒଵ by ሾݑଵ , ݓሿఈ in the above expression and then using Lemma 3.3(݅)
together with the fact that ሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0, we find that
݀(ሾݑଵ , ݓሿఈ )ߚߚݑߙݒሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0
i.e. ݀(ሾݑଵ , ݓሿఈ )ߚܷߙߚݑሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0 ݂ߙܷ݀݊ܽ ∈ ݑ ݈݈ܽ ݎ, ߚ ∈ Γ.
Thus, by Lemma 3.1 either ݀(ሾݑଵ , ݓሿఈ ) = 0 or ߚݑሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0.
If ݀(ሾݑଵ , ݓሿఈ ) = 0, then using the similar argument as above we get the required result.
On the other hand, if ߚݑሾݑଵ , ݓሿఈ ߙሾݑଵ , ݓሿఈ = 0 for all ܷ ∈ ݑand ߙ, ߚ ∈ ߁ then by
Lemma 3.1 we have ሾݑଵ , ݓሿఈ = 0. Further by Lemma 3.2(݅) and the fact that  ܯis 2torsion free we have ݀(ݑଵ ߙݑ(݀ = )ݓଵ )ߙ ݓ+ ݀(ݑߙ)ݓଵ . Hence in both cases, we find
that ݀( ݒߙ)ݑ(݀ = )ݒߙݑ+ ݀(ݑߙ)ݒ, for all ݑ,  ܷ ∈ ݒand ߙ ∈ Γ. This completes the proof
of the above theorem.
Corollary 3.4.1. Let  ܯbe a 2-torsion free prime Γ-ring and ݀:  ܯ → ܯbe a Jordan right
derivation. Then ݀ is a right derivation on ܯ.
Proof: If  ܯis commutative, then  ݑߙݒ = ݒߙݑfor all ݑ,  ܯ ∈ ݒand ߙ ∈ Γ and so by
Lemma 3.2(݅) we have ݀( ݒߙ)ݑ(݀ = )ݒߙݑ+ ݀( ݑߙ)ݒfor all ݑ,  ܯ ∈ ݒand ߙ ∈ Γ. If  ܯis
noncommutative then by the above Theorem, we have ݀( ݒߙ)ݑ(݀ = )ݒߙݑ+ ݀( ݑߙ)ݒfor
all ݑ,  ܯ ∈ ݒand ߙ ∈ Γ. This completes the proof.
4. Conclusion
Γ-ring is one of the most important and modern branches of algebra in mathematics now
a days. In this paper we tried to characterize some special properties of prime Γ-ring on
Lie ideals with Jordan right derivations which may help future researchers to proceed
further. In this paper, Γ-ring is supposed to be of 2-torsion free and prime and the
properties of Jordan right derivations has been used to characterize prime Γ-ring on lie
ideals.
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