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Abstract. In this note, we investigate solutions to the t#tpiation. We exhibit a solution
in which x#y and x,y are primes. Whenx =V, it is established that the equation has
infinitely many solutions: (i) Forx prime. (i) For x composite of odd and even
values. Several such solutions are demonstrated.
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1. Introduction

The field of Diophantine equations is ancient, yvastd no general method exists to
decide whether a given Diophantine equation hassatytions, or how many solutions.
In most cases, we are reduced to study individgalatons, rather than classes of
equations.

The literature contains a very large number otkesi on non-linear such individual
equations involving primes and powers of all kindsnong them are for example [1, 3,
4, 6]. The title equation stems from* + ' = Z.

Whereas in most articles, the valuesy are investigated for the solutions of the
equation, in this paper these values aredfiypositive integers. In [3] we have
considered the equatiop’ + o? = Z for all primesp>2 andq> 1 prime or composite.
In the equationx® —y? = 7, the valuesx, y, z are positive integers, and we are interested
in how many solutions exist whex)y are primes and also composites.

2. Solutions of the equation x* —y* = 7
In this section we establish the following result.

Theorem 2.1. The equationx® —y? =7 in positive integers, y, z has:

(a) Atleast one solution wher#y andx, y are primes.

(b) Infinitely many solutions wherx =y, and x is prime.

(c) Infinitely many solutions whernx =y, andx is composite.

Proof: (a) In x®—y? =27 suppose thak, y are distinct primes. Wher=5 andy =
11 we have

Solution 1. 517 = 2.

Thus, x3 —y? = 7 has at least one solution when<y are primes, and ca$a) is
complete.
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(b) In x3—y?* =7 suppose thak = y and x is prime. Whenx = y, then

X —y? = X¥(x-1) =7, z is even (1)
implying in (1) thatx— 1 must be a square. Denote- 1 =T, and x = T>+ 1 where
T = 1,2, ...,n ... . Certainly,x is prime only whenT assumes even values.

Moreover, whenx is an odd primep, thenp is of the formx= p= 4N + 1.

The equatiorx = T? + 1 generates infinitely many composites, and aifinitely
many primes all of which besidgs= 2 are of the formp= 4N + 1. The valueT = 2
yields x= p= AN+ 1 =5. The primep =5 is a unique prime occurring once in the
line of all primes. Therefore, we consider them@s whose last digit is equal to 1, 3, 7
and 9. If the last digit ok = p endsin 3 orin 9, then the square 1 =T? ends in
the digit 2 or respectively in 8. Since no eggunare can end in the digit 2 and in the
digit 8, it follows thatx = p must end in the digit 1 or in the digit 7. Afithe above
conditions may be seen in the following Table hew the first ten values o are
demonstrated.

Table 1:
T X - prime X- composite T | x-prime | X- composite
1 2 6 37
2 5 7 50
3 10 8 65
4 17 9 82
5 26 10 101

We now exhibit the five solutions of —y? = Z which relate to the five primep
contained in Table 1.

Solution 2. 220 - 3 = 2

Soluton 3. 5 - 5 = 18 = (257
Solution 4. 17 - 17 = 68 = (2177
Solution 5. 37 - 37 = 223 = (2337%
Solution 6. 10f - 10f= 1016 = (25101}

There are infinitely many primep = 4N + 1 whose last digitis equalto 1, and as
well with last digit equal to 7. Each such set hasubset of infinite primep =
T2+ 1 whereT is even. Hence, there are infinitely many sohsiof X3 —y* =7 where
x=y andx isaprimep = T?+1 = N+ 1.

This concludes cadgé).

(c) In x*—y?=7 suppose thak =y and x is composite.

Sincex =y, thereforex, y are both even or both odd. Table 1 yields thalkest
odd compositec = 65 (T=8). The next odd valug = T°+ 1 isc=145 T = 12).
The two solutions of —y* =7 are then:

526
1746

(2513,
(#-3-5-29Y.

Solution 7. 65 — 65
Solution 8. 145 — 145

96



On Solutions to the Diophantine Equatidn-y* = Z

When c is an evertomposite, Table firovides the first four such values, i.€.,=
3,5,7,9, and respectively = ¢ =10, 26, 50, 82. The first two solutions of whire:
Solution 9. 10 - 16 = 36 (235,

Solution 10. 26 - 26 = 130 (2513%

For each and every valug > 1, there exists a valug = T2 + 1. It therefore
follows that there exist infinitely many compositg = ¢ where x is either odd orx
is even. Casdc) is complete.

This concludes the proof of Theorem 2.1. O

3. Conclusion

We have shown that the equatiad —y* =7 has infinitely many solutions in whick
=y, when x is prime, andx is composite odd or even. Whenzy, and x,y are
primes, we have demonstrated the solutidn- 81 = 2 (Solution 1). This is the only
solution of this case known to us thus far. We mawy raise the following two questions.

Question 1. Do there exissolutions of X* —y* =7 in which x, y are distinct primes
otherthan 5 and 11?

Question 2. Do there existsolutions of x> —y* = Z in which x, y are distinct
composites ?
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