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Abstract. In this paper, the concept of weakly semi-complityband sub-sequential
continuity in fuzzy metric space has been appleedrove a common fixed point theorem
for six self maps using implicit relation. Our résgeneralizes and extends the result of
Ranadive and Chouhan [12].
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1. Introduction

As the theory of fuzzy sets, given by Zadeh [2Q)esgred in 1965, it has been used in a
variety of areas of mathematics. Zadeh [21] estchdhat medical diagnosis would be
the most liable application domain of Fuzzy setotlhe Following Zadeh's idea,
Atanassov [1] introduced the concept of intuitidicisfuzzy set to permit grouping
elements according to degrees of closeness anatitsol Fuzzy topology is another
example of use of Zadeh'’s theory. George and Vemmap] and Kramosil and Michalek
[6] have introduced the concept of fuzzy metriccgzawhich can be regarded as a
simplification of the statistical (probabilistic) etric space. Afterwards, Grabiec [5]
defined the completeness of the fuzzy metric spackowing Grabiec’s work, Fang [3]
further established some new fixed point theoreonscébntractive type mappings in G-
complete fuzzy metric spaces. Soon after, Mishraakt[7] also obtained numerous
common fixed point theorems for asymptotically comimg maps in the same space,
which generalize a number of fixed point theoremsetric, Menger, Sx Ax, — p for
some pin X as > .

2. Definition and preliminaries
Definition 2.6. [15] Let A and S be mappings from fuzzy metric p4%,M,*) into
itself. Then the mappings A and S are said to b@-sempatible if
limn_ASX, = SX,
whenever {x}is a sequence in X such that linuAX, = limp_ «Sx, = x O X.
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It follows that if (A,S) is semi compatible and Ay Sy, then ASy = SAy by taking
{X,} =yand x = Ay = Sy.

Definition 2.7. [8]. A pair of maps A and B is called weakly conipbg pair if they
commute at their coincidence points i.e. Ax = Baritl only if ABx = BAX.

Definition 2.8. [12]. Let A and B be two self maps on a fuzzy netspace
(X, M, *) then A is called B-absorbing if there std a positive integer R > 0 such that
M(Bx, BAX, t) > M(Bx, Ax, t/R) for all xO X.

Similarly B is called A-absorbing if there existpasitive integer R > 0 such that
M(AX, ABX, t) > M(AX, Bx, t/R) for all x(O X.

Preposition 2.1. In a fuzzy metric space (X, M, *) limit of a seque is unique.

Preposition 2.2. [8] If (A,S) is a semi compatible pair of self ngapf a fuzzy metric
space (X, M, *) and S is continuous, then (A,S)ampatible.

Lemma 2.1. [7] Let (X, M, *) be a fuzzy metric space. Then fall x, y O X,
M(x, vy, .) is a non-decreasing function.

Lemma2.2. [7] Let (X, M, *) be a fuzzy metric space. If theegists k1 (0, 1) such that
for all x, yOO X, M(X, Yy, kt)>M(x, y, t) forallt > 0, then x = y.

Lemma 2.3. [7] Let {x,} be a sequence in a fuzzy metric space (X, M|f*here exists
a number KIJ (0, 1) such that M, X+1 , Kt) = M(Xp41, %, 1), for all t > 0 and
nON. Then {x} is a Cauchy sequence in X.

Preposition 2.3. [15] Let A and B be mappings from a fuzzy metpace (X, M, *) into
itself. Assume that (A, B) is reciprocal continudgben (A, B) is semi-compatible if and
only if (A, B) is compatible.

Definition 2.9. Self mappings A and S of a fuzzy metric space (X,*Mare said to be
weakly semi-compatible if

lim,_ASX, = Sx or lim..SAX, = AX,
whenever {x}is a sequence in X such that [imAX, = lim,_-Sx, = x O X.
Clearly, semi-compatible maps are weakly semi-cdiblgamaps but converse is not
true.

Definition 2.10. Self mappings A and S of a fuzzy metric space MX?¥) are said to be
sub-sequentially continuous if and only if thexésts a sequence {kin X such that

lim AX, =lim Sx, =z, zO X and satisfy

n- oo n- o

lim ASx, = Az and lim SAx, = Sz.

n— oo n-oo
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Clearly, if A and S are continuous or reciprocally continsdhen they are obviously
sub-sequentially continuous. However, the convisrset true in general.
t

Example 2.3. Let X = R, endowed with metric d andyM™,y, t) = M(x,y,t) =

t+d(x,y)
for all x, y{O X, t > 0. Define the self maps A, S as
AX= 21 X<3 and SX: 2X_4, XSS
X, X=3 3, X>3
. 1
Consider a sequend¥ } =3 +— then
n
AXx, = (34.1}—»3 and SAx= 8(3.,.1): 3#S(3 =2 as .
n n
Thus A and S are not reciprocally continuous bdit,we consider a sequence

{Xn} = (3—1) then Ax, =2, Sy = 2, ASx =2 =A(2), SAx =0 = S(2) as .
n

Therefore , A and S are sub-sequentially continuous

Definition 2.11. [12] A class of implicit relation

Let @ be the set of all real continuous functions F ¥){R- R non-decreasing in first
argument satisfying the following conditions :

® Foru, v=0, F(u, v, v, u, 1> 0implies that & v.

(i) F(u,1,1,u,1»00rFu,1,u,1, w0, or F(u,u, 1,1, B0 implies that & 1.

Example 2.4. Define F(i, t, t3, t4, t5) = 164 - 126 - 8, + 44, + &5 - 1. Then AJ &.
® Fu v,v,u,1)=20u-B0=uz=v.
(i) Fu 1,1,u1)= 20u-B0=u=1lor
Fu 1, u lL,u=9Uu-B0=u=1
or Fluullu=5u-B0=u=1.

3. Main results
Theorem 3.1. Let A, B, S, T, P and Q be self mappings of a detlegfuzzy metric space
(X, M, *) with t-norm defined by a * b = min{a, bkatisfying :
(3.1) PX)DO ST(X), Q(X)O AB(X);
(3.2) Qs ST-absorbing;
(3.3) for some [l ® there exists @1 (0,1) such that for all x, ¥ X and t>0

F{M(Px, Qy, qt), M(ABX, STy, t), M(Px, ABX, t), M(®, STy, qt),

M(Px, STy, t)}> 0.

(34) AB=BA,ST=TS,PB=BP, QT =TQ.

If the pair of maps (P, AB) is sub-sequential cwmus and weakly semi-
compatible then P, Q, S, T, A and B have a unigquenaon fixed point in X.
Proof. Letxo[IX be any arbitrary point. From (3.1), there existx, (1 X such that

R STx and Qx = ABX,.
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Inductively, we can construct sequenceg fad {y,} in X such that
PXn2= ST¥%n1= Yona  and
QXon.1= ABX2n = Yo forn=1,23,....
Step 1. Putting x =%, and y = %... for t>0in (3.3), we get
F{M (PX2n, QXn+1, Qt), M (ABXon, STXn+1, ), M (PXn, ABXop, 1),
i M (Qxl! ST)@FH]J qt)! M (P)ﬁn, ST)@r‘Hl’ t)} 2 01
i.e., F{M(Yzn+1, Yons2 Ot), M(Yan, Yonsa, 1), M(Yanss, Yon, 1), M(Yansz Yonss Q1),
MAYe1, Yonss, 1)} > 0.
Using lemmas 2.1 and 2.2, we have
M (y2n+L Yon+2s qt)2 M (y2na Yon+1, t)-
Again substituting x =.,and y = %n.3in (3.3), we get
M(y2n+2, y2n+3, qt)Z M (y2n+L y2n+2| t)-
Hence by lemma 2.3, {Jis a Cauchy sequence in X. Since X is compldterdfore,
{y} —z in X and also its subsequences converges tathe point i.e. Z1 X,
ie. {Q%n:} =z  and {ST¥n.} —z

1)

{Pxen} —7 {ABX%n} —z (2)
Step 2. (P, AB) is weakly semi-compatible, then there exéssequence {kin X such
that

limPx, = limABx,= z, zOX and satisfy

n- o n-oo

lim P(AB)x, = ABz or IlimAB(P)x,= Pz.

n-oo

Also, (P, AB) is sub-sequentially continuous magpiand so
lim P(AB)x, = Pz andlim AB(P)x, = ABz.

n— oo

Therefore, Pz = ABz. 3)
Step 3. Putting X =Px, and y= X,n+1in condition (3.3), we have
F{IM (PPXon, QXon+1, Ot), M (ABPX%p, STxenss, t), M (PP, ABXan, 1),
M (@%1, ST%n+1, gt), M (PPX%n, STxn+a, 1)} >0
Taking n—oo and using (1), (2), (3)we get
F{M (Pz, z, qt), M (Pz, z, t), M (Pz, Pz, t), M z,qt), M (Pz, z, )} 0
F{M(Pz, z, qt), M (Pz, z, t)}} O
i.e. M(Pz, z qt» M (Pz, z, 1)
Therefore by using lemma 2.2, we have
z=Pz=ABz
Step 4. Putting x =Bz and y = %+, in condition (3.3), we get,
F{M (PBz, Q¥.+1, qt), M (ABBz, ST%n:1, t), M (PBz, ABBz, 1),
M (%, STXn+1, Gt), M (PBZ, STk, 1)} =0
As BP =PB, AB =BA, so we have
P(Bz) =B(Pz) =Bz and (AB)(Bz)=(BA)(Bz)B{ABz) = Bz.
Taking n—o and using (1) we get
F{M (Bz, z, qt), M (Bz, z, t), M(Bz, Bz, t), M(z,,At), M(Bz, z, t)}> 0
F{M (Bz, z, qt), M (Bz, z, ) 0
i.e., M(Bz, z, qt» M (Bz, z, ).
Therefore by using lemma 2.2, we have
Bz =z and also we have ABz=Z
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This implies Az =z

Therefore Az=Bz=Pz=1z. (4)
Step 5. As P(X)O ST(X), there exist U X such that
z=Pz=STu. (5)

Putting X =x,, and y = u in condition (3.3), we get
F{M (PX.,, Qu, qt), M(ABx;,, STu, t), M(PX%, ABXo, 1),
M(Qu, STi), M (P%n, STu, t)}> 0.
Letting n—o and using (2) and (Bjve get
F{M (z, Qu, qt), M (z, z, 1), M (z, Pz, t), M (Qg, qt), M (z, z, t)}> O
As F is non-decreasing in the first argument, weeha
F{M (z, Qu,qt), 1,1, M (Qu, z,qt), 30
ie., M(z, Qu, gtk 1.
Therefore, z = Qu = STu.
Since Q is ST absorbing, we have
M(STu, STQu, tx M (STu, Qu, t/Rp 1
ie., STu=STQu which implies z = STz.
Puttingx=zandy=zin (3.3), we get
F{M(Pz, Qz, qt), M(ABz, STz, t), M (Pz, AB2,tM(Qz, STz, qt), M(Pz, STz, t} 0
or, F{M(z, Qz, qt), M(z, z, t), M (z, z, t), M(Qz, qt), M (z, z, t)}> 0.
As F is non-decreasing in the first argument, weeha
F{M(z, Qz, qt), 1, 1, M (Qz, z, qt), B0,
i.e.,, M (z, Qz, gt 1.
Therefore, z=Qz
Hence, z=Qz = STz
Step 6. Putting X =x,, and y = Tz in condition (3.3), we get
F{M (PX.,, QTz, qt), M (AB%,, STTz, t), M (Px, ABxy, 1),
M (QTz, B4, qt), M (Px,, STTz, t)}>0
As QT =TQ and ST =TS, we have
QTz=TQz=Tz and ST(Tz)=T(STz)=TQZI=
Letting n—o and using (2) we get
F{M (z, Tz, qt), M (z, Tz, 1), M (z, z, 1), M (TZlz, qt), M (z, Tz, t)}> 0
F{M (z, Tz, qt), M (z, Tz, t)}> 0
i.e., M(z, Tz, gtk M (z, Tz, t).
Therefore, by lemma 2.2, we get
Tz =z
Now, STz =Tz =z implies Sz = z.
Hence, Sz=Tz=Qz=1z.
(7)
Hence, z is the common fixed point of A, B, S, Tariel Q.
Uniqueness: Let w be anothefixed point of A, B, P, Q, S and T. Then putting=x and
y =uin (3.3), we get
F{M (Pz, Qu, qt), M (ABz, STu, t), M (Pz, ABz, 1),
M (Qu, &Tt), M (Pz, STu, )} 0
As F is non-decreasing in the first argument, weeha
F{M(z, u, qt), M(z, u, t), M(z, z, t), M(u, u, gtM(z, u, t)}>0
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or, F{M(z, u, qt), M(z, u, t), 1, 1, M(z, u, tg O
ie. z=u.
Hence z is unique fixed point in X.

Remark 3.1. If we take B = T = | (the identity map) in theor&i, we get the following
corollary.

Corollary 3.1. Let A, B, S, T, P and Q be self mappings of a detefuzzy metric space
(X, M, *) with t-norm defined by a * b = min{a, bkatisfying :
(3.1)  PX)O S(X), Q(X)0O A(X);
(3.2) Qs S-absorbing;
(3.3) for some [l ® there exists kI (0,1) such that for all x, ¥ X and t> 0

F{M(Px, Qy, kt), M(AX, Sy, t), M (Px, Ax, t), M(Qysy, kt), M(Px, Sy, t)> 0.

If the pair of maps (P, A) is sub-sequential camims and weakly semi-
compatible then P, Q, S and A have a unique confired point in X.

Remark 3.2. In view of Remark 3.1, Corollary 3.1 is a geneamdlion of the result of

Ranadive and Chouhan [12] in the sense that condidf reciprocal continuous and
semi-compatible maps has been replaced by sub+sggjusontinuous and weakly semi-
compatible maps.
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