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Abstract. In this paper, we study completions for weakly sgymmetric p, -matrices,
sign symmetricp, -matrices and nonnegative, -matrices. We obtained that digraphs
that include all loops and have weakly sign symimefy, -completion, sign symmetric

P, -completion and nonnegativp, -completion are complete digraphs.
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1. Introduction
In this section we define terms and give a brieféiture on related work.

Definition 1.1. A P-matrix ( P,-matrix) is a matrix in which every principal minor of
the matrix A is positive (nonnegative) [1].

Definition 1.2. A nxn matrix is aP, -matrix if for eachk D{l...,n}, everyk xk
principal minor is nonnegative and at least d&ek principal minor is positive [2].

Clearly, P -matrix is bothP,-matrix andP," -matrix. Also observe thal, -matrix is a
P, -matrix.

Definitions 1.1 and 1.2 considers the values ofghiacipal minors, the next definition
gives restrictions on the type of entries of a matr

Definition 1.3. A nxn matrix A= [aijj is
i Weakly sign symmetric(wss) if a;a; =0 for all i and j
ii. Sign symmetric(ss) if a;a; >0or a; =a; =0 foralliand |
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ii. Nonnegativeif a; =0 for all i and j

iv. Positiveif a; >0 foralliand j

Using Definition 1.3, we have four different sutsdas ofP,” -matrix (given in
Definition 1.2).

Definition 1.4. A P,"-matrix A is called aveakly sign symmetric P, -matrix (resp.
sign symmetric By -matrix) if a;a; >0 (resp. eithem;a; >0ora; =0=4a, ) for
all i andj . Similarly, A B, -matrix A is called apositive B,” -matrix (resp.
nonnegative Py -matrix) if a,a; >0 (respa;a; = 0) for all iand]j .

6 -2 2
Example 1.5. The matrixA=|—-3 4 1|is a P, -matrix since all principal minors
0O 2 2

are nonnegative and in every order there is at t@@s positive principal minor. Looking
at the entries, it is clear that matfis a weakly sign symmetriB," -matrix. It fails to be

sign symmetricP,” -matrix because,, = 2 # a,, =0, again it is not a nonnegativ@’ -
matrix since botha,, = -2 anda,, = —3are negatives and by the same fact it is not a
positive P, -matrix.

Definition 1.6. A P,, -matrix is a Py -matrix whose diagonal entries positive and a

positive Py} -matrix is a Py, -matrix in which all entries are positive.

Proposition 1.7. A matrix is a positivePof1 -matrix if and only if it is positiveP, -
matrix
Proof: Positive Py, -matrix is a Py, -matrix in which all entries are positive (from
Definition 1.6), it means the condition that alhgonal entries are positive and hence it is
a positive P, -matrix.

Conversely, a positif" -matrix is aP, -matrix in which all entries are positive

hence all diagonal entries are positive, therefomrrect to say it is a positivl%’of1 -
matrix (although diagonal entries have been repbateen mentioned to be positive).

Definition 1.8. A partial matrix is a matrix in which some entries are specifiedlevh
others are free to be chosen. LUgt be a class of matrices (e.g. weakly sign
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symmetricP,’ -, sign symmetrid, -, nonnegativé, - and positiveP, -matrices) then a

partial [] -matrix is one whose specified entries satisfy rdguired properties of f -
matrix.

Graph theoretic approach will be used in compietivese partial matrices, and
some definitions are given as follows.

Definition 1.9. A digraph D = (VD,ED) is a graphG with ordered pair{u,v) of
vertices and arc whenethe initial vertex is and is the terminal vertex. The order of a

digraph D denotedn is the number of vertices Bf. A digraph iscomplete digraph if
it includes all possible arcs between its verti¢also calledlique) [3].

A nxn partial matrix A is said tospecify a digraphD on vertices{vl,...,vn} if
(vi WV, ) is an arc inD if and only if the entrya; of Ais specified.

Definition 1.10. A completion of a partial matrix is a specific choice of valdes the
unspecified entries. If we consider classes givebefinition 2.8, a digrapD has[] -
completion if any partia[] -matrix specifyingD can be completed to [d -matrix.

On the related work, we just give a brief histofymatrix completions close to
our research class. Research®rmatrix completion was first studied by Johnson and
Kroschel in [4] and later extended by DeAlba andybn in [5]. In 2003, a subclass of
P -matrices: weakly sign symmetrie -matrices was studied in [6] and then in two
subclasses: positive and nonnegati¥enatrices were considered in [7]. Another class

on P,-matrices was investigated first by Choi and othier41], and its subclasses,
weakly sign symmetrid?, -matrices, nonnegative symmetiy; -matrices and sign
symmetricP, -matrices were consider in the following papers [8] and [9] respectively.
In 2015, a new class d® -matrices was first introduced and classificatiérdigraphs
of up to order 4 having,” -completion was done. It is in this class that weiaterested
in, and the subclasses to be discussed are wemilysgmmetricP," -matrices, sign
symmetricP, -matrices and nonnegatiié’ -matrices.

2. Preliminaries
In this section, we will present some basic reghls will be useful in the next section.

If a partial wss, -matrices, s, -matrices and nonnegativie| -matrices omits all
diagonal entries then it can be completed to Rjssmatrices, s$," -matrices and

nonnegativeP,” -matrices by assigning sufficiently large valuesutspecified diagonal
entries. In this research we are interested irstfuations where all diagonal entries are
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specified. Zeros along diagonal entries tend toem@knpletion for the three subclasses
difficult.

x 1
ConsiderA= L O} which is a partial wsB)" -matrix, partial s&, -matrix and a partial

nonnegativeP,” -matrix specifying digraph in Fig. 2.1 and cannet tcompleted to a
wss P -matrix, a ssP; -matrix and a nonnegativé®, -matrix respectively since
detA=-2<0for any value ok . Thus the digraph in Figure 2.1 does not haveRjiss

completion, s&, - completion and nonnegatiVé’ - completion

—=——— %

1 2

Figure2.l:
Now, in the next section we assume that all digsapdve diagonal entries specified.

3. Main results
Our main results on completions of various subelassf P, - matrices namely weakly

sign symmetricP,” - matrices, sign symmetriB,” -matrices and nonnegativi@’ -
completion are presented in Theorem 3.1, 3.2 @hde3pectively.

Theorem 3.1. The digraphs having all loops and weakly sign sgtnimP,” -completion
are complete digraph.
Proof: Let wssnxn P, -matrix A, be a completion of partial wesxn P," -matrix

Ahaving all diagonal entries specified. Assume thatpartial wssnxn P, -matrix A
has the firsth—1diagonal entries as 0 and the last is 1 with sjgetiéntriesa; 's and
unspecified entriesx;'s . Consider the2x2 principal minors detA(i, j) for

somd, | D{l...,n}. Note thatdidj = Oalways. Now split into three cases:
Case 1: Positionj and ji are specified. In this case we have

detAl, j)=d.d, -a,a, =-a,a; 20
Thus a;a; < 0and by wssP," -completion @;a; 20 ) we havea,;a; =0
Case 2: Positiom] is specified andji is unspecified. In this case we have
detAl, j)=d.d, -a,x; =-a,x; 20
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Thus a; X; < 0and by wssP;"-completion we have, x; =0
Case 3: Positiomj and ji are unspecified. In this case we have

detA(i,j)=dd -x x, =-xx, =0

i ij i ij i

Thus x; X;; < 0and by wssR;" -completion we have; x; =0
Observe that in all cases the product of twin estis zero. However wsB, -

completion requires that at least one2of 2 principal minors is positive. This is a
contradiction.

Theorem 3.2. The digraphs having all loops and sign symméijiccompletion are

complete digraphs.

Proof: Using same hypothesis as in Theorem 3.1, againidemnthe 2% 2 principal
minor detA(j, j)for somd, j OfL,...,n} and thatd,d; = Oalways. This means if a non-
diagonal entry is specified then it must be zejdlfat isa; =0 since

detA(i, j) = dd;, —a;x; =-x;a; <0 if a; #0 . Therefore all unspecified non-
diagonal twin entrie; are also assigned zero (0) thatjs=0. As a result all non-
diagonal entries have zeros herthetA(a):O Oa D{:L...,n} this shows that partial
ssP," -matrices with unspecified entries lack sign symind," -completion and so, the

only digraphs having all loops and sign symme®ieccompletion are complete digraphs.

Theorem 3.3. The digraphs having all loops and nonnegatRg -completion are

complete digraph.
Proof: The proof for this theorem follows from the prodfTheorem 3.1, also having

three cases with all specified entrigss being nonnegative i.a; >0 and values
assigned to unspecified entrigss being nonnegative that & = 0 , which also shows

that all the three cases have the product of tlie émtries being zero and similar to
Theorem 3.1 does not hadx 2 principal sub-matrix with positive determinant ben

digraphs having all loops and nonnegatRg-completion are complete digraph.

4. Conclusion and recommendations
Based on the main results we have concluded tigabpmtis that include all loops and

have weakly sign symmetri®,” -completion, sign symmetrid®," -completion and

nonnegativeP,” -completion are complete digraphs. According totiees on related
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work and main results, we observe that similaraegeshould be done for positi\I%+ -
matrices.
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