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Abstract. The chessboard domination problems were said torigén of the study of
graphs. The Ticells in the chessboard of orderx n are treated as vertices and two
vertices are adjacent if one can cover the otheeexdn one move directly. Various
studies had been done on these chessboard problerlation to different domination
parameters such as domination, independence aedumdance on queens, bishops,
kings and rooks graphs. In this paper we extersl ghidy on perfect domination and
determine the exact values Bérfect Domination numbedbor Bishops graptB,, Kings
GraphK,, and Rooks GrapR, on an n x n chessboard.
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1. Introduction

The number of squares in the entire chessboardd#ra x n can be considered as
vertices, while the edges are formed between twtices or squares if they are adjacent.
In Bishops graptB, two squares are adjacent if one square can coeeottier in the
same diagonal, whereas, in Kings gré#phtwo squares are adjacent if distance between
two squares is one i.el(u, v) = 1 whereu and vare two squares, or each King on an
n X n chessboard is said to attack its own square andeitghboring squares, i.e., the
nine or fewer squares within one move of the KimgRooks graphR, two squares are
adjacent if they are in same row or column. ABetf squares is dominating sebf B,/

K./ R, if every square of B K,/ R, is either inD or adjacent to a square [lh and the
minimum cardinality of thedominating setof these graphs is calledomination
number'y’. A subseD of V (G) is said to be Berfect Dominatinget if each vertex in
'V — D' is dominated by exactly one vertexidf Among all thePerfect Dominating Sst
the one with minimum number of vertices is calRatfect Domination Numberhich is
denoted by, (G).
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The chessboard domination problems are said tohbeotigin of study of
dominating sets in graphs [8]. The Queens Domingiimblem was considered as one of
the most interesting and difficult among the cheasth problems. Jaenisch [5]
considered these domination problems for the finse in 1862. Rouse Ball [2] in 1892
gave domination and independent domination of gadenn < 8. Ahrens [1] in 1910
extended this by providing(Q,,) for n < 13 andn = 17,i(Q,,) for n < 12. Thus the
experimental values fon < 17 have been modified by Cockayne [4] for values of
n = 5,6,7. Welch (private communication to Cockayne [4]) wihe first to derive
upperbound for Queens Domination, and after gréehton over this area for years

Spencer (private communication to Cockayne [4]) Badwn thaty(Q,,) = nT_lwhich

was then later improved by Weakley[11] by findihg toounds for value of n of the form

n = 4k + 1 by showing thay(Q4x.1) = 2k + 1 for all k = 0 which was then extended
31n

by Burger, Cockayne and Mynhardt [3] giving(Q,) < = T 0(1). The first
upperbound foi(Q,) was given by Cockayne [4] with{(Q,,)< 0.705n + 0.895 which
was then improved by Grinstead, Hahne, and Vandigne i(Q,,)< 2;” + 0(1). Fricke
et al. [6] made a conjecture whe(@,,) = i(Q,,) for sufficiently large values ai. The
lower (upper) domination number(G)(I'(G)), independence number i(B)YG)), and
irredundance number ir(G)(IR(G)are respectivelyminimum (maximumgardinalities
among minimal dominating, maximal independent arakimal irredundant sets of G.
These six parameters were explained in detail énlitbrature [9] and they satisfy the
inequality

ir(G) < y(G) < i(G) < B(G) < T(G) < IR(G).

In [12] Yaglom and Yaglom showed thg{B,) = n and B(B,) = 2n — 2. The values
for the Rooks and Kings was also shown in [12] laglém and Yaglom as

2 2
YR = R =n; v =[]

2 2
B(K,) = (g) when n is even, (nTH) whenn is odd. In this paper we will find the

values ofperfect domination numbdor Bishops, Kings and Rooks graphs on & n
chessbhoard. In section 3 we show the placemenirdfmam number of Bishops that can
be placed on the board so that each cell is doednexactly once and cover the entire
chesshoard which does not exceed ‘2n-1'. Simildarysection 4 and 5, we show the
placement of minimum number of Kings and Rooks ¢ pdtaced in the chessboard
satisfying the condition gferfect dominatiomespectively.

2. Defining placement of cells
For any positive integamn, a chesshoard of orderhasn columns, each consisting of
square cells which are considered to run from botio top as mentioned in [10], where
the cell in the lower left-hand corner is numbered 1,1 > and the other cells are
numbered as isj >. Herei denote a row and j denotes a column.

Every square in the board of Bishops gr8phis intersected by two lines through
the cell which are diagonals; whereas, in RookplyRy, is intersected by two lines, one
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being the column and the other being the row. Airowl is said to bEmptyif there is no
chess piece placed in that particular column. KiB@gaphK, is intersected by four lines
which are at a distance of one from the King plaedtere two being the diagonals and
one being the row and the other being the column.

3. Perfect domination number for bishops graph y,s(B,)

Theorem 1. Forn = 4, perfect domination number y,¢(B,) = 2n — 1.

Proof: We first define the placement of Bishops on thessheardB, for n. Place the
'2n — 1" Bishops in the following order. First we plagGg Bishops in each cell of the
main diagonal i.e< i,j > wherei =j starting from the cek 1,1 > and moving from
bottom to top. Next placén — 1’ Bishops in the diagonal below or above the main
diagonali.e.<i,i+1>wherei=1,..,n—1, or<i,i—1> wherei=2,....,n.

This placement will cover the entire chessboardh wich cell being dominated
exactly once and gives minimum number of Bishopgiired to satisfy the condition of
perfect domination number,((B,,). If we place the Bishops in a single row or a column
then there will be a chance of a cell being doneiddity more than one Bishop. So, to
avoid the cell being dominated more than once ve filace the Bishops diagonally in
the main diagonal. Also, note that all the cellsttie diagonal must be placed with
bishops because leaving at least one cell in thgodial will give us a cell which will be
dominated by more than one Bishop. For3 the value ofy,r(B;) =3 and the
placement of Bishops fd; is given below in fig.1.

The following fig.2 shows the placement alidps forn = 6 wherey,,((Bs) = 11.

Figure 1. Perfect domination for B
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Figure2: Perfect domination for B
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4. Perfect domination number for kings graph y,(K5,)
2

Theorem 2. For neN , ypr(Ky) = ln%Z .
Proof: We first define the placement of Kings on the cheasdK, for different values

of ‘n’, wheren > 3

We have three different cases for the placemeliras. If n = 3k i.e., if n is divisible

by 3 as in [12], then divide the board irfio)> boxes of width 3 and height 3, and place

one King in each box in such a way that it covéms ¢ntire board and no cell gets

dominated more than once.

If n=3k+1, ie., if n leaves remainder 1 when divided byti&n divide the
board into(k + 1)? boxes as follows: First, divide the board withghi2 from top and
bottom and divide the boxes remaining in betweeh Wweight 3. Now, divide the board
at width of 2 from I column and also from the last column, and diviteemaining in
between columns at a width 3 such that we will @et 1)? boxes. Next, we place one
King in each box so that it satisfies the conditidperfect domination.

If n=3k+2, ie, if n leaves remainder 2 when divided byh8&nt divide the
board into(k + 1)? boxes as follows: First, partition the board aghe?2 from the top
and remaining boxes at height 3. then divide thardagain column wise with first
partitioning the board at width 2 from last coluamd the remaining columns at width 3
such that we getk + 1)? boxes and then place one King in each of the bemethat it
satisfiesperfect domination.

As we know that each king onx n chesshoard is said to attack its own square
and its neighboring squares, and also by definiibperfect dominationnote that the
distance between one king to another must be niagaey at least 2. Fig. 3, 4 and 5
show the placement gferfect dominatiorof Kings graphK, for n = 6,7,and 8 where
each cell is dominated exactly by one King. Comgrthese different values ofgives

n+2 2

J = y(K,) as mentioned in [12]. Thus we say that

the exact value of,;(Ky) = |[—=

Y(Kn) = ypf(Kn)-
ve e

e e

Figure 3: Perfect domination for K
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Figure 4: Perfect domination for K
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Figure5: Perfect domination for K

5. Perfect domination number for rooks graph Yor(Rn)

Theorem 3. Vn, y,¢(R,) =y(Ry) =n.

Proof: The placement of Rooks fgrerfect dominatioris same as the placement for
domination numbeas in [12] i.e., as the movement of the Rooksnistéid to rows and
columns h’ Rooks should be placed anx n chessboard. Therefore, we place all‘ttie
Rooks either in a single row or a column, but moany other position like diagonal as
done for domination, because placing in any otlsitipns would give us at least one
cell which would be dominated more than once calitteng the concept operfect
domination Thus theperfect domination numbén Rooks graphR, is ‘n’ for all n. The
following fig.6 shows the placement far= 5.
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Figure6: Perfect domination for R
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6.Conclusion

In this paper the exact values and placement fBilshops, Kings, and Rooks on the
square chessboard using the perfect dominationmedeas were presented. We would
like to extend this work on various other chesstipar
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