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Abstract. In this paper, we consider the non-linear Diophantine equation
  + ( + 6) = , where p and p+6 both are primes with p=6n+1. x, y and z are nonnegative integers and n is natural number. It is shown that this non-linear Diophantine
equation has no solution.
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1. Introduction
A prime gap is the difference between two consecutive primes. There are infinitely many
primes p for every positive integer k such that p+2k is also primes. If k= 3, the pairs
(p, p+6) are known as sexy primes. The first ten such pairs are: (5,11), (7,13), (11,17),
(13,19), (17,23), (23,29), (31,37), (37,43), (41,47), (47,53). Acu [1] proved that the
Diophantine equation 2x +5y = z2, where x, y and z are non-negative integers, has only
two solutions (x, y, z) = (3, 0, 3) and (2, 1, 3). Sroysang [7] proved that the Diophantine
equation 7x +8y = z2 has the unique solution (x, y, z) = (0, 1, 3), where x, y and z are nonnegative integers. Sroysang [9] proved that the Diophantine equation 5x +7y = z2 has no
solution, where x, y and z are non-negative integers. Sroysang [10] proved that the
Diophantine equation 4x +10y = z2 has no non-negative integer solution, where x, y and z
are non-negative integers. Sroysang [11] proved that the Diophantine equation
7x +19y = z2 and 7x +91y = z2 have no solution, where x, y and z are non-negative
integers. Suvarnamani [8] discussed the Diophantine equation px + (p+1)y = z2 and found
that (p, x, y, z) = (3, 1, 0, 2) is a unique solution, where p is an odd primes number and x,
y and z are non-negative integers. Burshtein [3] obtained all the solutions of the
Diophantine equation px + (p+4)y = z2 when p, (p+4) are primes and x + y = 2, 3, 4.
Burshtein [4] discussed a Note on the Diophantine equation 2a + 7b = c2. The purpose of
this Note is to complete the set of all solutions of this Diophantine equation. Burshtein [5]
obtained all the solutions of the Diophantine equation px + (p+6)y = z2 when p, (p+6) are
primes and x + y = 2, 3, 4. Burshtein [2] discussed on an open problem of Chatchaisthit
on the Diophantine equation 2x + py = z2 when p are particular primes and y=1. Kumar,
Gupta and Hari Kishan [6] showed that the Diophantine equation 61x + 67y = z2 and
67x + 73y = z2 have no solution, where x, y and z are non negative integers.
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In this paper, we consider the non-linear Diophantine equation
  + ( + 6) =

(1)

where p and p+6 both are sexy primes with p=6n+1 and x, y and z are non-negative
integers and n is natural number. We use the congruency theory to solve the non-linear
Diophantine equation. We discuss the solution of the Diophantine equations for many
particular values of primes p like as 7, 13, 31, 37, 61, 67, 73, 97, 103, 151, 157, 193, 223,
271, 277, 307, 331, 367, 373, 433, 457, 541, 571, 601, 607, 613, 727, 733, 823, 853, 991.
2. Preliminaries
Lemma 2.1. If p = 6n+1 is primes, where n is natural number then the non-linear
Diophantine equation px + 1 = z2 has no solution, where x and z are non-negative
integers.
Proof: Let x is non-negative integers then px is odd. Thus z2 is even then z2 ≡ 0(mod 3)
or z2 ≡ 1(mod 3).
Since p = 6n+1 ⇒ p ≡ 1( 3) ⇒ px ≡ 1( 3) ⇒ px + 1 ≡ 2( 3).
Thus we obtain z2 ≡ 2(mod3). This is a contradiction.
Lemma 2.2. If p = 6n+1 is primes, where n is natural number then the Diophantine
equation 1+ (p+6)y = z2 has no solution, where y and z are non-negative integers.
Proof: Let y is non-negative integers then py is odd. Thus z2 is even then z2 ≡ 0(mod 3)
or z2 ≡ 1(mod 3).
Since p = 6n+1 then p≡1(mod 3) ⇒ p≡1(mod 3) ⇒ (p+6)y ≡ 1( 3)
⇒ 1+ (p+6)y ≡ 2( 3).
Thus we obtain z2 ≡ 2(3). This is a contradiction.
3. Main theorem
Theorem 3.1. If p and p+6 both are primes with p=6n+1 then the non-linear Diophantine
has no solution, where x, y, and z are non-negative integer
equation   + ( + 6) =
and n is natural number.
Proof: Let x, y, and z be non-negative integers. Then there are three cases.
Case I. If x = 0, then by Lemma 2.2, the equation (1) has no solution.
Case II. If x ≥ 1and y = 0, then by Lemma 2.1, the equation (1) also has no solution.
Case II. If x ≥ 1and y ≥ 1, then px and (p+6)y both are odd. Thus z2 is even
then z2 ≡ 0(mod3) or z2 ≡ 1(mod3).
Since p = 6n+1 then p ≡ 1(3) and (p+6) ≡ 1(3) so px ≡ 1(3) and
(p+6)y ≡ 1(3) . Thus we obtain   + ( + 6) = z2 ≡ 2(mod3), which is a
contradiction. Hence the non-linear Diophantine equation (1) has no solution.
Let x, y, and z be non-negative integer and n is natural number. Then there are some
corollaries given as below:
Corollary 3.1.1. If p and p − 6 both are primes with p=6n+1 then the non-linear
Diophantine equation   + ( − 6) =
has no solution.
Proof: If (p+6) ≡ 1(3) then also (p−6) ≡ 1(3) and (p−6)y ≡ 1(3).
Thus we obtain   + (p−6)y = z2 ≡ 2(mod3), which is a contradiction.
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Corollary 3.1.2. If p and p − 6 both are primes with p=6n+1 then the non-linear
Diophantine equation ( − 6) +   =
has no solution.
Proof: Replace p = p+6 in theorem 3.1.
Corollary 3.1.3. If p and p + 6 both are primes with p=6n+1 then the non-linear
Diophantine equation ( + 6) +   =
has no solution.
Proof: Replace p=p+6 in corollary 3.1.1.
Corollary 3.1.4. If p and p + 6 both are primes with p=6n+1 then the non-linear
Diophantine equation   + ( + 6) =   has no solution.
Proof: Let wk = z then equation become ( − 6) +   = . By theorem 3.1 we implies
that the equation has no solution.
Corollary 3.1.5. If p and p + 6 both are primes with p=6n+1 then the non-linear
Diophantine equation   + ( + 6) =   has no solution.
Proof: Let wk = z then equation become ( − 6) +   = . By theorem 3.1 we implies
that the equation has no solution.
Corollary 3.1.6. If p and p + 6 both are primes with p=6n+1 then the non-linear
Diophantine equation   + ( + 6)  =   has no solution.
Proof: Let wn = z then equation become   + ( + 6)  = . Since p = 6n+1 then p
≡ 1(3) and (p+6) ≡ 1(3) so p2n ≡ 1(3) and (p+6)2n ≡ 1(3).
Thus we obtain   + ( + 6)  = z2 ≡ 2(mod3), which is a contradiction.
Note 3.1.1. There are infinitely many primes p is of the form p=6n+1 which have no
solution for any non negative integers x, y and z. Some non-linear Diophantine Equation
for particular value of p between 1 to 100 are given in the table below.
px + (p+6)y = z2
x

y

2

7 +13 = z
13x +19y = z2
31x +37y = z2
37x +43y = z2
61x +67y = z2
67x +73y = z2
73x +79y = z2

Solution of the equation
No Solution
No Solution
No Solution
No Solution
No Solution
No Solution
No Solution

4. Conclusion
In this paper, we find that for both primes p, p+6 and non negative integers x, y and z, the
non-linear Diophantine equation   + ( + 6) =
has no solution if p of the form
p = 6n+1, where n is natural number. There are infinitely many particular value of primes
p for which this Diophantine equation has no solution. Some value of primes p between 1
to 1000 are 7, 13, 31, 37, 61, 67, 73, 97, 103, 151, 157, 193, 223, 271, 277, 307, 331, 367,
373, 433, 457, 541, 571, 601, 607, 613, 727, 733, 823, 853, 991.
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